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ARTICLE INFO ABSTRACT
Keywords: ) Effects of the sharp stratification of fluid density on the nonlinear hydroelastic waves trav-
Two-layer fluid eling in an infinite elastic plate floating on a two-layer inviscid fluid are analytically investi-

Nonlinear progressive waves
Elastic plate
Homotopy analysis method (HAM)

gated with the aid of the homotopy analysis method. Under the assumptions that the upper
and lower fluid layers with different constant densities are incompressible and the motion
is irrotational, the problem is formulated within the frame of the potential flow theory. The
convergent series solutions for the velocity potentials, the plate deflection and the interfacial
elevation are derived, from which the interaction between surface hydroelastic waves and in-
terfacial gravity waves is studied. The influences of different physical parameters, including
the density ratio and the depth ratio of the fluid layers, Young’s modulus and the thickness of
the plate on the progressive waves are discussed. It is found that the increment of those plate
parameters has slight influence on the interfacial wave elevation and apparently changes the
plate deflection. A larger density ratio or depth ratio of the fluid layers can reduce the plate
deflection and the interfacial wave elevation.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Investigation on hydroelastic interaction between the water waves and very large floating structures (VLFSs), which are in-
tended for storage facilities, floating airports and even mobile offshore bases, has gained considerable attention under the rapidly
growing demand for exploiting ocean resources and making great use of marine space. Due to their large horizontal scale and
small bending rigidity, the new-style structures are mathematically idealized as thin elastic plates or beams. So the design of
a safe and economic VLFS relies on the accurate estimation and full understanding of its elastic deformation [1-6]. Studies on
wave-plate interaction are of great importance for practical application and theoretical interest. Coincidentally, these models are
available to analyze the large floating ice sheets and floes in the polar region [7-12].

As it is well known, the real ocean may emerge a stratification phenomenon due to the vertical variation of water temperature,
salinity and density. Some researchers employed a two-layer fluid model to describe the stratified ocean in the scope of linear
theory. Linton and Mclver [13] proposed a two-dimensional linear scattering theory to investigate the interaction between water
waves and horizontal cylinders in a two-layer fluid. Recently, Xu and Lu [14] adopted the inner product method to discuss the
wave scattering by the semi-infinite or finite elastic plates floating on a two-layer fluid, and studied the effects of the fluid density
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ratio and the position of interface on the wave reflection and transmission. Lin and Lu [15] studied hydroelastic interaction
between obliquely incident waves and a semi-infinite elastic plate on a two-layer fluid, and obtained three critical angles for the
incident waves of the interfacial wave mode and one critical angle for the incident waves of the surface wave mode. Moreover, Lin
and Lu [16] investigated the water wave diffraction by a bottom-mounted circular cylinder clamped to an elastic plate floating
on a two-layer fluid of finite depth. And discussed the horizontal forces and the moments exerted on the circular cylinder due to
different wave modes. It is shown that the evanescent wave modes are appreciable parts for a high frequency.

In the last two decades, the homotopy analysis method (HAM), which does not rely on any small or large parameters
[17-19], has successfully been introduced to solve analytically some highly nonlinear hydrodynamic problems [20-24] and the
heat and mass transfer of two-layer flows of a nano-fluids [25]. Recently, Wang and Lu [26] applied the HAM to study nonlinear
hydroelastic progressive waves traveling in an infinite elastic plate in infinitely deep fluid. It was shown that several physical
parameters have important effects on the hydroelastic response of the floating plate. In this paper, we extend the study for a
single layer fluid [26] to the case of a two-layer fluid. Using the HAM in a similar way, we modify the equations of linear sub-
problems and solution expressions derived by Wang and Lu [26], and employ the continuities of the velocity and the pressure on
the interface between the upper and lower fluids to obtain the relationship between the series solutions for two different fluid
layers. It is found that several physical parameters, including Young’s modulus, and the thickness and density of the plate, have
analogous effects on the plate deflection for the case with a single layer fluid [26], which confirms that some conclusions for a
single fluid also hold for a two-layer fluid. Furthermore, the influences of the density and depth ratios of the two-layer fluid on
the plate deflection and the interfacial wave elevation are investigated detailedly.

