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a b s t r a c t

Steady-state hydroelastic waves generated by a moving load with a uniform current are
investigated analytically in the framework of nonlinear potential theory. Considering
the load with an exponential distribution in horizontal direction, we focus on the wave
dynamics characteristics when the relative current speed or the nonlinearity increases.
With the aid of the homotopy analysis method (HAM), appropriate solution expressions
for the unknown variables are established by comparing the relative current speed U
and the minimal phase speed cmin of the hydroelastic waves. Our results demonstrate
that, the wave deflection is symmetric about the load if U is much smaller than cmin. The
wave deflection becomes more oscillatory and its amplitudes increase in the vicinity of
the load when U increasingly approaches cmin. If U is greater than cmin, the hydroelastic
waves will be generated far away from the load, and the period of the gravity waves
in the downstream region are relatively larger than those of the hydroelastic waves
in the upstream region. As U increases continuously, the amplitudes of gravity and
hydroelastic waves all first increase and then decrease. It should be noted that there
is a larger cmin of the approximate nonlinear dispersion relation than that of the linear
one, and the variation of the nonlinear wave deflection would be underestimated if
the linear dispersion relation is used. Finally, the graphical representations show the
effects of several important physical parameters including the uniform current speed,
the amplitude of incident wave, and the plate thickness on the hydroelastic waves.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Hydroelastic waves (namely flexural–gravity waves), which are generated due to the elastic deformation of a very large
loating structure (VLFS) or an floating ice sheet in the ocean, have been an important topic in water wave field for many
ecades. One fundamental interest for operational safety is the dynamic characteristics of the waves due to an external
oad, which may describe the impact of vehicles or aircrafts on the VLFS or the ice sheet.

The generation of linear hydroelastic waves due to an external load has been well studied in recent decades. Wilson [1]
irstly developed a simple theory for the coupling between a moving load and the flexural waves traveling in a floating
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ce sheet. He found the minimum wave velocity is a critical one which is a threshold for the existence of flexural waves.
teady wave patterns due to a uniform moving source was considered by Davys et al. [2] with the help of asymptotic
ourier analysis to find that the short elastic waves propagate upstream while the long gravity waves appear downstream.
chulkes and Sneyd [3] derived an exact expression for the ice deflection due to an impulsively concentrated line load to
nvestigate time-dependent effects. Milinazzo et al. [4] considered a uniform rectangular load distribution, and showed
he amplitude of the ice displacement depends on the aspect ratio of the load, which is in good agreement with the
xperimental results. A comprehensive summary on hydroelastic deflection of an ice sheet due to the moving loads has
een systematically described in Squire’s monograph [5].
The flexural–gravity wave resistances due to a surface-moving line source was considered by Lu and Zhang [6] who

ound that, when the moving speed of the source is greater than the minimum phase speed, the wave resistances firstly
ncrease to their peak values and then decrease. A further study on the transient flexural–gravity waves due to an
mpulsive source was conducted by Lu and Sun [7] for a two-layer density-stratified fluid. They found that the profiles
f both surface and interfacial waves depend on the moving speed of the observer in the relation to the maximal and
inimal group velocities. Li and Lu [8] modeled the VLFS as a thin viscoelastic plate to study the response of the flexural–
ravity wave due to a load steadily moving or suddenly accelerated along a rectilinear orbit. Meylan [9] studied the
ime-dependent deflection of a floating elastic plate subject to a transient force by the eigenfunction matching method,
nd showed detailedly how the solution in two dimensions can be extended to three dimensions with little modification
f the underlying numerical method. Latterly, the hydroelastic symmetric response of an ice sheet caused by a pressure
oving either in the ice lead or on the infinite ice sheet with a crack was investigated by Xue et al. [10]. It is found that

he load speeds determine the maximum deflection of an ice cover, the maximum stress in the ice, and the maximum
ave-making resistance.
These aforementioned works are in the scope of linear wave theory under the assumption that the wave amplitude

