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With the aid of the homotopy analysis method (HAM), appropriate solution expressions

Keywords: for the unknown variables are established by comparing the relative current speed U
Steady-state hydroelastic waves and the minimal phase speed cy, of the hydroelastic waves. Our results demonstrate
Moving load that, the wave deflection is symmetric about the load if U is much smaller than cy,. The
Uniform current wave deflection becomes more oscillatory and its amplitudes increase in the vicinity of
Homotopy analysis method (HAM) the load when U increasingly approaches cy,. If U is greater than cy;,, the hydroelastic

waves will be generated far away from the load, and the period of the gravity waves
in the downstream region are relatively larger than those of the hydroelastic waves
in the upstream region. As U increases continuously, the amplitudes of gravity and
hydroelastic waves all first increase and then decrease. It should be noted that there
is a larger cpi, of the approximate nonlinear dispersion relation than that of the linear
one, and the variation of the nonlinear wave deflection would be underestimated if
the linear dispersion relation is used. Finally, the graphical representations show the
effects of several important physical parameters including the uniform current speed,
the amplitude of incident wave, and the plate thickness on the hydroelastic waves.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

Hydroelastic waves (namely flexural-gravity waves), which are generated due to the elastic deformation of a very large
floating structure (VLFS) or an floating ice sheet in the ocean, have been an important topic in water wave field for many
decades. One fundamental interest for operational safety is the dynamic characteristics of the waves due to an external
load, which may describe the impact of vehicles or aircrafts on the VLFS or the ice sheet.

The generation of linear hydroelastic waves due to an external load has been well studied in recent decades. Wilson [1]
firstly developed a simple theory for the coupling between a moving load and the flexural waves traveling in a floating
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ice sheet. He found the minimum wave velocity is a critical one which is a threshold for the existence of flexural waves.
Steady wave patterns due to a uniform moving source was considered by Davys et al. [2] with the help of asymptotic
Fourier analysis to find that the short elastic waves propagate upstream while the long gravity waves appear downstream.
Schulkes and Sneyd [3] derived an exact expression for the ice deflection due to an impulsively concentrated line load to
investigate time-dependent effects. Milinazzo et al. [4] considered a uniform rectangular load distribution, and showed
the amplitude of the ice displacement depends on the aspect ratio of the load, which is in good agreement with the
experimental results. A comprehensive summary on hydroelastic deflection of an ice sheet due to the moving loads has
been systematically described in Squire’s monograph [5].

The flexural-gravity wave resistances due to a surface-moving line source was considered by Lu and Zhang [6] who
found that, when the moving speed of the source is greater than the minimum phase speed, the wave resistances firstly
increase to their peak values and then decrease. A further study on the transient flexural-gravity waves due to an
impulsive source was conducted by Lu and Sun [7] for a two-layer density-stratified fluid. They found that the profiles
of both surface and interfacial waves depend on the moving speed of the observer in the relation to the maximal and
minimal group velocities. Li and Lu [8] modeled the VLFS as a thin viscoelastic plate to study the response of the flexural-
gravity wave due to a load steadily moving or suddenly accelerated along a rectilinear orbit. Meylan [9] studied the
time-dependent deflection of a floating elastic plate subject to a transient force by the eigenfunction matching method,
and showed detailedly how the solution in two dimensions can be extended to three dimensions with little modification
of the underlying numerical method. Latterly, the hydroelastic symmetric response of an ice sheet caused by a pressure
moving either in the ice lead or on the infinite ice sheet with a crack was investigated by Xue et al. [10]. It is found that
the load speeds determine the maximum deflection of an ice cover, the maximum stress in the ice, and the maximum
wave-making resistance.

These aforementioned works are in the scope of linear wave theory under the assumption that the wave amplitude
is very small in comparison with the wavelength. So these linear models are not suitable to describe large-amplitude
hydroelastic wave deflections. Parau and Dias [11] preliminary studied the nonlinear and steady response of an ice sheet
to a concentrated line load, and analyzed the deflection of solitary waves when the load speed is close to the minimal
phase speed cp,i,. Bonnefoy et al. [12] calculated the nonlinear response of an infinite ice sheet to a moving load by using
a higher-order spectral method, and compared their nonlinear solution with the linear one. It is found that there is a good
agreement with both solutions in the appropriate regimes. Parau and Vanden-Broeck [13] considered three-dimensional
nonlinear waves beneath an ice sheet due to a steadily moving pressure by using a boundary integral equation method,
and discussed different types of responses of the floating ice sheet with the variation of the moving pressure speed.
Guyenne and Parau [14] considered forced flexural-gravity solitary waves generated by a moving load for the nonlinear
problem as proposed by Plotnikov and Toland [15]. They obtained the Hamiltonian formulation for three-dimensional
fully nonlinear flexural-gravity waves.