The mathematical model is formulated in Section 2. In Section 3, we present the solution procedure in the frame of HAM, by
which we can transfer the simultaneous nonlinear equations into linear and decoupled sub-problems for a two-layer fluid prob-
lem. The results of numerical calculations and the discussion are shown in Section 4. We figure out the values of the convergence-
control parameter and the plate deflection for different parameters. Concluding remarks follow in Section 5.

2. Mathematical formulation

Nonlinear hydroelastic waves traveling in an infinite elastic thin plate floating on a two-layer fluid of constant depth is con-
sidered for the two-dimensioned case, as shown in Fig. 1. Cartesian coordinates oxz are chosen such that the x axis coincides with
the undisturbed upper fluid surface while the z axis points vertically upward, with z = —h; as the fluid interface and z = —H as
the flat rigid seabed. The floating plate with uniform mass density pe and constant thickness d extends to the infinity along the x
axis without draft. The elevations of the top surface and the middle interface are denoted by ¢ {(x, t) and ¢, (x, t), respectively. The
upper fluid layer with constant density p; occupies the region —h; < z < {;(x, t), and the lower fluid layer with constant density
P, occupies the region —H < z < —h; + {;(x, t). Under the assumptions that the upper and lower fluids are inviscid and incom-
pressible and that the motion is irrotational, the problem can be described by the potential flow theory. The velocity potentials
in the upper and lower fluid layers are denoted by ¢ and ¢», respectively, which satisfy the Laplace equation

P¢n | 9Py
92 + 92 =0, (n=1,2), (1)
in the corresponding region.

With the assumption that there is no cavitation between the fluid and the plate, the surface pressure is equal to the pressure of
the plate. Thus, without draft the nonlinear kinematic and dynamic boundary conditions on the fluid-plate interface (z = ¢; (x, t))
are respectively modeled as

9%y 01 981 ¢y

ot Vox ax — 9z (2)

9 9 92
%+7|V¢1|2+g§1 +[D aéf +me< af;‘ +g)} =0, (3)

where g is the gravitational acceleration; D is the flexural rigidity of the plate, which is expressed as D = Ed3/[12(1 — v2)], by
Young's modulus E, Poisson’s ratio v and the thickness d of the plate; me = ped is the mass per unit area of the plate.
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From the kinematic boundary condition and the continuities of the velocity and the pressure on the interface (z= —h; +
Lo (x,t)) between the upper and lower fluids, we have

08 0 0Ly Oy

T e LA 1 4
at " ox ax 9z @
d0¢1 3¢

Bz " 0z )

d 1 d 1
V<%+§|V¢1|2+g§2)=%+§|V¢2|2+g§2, (6)
where y = py/p, and 0 < y < 1. Additionally, the boundary condition on the flat rigid bottom reads

0¢,

—= = = —H). 7
o 0. (z ) (7)

Based on the traveling-wave method, we still introduce the same independent variable transformation as Wang and Lu [26]
X = kx — ot, (8)

where k is the wave number and w is a given angular frequency. For clarity, we nondimensionlized the physical variables as
follows

X=kx, z'=kz, d*=kd, ¢*=ki, t'=t(gh)?, o =w/(gk)?, ¢ =kp/(gk)?,
D* =k*D/(p18). E*=KE/(;Q). p&=pe/p1. My =kme/ps. 9)

All the star superscripts are omitted hereinafter for the nondimensional variables.