s very small in comparison with the wavelength. So these linear models are not suitable to describe large-amplitude
ydroelastic wave deflections. Părău and Dias [11] preliminary studied the nonlinear and steady response of an ice sheet
o a concentrated line load, and analyzed the deflection of solitary waves when the load speed is close to the minimal
hase speed cmin. Bonnefoy et al. [12] calculated the nonlinear response of an infinite ice sheet to a moving load by using
higher-order spectral method, and compared their nonlinear solution with the linear one. It is found that there is a good
greement with both solutions in the appropriate regimes. Părău and Vanden–Broeck [13] considered three-dimensional
onlinear waves beneath an ice sheet due to a steadily moving pressure by using a boundary integral equation method,
nd discussed different types of responses of the floating ice sheet with the variation of the moving pressure speed.
uyenne and Părău [14] considered forced flexural–gravity solitary waves generated by a moving load for the nonlinear
roblem as proposed by Plotnikov and Toland [15]. They obtained the Hamiltonian formulation for three-dimensional
ully nonlinear flexural–gravity waves.

All the investigations mentioned above were under the hypothesis that there is no current in the ocean. As we know,
here are various reasons such the changes in the wind direction and force, the tidal forces of the sun or moon, the earth’s
ravity which can generate the ocean current. Thus, it is important to study the effect of the underlying current on the
ydroelastic wave. However, due to the complexity of wave–current–structure interaction, the current is usually neglected
hich may lead to erroneous results. The hydroelastic waves in the presence of both an external load and an underlying
urrent have been studied by few researchers. Mohanty et al. [16] studied a combined effect of current and compressive
orce on time-dependent flexural–gravity wave motion in both the cases of single- and two-layer fluids by analyzing the
ispersion relation, phase and group velocities. Lu and Yeung [17] considered unsteady flexural gravity waves on a thin
lastic plate caused by the interaction of fixed concentrated line loads and the underlying current. For the steady response,
n explicit expression was derived by the residue theorem. It is found that the flexural–gravity wave motion depends on
he ratio of current speed to phase or group speeds.

In the present paper, our objective is to investigate analytically the nonlinear and steady hydroelastic waves generated
y a moving load in a uniform current with the aid of the homotopy analysis method (HAM) developed by Liao
18–20]. It mainly extends the work of Lu and Yeung [17] from the small-amplitude hydroelastic wave to the nonlinear
arge-amplitude one. Detailed research is organized as follows. The mathematical model is formulated in Section 2.
n Section 3.1, in the frame of HAM, deformation equations including the zero-order deformation equations and the
igh-order deformation equations are deduced. In Section 3.2, the approximate nonlinear dispersion relation is derived
nd then solution expressions and initial guesses are constructed accordingly by comparing the relative current speed
nd the minimal phase speed. In Section 3.3, we present explicitly the first-order HAM-based analytical solutions for
he hydroelastic wave elevation and the velocity potential. The variation of the wave deflections with the increased
onlinearity and two important physical parameters are discussed in Section 4. Concluding remarks follow in Section 5.

. Mathematical formulation

A train of steady-state hydroelastic waves generated by a moving load with a constant speed V0 in a uniform current
0 is considered for the two-dimensional case in the earth-fixed coordinate system. We choose a Coordinate System oxz
ixed on the moving load. As illustrated in Fig. 1, Cartesian Coordinate are defined with the z-axis pointing upwards and
= 0 at the undisturbed plate–water interface. The floating elastic plate extends to the infinity along the x-axis, and an
nderlying current is assumed to be moving toward the positive x-axis.
2
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Fig. 1. Coordinates.

Let φ(x, z) denote the potential for the disturbed velocity, and ζ (x) the hydroelastic wave elevation at the fluid–plate
nterface. Assuming that the fluid is inviscid and incompressible and the flow is irrotational, we have Laplace’s equation

∇
2φ = 0, (z ≤ ζ (x)), (1)

subject to the bottom condition at deep water
∂φ

∂z
= 0, (z = −∞), (2)

Let ρ be the uniform densities of the fluid, g the gravitational acceleration, and U = U0 − V0 the relative uniform
current speed. The surface tension is neglected. Then the two nonlinear boundary conditions on the unknown plate–water
interface (z = ζ (x)) read

N1[φ, ζ ] = U2 ∂
2φ

∂x2
+ g

∂φ

∂z
+ U

∂ f
∂x

− g
∂φ

∂x
dζ
dx

+
U
ρ

(
D
d5ζ

dx5
+

dPext
dx

)
= 0, (3)

N2[φ, ζ ] = f + U
∂φ

∂x
+ gζ +

1
ρ

(
D
d4ζ

dx4
+ Pext

)
= 0, (4)

with f = |∇φ|
2/2. N1[·, ·] and N2[·, ·] are the nonlinear differential operators in the frame of HAM. The elaborated

derivation for the conditions (3) and (4) are given in Appendix A. In Eqs. (3) and (4), D = Ed3/[12(1 − ν2)] is the flexural
igidity of the plate in which E, d and ν are Young’s modulus, the constant thickness, and Poisson’s ratio of the plate,
espectively. Pext the external pressure distribution of a localized load at the coordinate origin.

Following Părău and Vanden-Broeck [13], we describe the pressure distribution which decays exponentially with
orizontal distance from the load as

Pext(x) =

{
P0eL

2/(x2−L2), |x| < L,
0, otherwise,

(5)

where P0 is a constant magnitude of the pressure, L is the size of the support of the pressure.
The unknown velocity potential φ(x, z) and hydroelastic waves ζ (x) are obtained from Eqs. (1)–(5) by using the HAM

in the subsequent sections.

3. Approximate analytical solution approach

3.1. Deformation equations

The HAM is a semi-analytic approximation method which has successfully been applied to solve some highly nonlinear
hydrodynamic problems [21–24]. On basis of the HAM, we first construct two homotopies Φ(x, z; q) and η(x; q) which
re governed by a new family of nonlinear partial differential equations (PDEs) corresponding to the Eqs. (1)–(4) as

∇
2Φ = 0, (z ≤ η), (6)
∂Φ

∂z
= 0, (z = −∞), (7)

(1 − q)L1[Φ − φ0] = qC0N1[Φ, η], (z = η), (8)

(1 − q)L2[η − ζ0] = qC0N2[Φ, η], (z = η), (9)

where C0 is a nonzero convergence-control parameter and q ∈ [0, 1] the embedding parameter. φ0(x, z) and ζ0(x) are the
initial guesses of the velocity potential φ(x, z) and the hydroelastic wave deflection ζ (x), respectively. As the parameter
3
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increases from 0 to 1, the homotopy Φ(x, z; q) deforms continuously from its initial estimation φ0(x, z) to the exact
olution φ(x, z), and the homotopy η(x; q) varies continuously from ζ0(x) to ζ (x). Eqs. (8) and (9) are called the zero-order
deformation equations in the HAM.

We choose the linear terms in N1[·, ·] as an auxiliary linear operator for Φ(x, z; q)

L1[Φ(x, z; q)] = U2 ∂
2Φ

∂x2
+ g

∂Φ

∂z
= g

(
L0
∂2Φ

∂x2
+
∂Φ

∂z

)
, (10)

nd the linear terms in N2[·, ·] as another linear operator for η(x; q)

L2[η(x; q)] =
D
ρ

d4η

dx4
+ gη = g

(
γ
d4η

dx4
+ η

)
, (11)

where Ln[0] = 0, (n = 1, 2), L0 = U2/g and γ = D/ρg .
We expand the two unknown variables Φ(x, z; q) and η(x; q) into the Maclaurin series with respect to q

Φ(x, z; q) =

+∞∑
m=0

φm(x, z)qm, (12)

η(x; q) =

+∞∑
m=0

ζm(x)qm, (13)

where

{φm(x, z), ζm(x)} =
1
m!

∂m

∂qm
{Φ(x, z; q), η(x; q)}

⏐⏐⏐
q=0
. (14)

The unknown φm(x, z) and ζm(x) are governed by the following high-order deformation equations

L1 [φm] |z=0 = C0∆
φ

m−1 − S̄m + HmSm−1, (15)

L2 [ζm] = C0∆
ζ

m−1 + Hmg
(
γ
d4ζm−1

dx4
+ ζm−1

)
, (16)

here Hm = H(m − 2), and H(·) is the Heaviside step function. The elaborated expressions for ∆φm−1, S̄m, Sm−1, and ∆
ζ

m−1
re given in Appendix B.
It is noted that the nonlinear zeroth-order deformation Eqs. (8) and (9) are defined on the unknown boundary

= η(x; q) while the linear high-order deformation Eqs. (15) and (16) are defined on the fixed boundary z = 0. Thus,
hese linear and decoupled high-order deformation equations can easily be adapted for symbolic computation.