With the aid of transformation (8), the differential operators d/dt and d/dx in Egs. (1)-(7) are changed into —wd/0X and
d/0X, respectively, and d/0z keeps the same form. For simplicity, we introduce two differential operators £[-] and S[-] for ¢»(X,
z) as follows:

2
P (10)

2 2
Slnl = ;[(%‘i) v (%“j) } ()

Thus the dimensionless governing equation for the velocity potentials is

Ll¢a] =0, (n=1,2). (12)
By the transformation (8), a combination of Egs. (2) and (3) on the unknown plate-covered surface (z = ¢; (X)) reads
¢ I i A de d°¢ e
2 o1 o1 0¢1dér _ _
X2 T oz " Pax T ax ax ~“Pas @ Megxs =0 (13)

where f; = S[¢1]. Similarly, on the unknown interface (z = —h; + ¢, (X)), a combination of Egs. (4) and (6) yields

w92y 3¢y _yol ¢ 0fi|_ wdh 03445 (14)
e 0X2 0z e 0X2 09X g 30X 0X dx 7
where ¢ = 1 — y and f, = S[¢,]. With the transformation (8), Egs. (3) and (6) are changed into
¢ d*s e
—wa—x+f1+§1+DdX4+me dXZH =0, (15)
1 ad
¢2=8[y< 9 +f1> +wﬁ fz}, (16)

respectively. Now the unknown functions ¢,(X, z) and ¢ »(X) with n = 1, 2 are governed by Eqs. (12)-(16), (5) and (7). For a given
angular frequency w, the convergent analytical series solutions will be obtained based on the HAM in the subsequent sections.

3. Analytical approach based on the HAM
3.1. Continuous variations
Let g € [0, 1] be an embedding parameter and the non-zero embedding parameter ¢y denote the convergence-control param-

eter. Instead of solving these nonlinear equations (12)-(16), (5) and (7) directly, we construct, in the frame of the HAM, ®,(X, z;
q) and np(X; q) which are called homotopies in topology such that, as q increases from 0 to 1, ®,(X, z; q) deforms continuously
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from its initial approximation ¢, o(X, z) to the exact solution ¢,(X, z) of the original problem. This rule also holds for 7,(X; q)
from its initial approximation &, ¢(X) to ¢ n(X).

The homotopy ®,(X, z; q) satisfies the Laplace equations namely £[®,(X,z;q)] =0, and ®,(X, z; q) satisfies the bottom
boundary condition d®, (X, —H; q)/dz = 0. In addition, the continuous variations ®,(X, z; q) and 1,(X; q) are governed by a new
family of nonlinear partial differential equations (PDEs), namely the zeroth-order deformation equations. For the two boundary
conditions on the unknown free surface z = 11 (X; q), we have

(1 - Lu[®1(X. 2 q) — P10(X. 2)] = qcoNn[P1(X. z: ). m (X: @] (17)

(1= @) Li2[n1(X; @) — L10(X)] = gcoN2[m1 (X; @), D1(X, z; @), (18)

where £q1[-] and £q3[-] are auxiliary linear operators with £11[0] = £13[0] = 0. According to Eqgs. (13) and (15), N11[-, -] and
N12[-, -] are nonlinear differential operators defined by

0@ 00y AR 9®idm  dn o

M@ Xz, q). mX; Q] = 2 T o7 Y9 " ax ax P o @ Me g (19)
) ) 99, d*m ,d%n
N[ X: @), ®1X. 2. Q)] = 077 +F + 11 + Do +Me| @75 + 1), (20)
respectively, where F; = S[®(X, z; q)].
For the boundary conditions on the unknown interfacial surface (z = —hy + 1, (X; q)), we have
(1= @)L [P2(X. 2: ) — P20(X. 2)| = qcoNa1 [P2(X. z: ). n2(X: )], (21)
(1 = @) La2[n2(X; @) — $20(X)] = qcoN22[n2(X; q), P2(X, z: q)], (22)
00, 09,
dz 0z’ (23)

where £51[-] and £y,[-] are auxiliary linear operators with £,1[0] = £5,[0] = 0. According to Eqs. (14) and (16), N[, -] and
Na; |-, -] are nonlinear differential operators defined by