.2. Solution expressions and initial guesses

The linear dispersion relation is derived from the linearized approximation [6,13,25]

ω2
= gk

(
γ k4 + 1
σk + 1

)
, (17)

here σ = Me/ρe. k and ω are the wave number and the angular frequency of the linear hydroelastic waves, respectively.
e is the mass per unit area of the elastic plate and ρe is the plate density.
The aforementioned researches on the nonlinear hydroelastic waves due to a concentrated load [11–14] were usually

based on the assumption that the dispersion relation is linear in order to simplify calculation. However, the actual wave
frequencyΩ of the nonlinear hydroelastic waves is different from the linear frequency ω and the linear dispersion relation
17) is not valid for large-amplitude waves [22,24]. So we introduce

Ω/ω = ε, (18)

he dimensionless parameter ε is a constant larger than 1. The nonlinearity of the dispersion relation strengthens as ε
ncreases.

We restrict our attention to the steady hydroelastic waves and then the term σk in Eq. (17) is neglected. So the phase
peed for nonlinear hydroelastic waves is represented as follows

c =
Ω

k
= ε

√
g
k

(
γ k4 + 1

)
, (19)

nd it always has a minimum cmin = 2ε
(
Dg3/27ρ

)1/8.
We adopt physical parameters given by Squire et al. [5]: E = 5 × 109 N m−2, ρe = 917 kg m−3, ν = 1/3,

= 1024 kg m−3, and take these data hereinafter for computation unless otherwise stated. Fig. 2 shows the hydroelastic
4
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Fig. 2. The phase speed and group velocity in deep water versus the wave number k for different dimensionless frequency ε.

ave speed c(k) and group speed cg(k) versus the wave number k for different dimensionless frequency ε. It is found
hat there are a minimal phase speed and a minimal group speed. For example, as ε = 1.003, cmin = 22.48 m s−1 and
cgmin = 14.91 m s−1.

Considering the linear hydroelastic wave is mainly determined by the relationship between U and c(k) or cg(k) [6,7,17],
e construct the solution expressions of every order hydroelastic wave elevation and every order velocity potential as
he superposition of linear corresponding solutions

φm(x, z) =

N1∑
n=1

2∑
i=1

γiαi,m,n exp(nkiz) sin(nkix), (20)

ζm(x) =

N2∑
n=0

2∑
i=1

γiβi,m,n cos(nkix), (21)

espectively, where γ1 and γ2 are given parameters which satisfy γ1 + γ2 = 1 (0 ≤ γ1, γ2 ≤ 1); αi,m,n and βi,m,n are
oefficients to be determined; N1 and N2 are positive integers. As U > cmin, γ1 = 1, γ2 = 0 and k1 = kg for x < 0 while
γ1 = 0, γ2 = 1 and k2 = kf for x > 0, in which kg and kf are the small and large real roots of c − U = 0, respectively,
s shown in Fig. 2(a). As U < cmin, 0 < γ1, γ2 < 1, k1 = kA and k2 = kB in which kA and kB are the small and large real
oots of cg − U = 0, respectively, and cg is the group velocity, as shown in Fig. 2(b). In the linear wave system, k1 and k2
epresent the gravity-dominated and elasticity-dominated wave, respectively [6,7,17].

According to the solution expression expressions (20) and (21), to simplify the subsequent solution procedure, we
onstruct the initial approximations for the unknown variables as

φ0(x, z) =

2∑
i=1

γiαi,0,1 exp(kiz) sin(kix), (22)

ζ0(x) = 0, (23)

here αi,0,1 is a coefficient to be determined.

.3. Iteration of approximated solutions

We expand approximately the pressure function (5) into cosine series with the periodic extension

Pext(x) =

⎧⎪⎨⎪⎩
P0
e

[
2
3

+
4
π2

+∞∑
n=1

(−1)n−1

n2 cos
(nπx

L

)]
, |x| < L,

(24)
0, otherwise.
5
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Fig. 3. Logarithm of the squared residual log10 εTm of the mth order homotopy approximation versus C0 in the trailing regions of the point load when
= 10 m s−1 .

e choose n = 5 in the following calculations. It is noted that, following Liao [18–20], we add a relation equation as
ollows to make our model closed

max ζ1(x) − min ζ1(x) = 2H, (25)

here H is the amplitude of the first-order incident wave.
Substituting the solution expression expressions (20) and (21), the two guesses (22) and (23), the series (24) and the

elation Eq. (25) into the high-order deformation equations, we can obtain these coefficients of the solution expressions,
nd the one-order functions φ1(x, z) and ζ1(x) with analytical expressions for αi,1,0, αi,1,n, βi,1,0 and βi,1,n (n = 1, 2, . . . , 5)

given in Appendix C.
To obtain the convergent HAM-based series solutions by choosing the optimal C0, we construct the total residual square

error

εTm =
1

1 + M

M∑
i=0

[(
N1[Φ, η]

⏐⏐
x=i△x,q=1

)2
+

(
N2[Φ, η]

⏐⏐
x=i△x,q=1

)2]
, (26)

which is the sum of the residual square error of the zeroth-order deformation Eqs. (8) and (9) at q = 1, (i.e., the boundary
conditions (3) and (4)). △x = x∗/M where x∗ is the value range of x and M is an integer. We choose x∗

= 800 m and
M = 10 hereinafter, and obtain the optimal convergence control parameter C0 by the minimal εTm in residual plot, as
shown in Fig. 3.

4. Results and analysis

To show the validity and convergence of our HAM-based series solutions, we illustrate, in the trailing region of the
localized load, the total squared residuals εTm at several different orders versus C0 with the case of d = 2.5 m, H = 0.2 m,
U = 10 m s−1, kL = π , ε = 1.003, P0 = 3000 Pa and other physical parameters given by Squire et al. [5]. As shown
in Fig. 3, it is found that log10 εTm at every order has the smallest value, and log10 εTm decreases quickly when the order
m increases in the interval −0.2 < C0 < 0. So, we choose the optimal convergence-control parameter C0 = −0.1. For
example, as m = 6, the smallest value of εT6 is 3.216 × 10−8 in Table 1. It is demonstrated that our HAM-based solutions
are highly convergent and accurate.

Fig. 4 illustrates the variations of the phase speed c and the group velocity cg versus the wave number k for several
different Young’s moduli E and different plate thicknesses d. It can been seen that, as E or d increases, both the linear
(ε = 1) and nonlinear (ε > 1) phase speed c rise. Moreover, for every same E or d, the nonlinear phase speed c or the
group velocity cg is always greater than that for the linear one. So the variations of the nonlinear wave deflection would
be underestimated if the linear dispersion relation is used.

The effects of several important physical parameters on the waves are considered. We firstly consider, at the same ε,
the impact of the current speed U by increasing U from 0 m s−1 to 35 m s−1. Fig. 5 shows that the variation of the plate
deflection depends on U .

As the current speed U is much smaller than the minimal phase speed cmin, the plate deflection occurs near the localized
load with x = 0 and is symmetric about the load. This is because there is a static deflection of a very large floating structure
6
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Fig. 4. The phase speed c(k) and group speed cg(k) in deep water versus the wave number k for different values.

Fig. 5. Variation of the hydroelastic wave profiles versus x for different current speed U .

or an floating ice sheet under a localized load. As U approaches cmin, symmetric decaying oscillations appear gradually
in the upstream region (x > 0) and in the downstream region (x < 0). Moreover, we can find that the amplitude of the
plate deflection increases gradually in the vicinity of the load with U .

As U > cmin, the hydroelastic waves and the gravity waves occur far away from the load. As shown in Fig. 5, there
are two wave systems: one with the shorter wavelength in the upstream region (x > 0) and the other with the longer
7
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Fig. 6. Variation of the hydroelastic wave profiles versus x for different value of the dimensionless frequency ε on the current speed U = 25 m s−1 .