. . _ w? 82<I>2 8d>2 yw 82CI)1 BFl w an 8q>2 dT]z
Al ®2X 2@ X @] =" T+ T~ | X "X | T e 9X X aX =
. 1 LY dD,
Naa[n2(X; q), @2(X, 2, q)] =12 — 8|:)/ (wax +F1> O F2i|- (25)

respectively, where i, = S[®,(X, z; q)].
In order to obtain the series solutions for ®,(X, z; q) and nn(X; q), we expand them into the Taylor series about g at ¢ = 0 as

+00
(X, 2q) = Pno(X.2) + ) Pum(X. 2)q", (26)
m=1
+00
M (X: @) = $no(X) + Z Cam(X)q™, (27)
m=1
where
1 o™

{pnm(X.2), Erm(X)} = {Pn(X, 2 @), N (X; @) Hg=0- (28)

ml 9qm

Assuming that ¢y could be so properly chosen that the series in Eqs. (26) and (27) converge at ¢ = 1, then we have the so called
homotopy-series solutions as

On(X,2) = P,(X, 2 1) = Ppo(X,2) + ZOO: Gum(X.2), (29)
m=1
LX) =m(X; 1) :Cn,O(X)+Z§n,m(X)- (30)

m=1
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3.2. Solution expressions

Considering that the surface progressive waves propagate periodically in the X direction with a constant velocity, we may
express, from viewpoints of the physical reality, the vertical deflection of the thin plate as

+00 .
&1(X) =Re [Zm.ne‘"x}, (31)
n=0

where A; , is an unknown coefficient to be determined. According to the linear surface waves theory [14] and the governing
equation (12), the potential function ¢{(X, z) can be in the form:

+00 .
¢1(X.2) =Re [Z{Bm cosh[n(hy +2)] + Cy , sinh[n(h; +z)]}e‘"x:|, (32)

n=1

where By , and Cy ,, are unknown coefficients to be determined.
We assume that the interfacial progressive waves are still periodic. Then the interfacial wave profile can in the form

—+00 .
£2(X) =Re [ZAz_ne‘"X} (33)
n=0

where A, , is an unknown coefficient. Based on the linear interfacial waves theory [14], the potential function ¢,(X, z) is ex-
pressed by

¢,(X.2) =Re |:§ By cosh[n(H + z)]ei“"j| , (34)

n=1

where the unknown coefficient B, , = csc[n(H — hy)]Cy , is based on the continuity of velocity Eq. (23). It is noted that the
potential function ¢, (X, z) in Eq. (34) automatically satisfy the governing equation (12) and the bottom condition (7).

Egs. (31) and (33) are called the solution expressions for the plate deflection and the interfacial wave elevation while Egs. (32)
and (34) for the velocity potentials, which play important roles in the frame of the HAM. As mentioned by Liao [18], in order to
simplify greatly the process of solving nonlinear problems, we have extremely large freedom to choose the initial approximations
and the auxiliary linear operator. We choose

$1.0X) =50X) =0 (35)

as the initial guesses for the surface and interfacial wave profiles to simplify the subsequent computation procedure [18]. It
should be emphasized that, although the initial guesses are assumed to be zero, the high-order terms can provide the corrections
for the homotopy-series solutions due to the nonlinearity inherence in Eqgs. (17), (18), (21), and (22). According to the solution
expressions (31)-(34), we construct the initial approximations of the potential functions by

#10(X, 2) = Re[[B1 o cosh (h; +2) + Cy o sinh (h; + 2)]elX], (36)

¢2.0(X,z) = Re[By cosh (H + z)eix], (37)

respectively, where B; o and C; o are unknown coefficients and B, g = csc (H — hy)Cy 0.
We choose the auxiliary linear operators for ®,(X, z; q) in Egs. (17) and (21) as follows