Table 1
The total residual square error εTm for dif-
ferent approximation order m with c0 =

−0.1.
m ϵTm

1 1.578
2 2.165 × 10−2

3 2.730 × 10−4

4 1.115 × 10−6

6 3.216 × 10−8

wavelength in the downstream region (x < 0). As U increases continuously, more waves in the leading region (i.e., the
hydroelastic waves) appear and their wavelength decreases, while the waves in the trailing region (i.e., the gravity waves)
become less and the wavelength of the gravity waves increases. It is shown that the hydroelastic and the gravity waves
play leading roles in the upstream and downstream regions, respectively. Further, the amplitude of the waves in the
leading and trailing regions firstly increase and then decrease with the current velocity U .

Fig. 6 shows the variation of the wave deflection with the increasing dimensionless parameter ε. Taking U = 25 m s−1

as an example, when ε increases from 1.0 to 1.08, the hydroelastic waves in the leading region (x > 0) become less and
their wavelength increases, while more gravity waves in trailing region (x < 0) appear and the wavelength of the gravity
waves decreases. Moreover, it is found that the wave amplitudes of the hydroelastic waves and the gravity waves increase
gradually as the dimensionless parameter ε increases.

Further, we compare the nonlinear solution for the wave profiles with the linear one. It can be seen from Fig. 6 that the
linear wave amplitudes (ε = 1) of the hydroelastic waves in the leading region and the gravity waves in trailing region
8
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b
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Fig. 7. Variation of the hydroelastic wave profiles versus x for different wave amplitudes H on the current speed U = 25 m s−1 .

Fig. 8. Variation of the hydroelastic wave profiles versus x for different value of the plate thickness d on the current speed U = 25 m s−1 .

ecome smaller than the corresponding nonlinear ones (ε > 1). Thus, if the linear dispersion relation is used or the linear
otential theory is used to study the nonlinear water waves, we will underestimate the variations of the wave deflection.
Figs. 7 and 8 show the wave deflections for different wave amplitudes H and different plate thicknesses d, respectively.

aking U = 25 m s−1 as an example, we consider the effects of wave amplitude on the elastic plate by increasing H from
0.2 m to 0.8 m as shown in Fig. 7. The amplitudes of the hydroelastic waves in the leading region and the gravity waves
in the trailing region increase significantly with an increasing H . However, with the increase of plate thickness d from
1.5 m to 2.5 m, the amplitudes of the waves in the whole region decrease correspondingly as shown in Fig. 8. The reason
is that the thickness of thin plate would have some effects on the elastic plate resistance. Further, with a large value of
d in Fig. 8, the hydroelastic waves become less significantly and their wavelength increases, while the wavelength of the
gravity waves has not changed significantly. However, the wavelengths of the hydroelastic and the gravity waves do not
change with large value of H , as demonstrated in Fig. 7.

5. Conclusions

The steady-state and nonlinear hydroelastic waves generated by a moving load in a uniform current is studied
analytically. The approximate nonlinear dispersion relation shows that there is a larger minimal phase speed than that
of the linear one. In the frame of the HAM, we construct appropriate solution expressions for the unknown variables by
comparing the relative current speed and the minimal phase speed, and the analytic solutions indicate that the steady
wave system depends on the relationship between the two speeds. When the relative current speed is greater than the
minimal phase speed, the hydroelastic waves and the gravity waves play leading roles in the upstream and downstream
regions, respectively. If the relative current speed is far less than the minimal phase speed, there is no steady wave
generated and the plate deflection is symmetric about the localized load.

As the nonlinearity increases, the wave amplitudes of both the gravity and the hydroelastic waves increase. The
results obtained here demonstrate that the relative current speed and the approximate nonlinear dispersion relation
have important effects on the steady-state hydroelastic response. In addition, the wave deflections increase greatly as
the incident wave amplitude increases, while the plate thickness has an opposite effect on the wave deflections. Those
9
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esults obtained here can help us further understand that steady-state hydroelastic interaction between the VLFS or an
loating ice sheet generated by moving vehicles or aircrafts in the real ocean.
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ppendix A. Detailed derivations for Eqs. (3) and (4)

In the earth-fixed coordinates, the nonlinear kinematic boundary and dynamic boundary conditions on the unknown
late–water interface (z = ζ (x, t)) read

∂ζ

∂t
+
∂φ

∂x
∂ζ

∂x
+ U0

∂ζ

∂x
−
∂φ

∂z
= 0, (A.1)

ρ

[
∂φ

∂t
+

1
2

(
|∇φ|

2
+ U2

0

)
+ U0

∂φ

∂x
+ gζ

]
+ Pe + Pext = 0, (A.2)

where Pe is the pressure at the plate—water interface and Pext the external pressure distribution of a localized load at the

coordinate origin. It is noted that the term
1
2
U2
0 in Eq. (A.2), being independents of time and distance, can be removed by

re-defining the velocity potential [26] and is omitted hereinafter.
The pressure in Eq. (A.2) is based on the Euler–Bernoulli beam theory as follows

Pe = D∇
4ζ + Me

∂2ζ

∂t2
. (A.3)

he last term in the right-hand side of Eq. (A.3) is the plate acceleration term. We can neglect it when the wavelength of
he surface displacement is much larger than the ice thickness [3,13]. Substituting Eq. (A.3) into Eq. (A.2) yields the full
orm of the dynamic boundary condition as

∂φ

∂t
+

1
2
|∇φ|

2
+ U0

∂φ

∂x
+ gζ +

1
ρ

(
D∇

4ζ + Pext
)

= 0, (A.4)

In this paper, we are devoted to the study on the steady hydroelastic waves. We take the coordinate system oxz fixed
n the moving load, then the boundary conditions (A.1) and (A.4) are transformed as

∂φ

∂x
dζ
dx

+ U
dζ
dx

−
∂φ

∂z
= 0, (z = ζ (x)), (A.5)

f + U
∂φ

∂x
+ gζ +

1
ρ

(
D
d4ζ

dx4
+ Pext

)
= 0, (z = ζ (x)), (A.6)

where U = U0 − V0.
Noted that Eq. (A.5) contains only one linear term for the velocity potential φ(x, z). If we choose the solo linear term

as the corresponding linear operator in the frame of HAM, this operator would affect the convergence of approximate

solutions as illustrated by Liao [20] for some examples. Taking an operator U
d
dx

on Eq. (A.6), then substituting Eq. (A.5)
nto the transformed Eq. (A.6), we have a combined boundary condition as follows

U2 ∂
2φ

∂x2
+ g

∂φ

∂z
+ U

∂ f
∂x

− g
∂φ

∂x
dζ
dx

+
U
ρ

(
D
d5ζ

dx5
+

dPext
dx

)
= 0, (z = ζ (x)). (A.7)

It is noted that there are two linear terms for φ(x, z).
Based on the nonlinear boundary condition Eqs. (A.7) and (A.6), the left-hand sides of Eqs. (A.7) and (A.6) are defined

as two nonlinear operators N [·, ·] and N [·, ·], respectively, as shown in Eqs. (3) and (4).
1 2

10
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A

v
φ

ppendix B. Expressions of high-order deformation equations in the HAM

Let

ηn =

(
+∞∑
i=1

ζiqi
)n

=

+∞∑
i=n

µn,iqi. (B.1)

According to the solution expression of every order velocity potential φm(x, z)(20), we find that the independent
ariables x and z in every term of φm(x, z)(20) are separable. So, for the unknown boundary z = η(x; q), the function
m(x, z) can be expanded into the following Maclaurin series based on Eq. (B.1)

φm(x, z) = φ1,m(x)φ2,m(z) = φ1,m(x)
+∞∑
n=0

1
n!

dnφ2,m

dzn

⏐⏐⏐
z=0

zn

= φ1,m(x)
+∞∑
n=0

(
1
n!

dnφ2,m

dzn

⏐⏐⏐
z=0

)(+∞∑
i=n

µn,iqi
)

=

+∞∑
i=0

ψm,iqi, (B.2)

where

ψm,i = φ1,m(x)
i∑

n=0

(
1
n!

dnφ2,m

dzn

⏐⏐⏐
z=0

)
µn,i. (B.3)