,02d; 9,

El][(bl(XsZ; q)] =w 8X2 Wv (38)
0)2 32<I>2 8<I>2
L[ P2(X, z; Q)]—?W'f‘w- (39)
We choose the auxiliary linear operators for n,(X, z; q) in Egs. (18) and (22) as follows
. %y | 9*m
[’lz[nl(x’ q)] - 8X4 + axz +’71s (40)
Lyn[nX: Q)] =n.. (41)

3.3. High-order deformation equations

The linear PDEs for the unknown terms ¢, m(X, z) and ¢, m(X) can be derived directly from the zeroth-order deformation
equations. By differentiating the zero-order deformation equations (17) and (18) for the upper fluid, and Egs. (21) and (22) for
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the lower fluid m times with respect to g, then dividing them by m! and setting g = 0, we obtain the mth-order deformation
equations for the two-layer fluid

Li1[¢1.m] = Coﬁflmq +HnStm1—Stm, (z2=0), (42)

i mo1 0%C1m
L12[81.m] :COA?,,H +Hm( aXrZ + 8an1 +&im-1 ), (2=0), (43)
Lot[¢am] = CoAff,ﬁzl +HnSom-1 —Som. (z=—hy), (44)
Com=CoAYy | +Hnlomo1. (z=—hy), (45)
where Hy;; = H(m — 2), and H(-) is the Heaviside step function. The elaborated expressions for Afﬁmq, Af}mfl ,Ag’fﬁzl, Ag?mq’

Snm-1. and S, are given in Appendix A.
Now we see that the unknown terms ¢, m(X, z) and ¢n, m(X) are governed by linear PDEs (42)-(45). It should be noted that
the sub-problems for these unknown variables are not only linear but also decoupled, and then can be solved easily.

3.4. Optimal convergence-control parameters

Even if we fix all physical parameters of the nonlinear problem considered here, there will be still an unknown term ¢y which
is used to guarantee the convergence of the HAM-based series solutions. The optimal value of cq corresponds to the fastest
decrease of the total squared residual &, which is defined by

2
eh =ep e ? 3 e (46)
n=1
where
¢ 1 N R ’
el = ATTIAAX) | 47
im (1 +M)2 ; g 1k( ) ( )
1.0 1 L B ’
e’ = e O | AR 0] (48)
(1 +M) i=0 || k=0 ‘
1 M m 2
. S Al (inX 49
Enm (l +M)2 ; g nk( ) s ( )

A‘fﬁ Ag’,l'qbz and Aﬁ’,‘( are given in Appendix A; M is the number of the discrete points; and AX = 7w /M. We choose M = 10 here,

and then the optimal convergence control parameter ¢, can be obtained by the minimum of &[..

4. Results and discussion

It is noted that, for a given frequency w, the surface and interface progressive waves have different wave numbers, denoted
by ky and k, with k; # ko, respectively. Moreover, the surface and the interface wave motions are coupled, and can influence
each other [14-16]. Thus, there are the surface and interfacial wave modes at the surface, so is for the interface. Generally, the
dimensional solution expressions (31)-(34) contain two wave modes k = k; and k = k,. Owing to these physical phenomena, the
dimensional case is calculated hereinafter.

To show the validity and accuracy of our HAM-based analytic solutions, the total residual square error ¢}, at different orders
is illustrated for the two-layer fluid versus cy, as shown in Fig. 2 with the case of w =3s 1, t =107 s, h; = 0.15 m, hy/H = 0.5,
pe=0.3x10"3 kgm 3, d =0.005 m,E = 10° Nm ~2, v = 0.33, and y = 0.2. We find that, as the order m increases gradually,
el decreases in the interval 0 < x < 0.2 and the optimal value of ¢ is close to 0.1. Furthermore, Table 1 indicates that, when
co = 0.1, the square error can decrease quickly to 1.26 x 10~ at the 7th-order approximation. It is demonstrated that our HAM-
based solutions for the velocity potentials, the plate deflection and the interfacial wave elevation are highly convergent and
accurate.