Thus we have, on z = η(x; q),

Φ(x, η; q) =

+∞∑
m=0

φm(x, η)qm =

+∞∑
m=0

(
+∞∑
i=0

ψm,iqi
)
qm =

+∞∑
m=0

ϕmqm, (B.4)

where

ϕm =

m∑
i=0

ψm−i,i. (B.5)

Substituting the two series in Eqs. (B.4) and (13) into the zeroth-order deformation Eqs. (8) and (9), and then equating
the like-power of the embedding parameter q, we can obtain, with the aid of HAM, the high-order deformation Eqs. (15)
and (16) for which the detailed expressions are given by

∆
φ

m−1 =U2 d
2ϕm−1

dx2
+ gϕ̄m−1 − U

m−1∑
n=0

(dϕn
dx

d2ϕm−1−n

dx2
+ ϕ̄n

dϕ̄m−1−n

dx

)
+

U
ρ

(
D
d5ζm−1

dx5
+

dPext
dx

)
− g

m−1∑
n=0

dϕn
dx

dζm−1−n

dx
, (m ≥ 2), (B.6)

∆
ζ

m−1 = U
dϕm−1

dx
+

1
2

m−1∑
n=0

(dϕn
dx

dϕm−1−n

dx
+ ϕ̄nϕ̄m−1−n

)
+ gζm−1

+
1
ρ

(
D
d4ζm−1

dx4
+ Pext

)
, (m ≥ 2), (B.7)

∆
φ

0 = U2 d
2ϕ0

dx2
+ gϕ̄0 − U

(dϕ0
dx

d2ϕ0

dx2
+ ϕ̄0

dϕ̄0
dx

)
+

U
ρ

dPext
dx

, (B.8)

∆
ζ

0 = U
dϕ0
dX

+
1
2

[(dϕ0
dx

)2
+ ϕ̄2

0

]
+

Pext
ρ
, (B.9)

Sm−1 =

m−2∑
i=0

g
(
L0

d2ψm−1−i,i

dx2
+ Γm−1−i,i

)
, (B.10)

S̄m =

m−1∑
i=1

g
(
L0

d2ψm−i,i

dx2
+ Γm−i,i

)
, (B.11)
11
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w

A

here

ϕ̄m−1 =

m−1∑
i=0

γm−1−i,i, (B.12)

Γm−i,i =

i∑
n=0

1
n!

(
∂n+1φm−i

∂zn+1

⏐⏐⏐
z=0

)
µn,i. (B.13)

ppendix C. Analytical expressions for the coefficients in the solutions

αi,0,1 =
υ

C0L0

[
1 + γ −

4C0P0(259 + 175238γ + 11406979γ 2)
225eπ2(1 + 81γ )(1 + 625γ )

]
, (C.1)

αi,1,1 = −
4C0P0υ

(1 − L0)eπ2
+
υ

L0

[
1 + γ −

4C0P0(259 + 175238γ + 11406979γ 2)
225eπ2(1 + 81γ )(1 + 625γ )

]
, (C.2){

αi,1,2, αi,1,3, αi,1,4, αi,1,5

}
=

C0P0υ

eπ2

{
1

1 − 2L0
,−

4

9(1 − 3L0)
,

1

4(1 − 4L0)
,−

4

25(1 − 5L0)

}
, (C.3)

βi,1,0 = H

⎡⎣2C0P0

3e
+

H

2C0L0

(
1 + γ −

4C0P0(259 + 175238γ + 11406979γ 2)
225eπ2(1 + 81γ )(1 + 625γ )

)2
⎤⎦ , (C.4)

βi,1,1 = H

[
4C0P0

1 + γ

(
1

eπ2 −
259 + 175238γ + 11406979γ 2

225eπ2(1 + 81γ )(1 + 625γ )

)
+ 1

]
, (C.5){

βi,1,2, βi,1,3, βi,1,4, βi,1,5

}
=

C0P0H
eπ2

{
−

1
1 + 16γ

,
4

9(1 + 81γ )
,−

1
4(1 + 256γ )

,
4

25(1 + 625γ )

}
(C.6)

where

υ = HU, γ = γ k4, P0 =
P0
ρgH

, L0 = kL0, H = kH. (C.7)
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