We consider the effects of several important parameters on the nonlinear hydroelastic waves traveling in a thin elastic plate
floating on a two-layer fluid. Fig. 3 shows hydroelastic deflections of the plate and the interfacial wave profiles for different
depth ratio hq/H. From the comparison between the upper and the lower fluid regions, it is easily found that the amplitudes of
the interfacial waves decrease with the increment of the depth ratio.
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Table 1
The total residual square error &, for differ-
ent approximation order m with ¢y = 0.1.

m 38

1.19 x 107!
8.72 x 1073
6.51 x 1074
5.24 x 107°
1.26 x 10-6

N WwN

06 -04 -02 0 0.2 0.4

Fig. 2. Residual squares of log, &}, of the mth order homotopy approximation for the upper fluid region versus c,. Solid line, m = 1; long dashed line, m = 2;
dash-double-dotted line, m=3.

20.25 1 1 1 1 20.25 1 1 1 1
-10 -5 0 5 10 -10 -5 0 5 10

Fig. 3. Variation of the plate hydroelastic deflection and the interface wave elevation versus x for different depth ratio h( = h;/H). (a) The plate deflections.
(b) The interfacial waves.

We consider the effects of the density ratio y on the elastic plate and the interfacial waves by increasing y from 0.3 to 0.7.
It is seen from Fig. 4 that a smaller y increases the plate deflections and the interfacial wave elevations. The effects of Young’s
modulus of the plate are shown in Fig. 5, from which we can see that the floating plate’s deflections and the interfacial wave
elevations decrease with increasing Young’s modulus. As Young’s modulus increases, the plate deflections become stiffer so that
a large reactive force can be generated to resist the elastic deformation of plate. Finally, the effects of the plate thickness d on
the plate deflections and the interfacial waves are studied. Fig. 6 shows that a larger d flattens the crest and sharpens the trough
of the plate deflections and the interfacial waves, which is similar to results for the single-layer fluid. Further, we find that the
density ratio y of the fluid and the Young modulus and the thickness d of the plate have slight influence on the interfacial wave
elevations and apparently changes the surface waves or plate deflections.
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Fig. 4. Variation of the plate hydroelastic deflection and the interface wave elevation versus x for different density ratio y. (a) The plate deflections. (b) The
interfacial waves.
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Fig. 5. Variation of the plate hydroelastic deflection and the interface wave elevation versus x for different value of Young's modulus E. (a) The plate deflec-
tions. (b) The interfacial waves.
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-0.15

202 1 1 1 1 R L L
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X

Fig. 6. Variation of the plate hydroelastic deflection and the interface wave elevation versus x for different plate thickness d. (a) The plate deflections. (b) The
interfacial waves.

5. Conclusions

We extend the study on nonlinear hydroelastic waves traveling in a single-layer fluid [26] to those in a two-layer fluid of
finite depth, which describes the stratification phenomenon of the real ocean. With the help of the HAM, for the whole flow
domain including the upper fluid and the lower fluid, the convergent series solutions are analytically derived by solving the si-
multaneous equations as a boundary-value problem. For simplifying the calculation of nonlinear waves traveling in a thin elastic
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plate, we choose the auxiliary linear operators £, [-] containing only the derivatives of ¢,(X, z) in nonlinear operators Ay1[-, -],
and the auxiliary linear operator £,;[-] containing only the derivatives of £,(X) in nonlinear operators N[, -]. Additionally,
the relations of those series solutions for two-layer fluid are obtained from the continuities of the velocity and the pressure
on the interface between the upper and lower fluids. Numerical results demonstrate the validity and convergence of our HAM-
based analytical solutions for the velocity potentials, the plate deflection and the interfacial wave elevation in the two-layer
fluid.

The effects of several physical parameters on the nonlinear hydroelastic response of an infinite elastic plate floating on a
two-layer fluid are considered in detail. The density and depth ratios of the two-layer fluid, Young’s modulus, and the thickness
of the plate have some effects on the elastic plate and the interfacial waves. It is found that the larger value of the thickness d,
Young’s modulus E of the plate and the density ratio y all can flatten the crest, steepen the trough of the plate deflection, and
decrease the interfacial wave elevation. With the increment of these parameters, the amplitudes of the interfacial wave decreases
slightly while the surface waves decreases significantly. It is found that a larger depth ratio h;/H also decreases the amplitudes
of the plate deflection and the interfacial waves. All of those results obtained here can help us further understand the nonlinear
hydroelastic waves traveling in an elastic plate floating on the stratified ocean.
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Appendix A. Detailed derivations of INg AS AP AL

1L,m-1° B2 m-1> B2,m-10 B2im- 12 Sn,m-1, and S, m (n = 1, 2) in Eqs. (42)-(45)

Let

+00 ) k +00 )
M) =D ¢uid" | = tnkid" (A1)
i=1 i=k
For any z, we have a Maclaurin series

1 ok m
Dun(X.2 )—Zk, L,

For z = ny(X; q), it follows from Eqs. (A1) and (A2) that

+o00 1 8k¢nm +00 : +00 )
¢nm(x, 1’]n) = Z (k' 92k ‘Z—O) Z Mn.k.iq = Z wnm,iqls (A3)
. i=k i=0

Zk. (AZ)
z=0

k=0
where
S (18" um
Vnmi = ; (klazk ‘z:O on ki (A4)
Thus we have, for z = n,(X; q),
+00 too
Pu(X, N @) = Y Pam(X. 1)q™ = Z anmlq q" =) g™, (A5)
m=0 m=0 m=0
where
m
$nm = Z Ynm—ii- (A6)
i=0

Substituting the series expansions (A1) and (A5) into the boundary conditions (17) and (18), then equating the like-power of
the embedding parameter g, we have two linear boundary conditions (42) and (43) for the upper fluid. Similarly, we can have

two linear b?undary conditions (44) and (45) for the lower fluid. The explicit expressions for A?lm - Aflm - Aflm‘z’z], Agzm -
Sn.m—1, and Sp.m(n = 1, 2) in these conditions are given by

d? dey, d? APy
A¢171:w2 (p1m1+¢]m]_wz<:§él wcll}?21k+¢”‘ §01an;<1k)

i s Bl & dey dEymo i
—a)DT - @’me— o3 - 2aX X (A7)
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doim1 172 /dey doyma k- -

A?m—l = _‘U% + ) 2 (%% +<P1k€01,m_1_k) +C1m-1
d*¢ima zdzfl,mq

+D—dX4 +Mew” — 55— (m=>2), (A8)
1| /d 2 _ d

Ay = 5[(%) + (<P10)2i| 0 20 + me, (A9)

2 2 m-1 2 -
oy @0 dama ® dos "o moik - d@o o1
MR =1y e TP yz(dX o P d@( )

2 m—1
_yo [ doimg (d%k dprmax | - - )] ) dgyy d0omo1-k
1= Y I:w dXZ Z dx dx + ‘Plk‘pl,m—l—k T dX dX s (AIO)
) 1 dpim 1 12 (deoydeim i | - -
Agm—1 = _m{)’[_me'f‘EZO( d)é( dn;( . +‘p1k‘p1,m—1fk>]
dgom 1% /dos dgoma e - -
+&om-1 +w% -5 Z (%% + <P2k<ﬂ2,m—1_k> } (A11)
m-2 2
d L
S.n,m—l = Z (% + yn,m—l—i,i)a (A12)
i=0
m-1
( lp’”"”wm”) (A13)
i=1
where
m—1
(/_7n,m—1 = Ynm-1-i.is (A14)
i=0
L1 [/ gk+t »
Vam-ii = )y (# ‘ZO> Mngin  (M=1,2). (A15)
k=0 =
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