All the investigations mentioned above were under the hypothesis that there is no current in the ocean. As we know,
there are various reasons such the changes in the wind direction and force, the tidal forces of the sun or moon, the earth’s
gravity which can generate the ocean current. Thus, it is important to study the effect of the underlying current on the
hydroelastic wave. However, due to the complexity of wave-current-structure interaction, the current is usually neglected
which may lead to erroneous results. The hydroelastic waves in the presence of both an external load and an underlying
current have been studied by few researchers. Mohanty et al. [ 16] studied a combined effect of current and compressive
force on time-dependent flexural-gravity wave motion in both the cases of single- and two-layer fluids by analyzing the
dispersion relation, phase and group velocities. Lu and Yeung [17] considered unsteady flexural gravity waves on a thin
elastic plate caused by the interaction of fixed concentrated line loads and the underlying current. For the steady response,
an explicit expression was derived by the residue theorem. It is found that the flexural-gravity wave motion depends on
the ratio of current speed to phase or group speeds.

In the present paper, our objective is to investigate analytically the nonlinear and steady hydroelastic waves generated
by a moving load in a uniform current with the aid of the homotopy analysis method (HAM) developed by Liao
[18-20]. It mainly extends the work of Lu and Yeung [17] from the small-amplitude hydroelastic wave to the nonlinear
large-amplitude one. Detailed research is organized as follows. The mathematical model is formulated in Section 2.
In Section 3.1, in the frame of HAM, deformation equations including the zero-order deformation equations and the
high-order deformation equations are deduced. In Section 3.2, the approximate nonlinear dispersion relation is derived
and then solution expressions and initial guesses are constructed accordingly by comparing the relative current speed
and the minimal phase speed. In Section 3.3, we present explicitly the first-order HAM-based analytical solutions for
the hydroelastic wave elevation and the velocity potential. The variation of the wave deflections with the increased
nonlinearity and two important physical parameters are discussed in Section 4. Concluding remarks follow in Section 5.

2. Mathematical formulation

A train of steady-state hydroelastic waves generated by a moving load with a constant speed V; in a uniform current
Uy is considered for the two-dimensional case in the earth-fixed coordinate system. We choose a Coordinate System oxz
fixed on the moving load. As illustrated in Fig. 1, Cartesian Coordinate are defined with the z-axis pointing upwards and
z = 0 at the undisturbed plate-water interface. The floating elastic plate extends to the infinity along the x-axis, and an
underlying current is assumed to be moving toward the positive x-axis.
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Fig. 1. Coordinates.

Let ¢(x, z) denote the potential for the disturbed velocity, and ¢(x) the hydroelastic wave elevation at the fluid-plate
interface. Assuming that the fluid is inviscid and incompressible and the flow is irrotational, we have Laplace’s equation

Vip =0, (z = ¢(x)), (1)
subject to the bottom condition at deep water

d

7¢ = O7 (Z = _OO), (2)

0z

Let p be the uniform densities of the fluid, g the gravitational acceleration, and U = Uy — V; the relative uniform
current speed. The surface tension is neglected. Then the two nonlinear boundary conditions on the unknown plate-water
interface (z = ¢(x)) read

2 5
0% g of a¢d£+g<Ddc+dPext>:0’

Mg, £1=U ax2 +g82 +U8x Eox & p U dx° dx (3)
d 1/ d

N2[¢v§]=f+u ¢+g§+* D i+Pext =0, (4)
0x P dx

with f = |V¢|2/2. Mi[-, -] and A[-, -] are the nonlinear differential operators in the frame of HAM. The elaborated
derivation for the conditions (3) and (4) are given in Appendix A. In Egs. (3) and (4), D = Ed®/[12(1 — v?)] is the flexural
rigidity of the plate in which E, d and v are Young’s modulus, the constant thickness, and Poisson’s ratio of the plate,
respectively. P the external pressure distribution of a localized load at the coordinate origin.

Following Pardau and Vanden-Broeck [13], we describe the pressure distribution which decays exponentially with
horizontal distance from the load as

2 /(v2_12

Pyel /=17 x| <L,

Pe() = {0 Il < (5)
0, otherwise,

where Py is a constant magnitude of the pressure, L is the size of the support of the pressure.
The unknown velocity potential ¢(x, z) and hydroelastic waves ¢(x) are obtained from Egs. (1)-(5) by using the HAM
in the subsequent sections.

3. Approximate analytical solution approach
3.1. Deformation equations
The HAM is a semi-analytic approximation method which has successfully been applied to solve some highly nonlinear

hydrodynamic problems [21-24]. On basis of the HAM, we first construct two homotopies @(x, z; q) and n(x; q) which
are governed by a new family of nonlinear partial differential equations (PDEs) corresponding to the Egs. (1)-(4) as

Vigp =0, (z<n), (6)
2 _,, (z = —o00), (7)
0z

(1=q)L4[@ — ¢o] = qCoN1[ D, 1], (z =n), (8)
(1—q)L2[n — So] = qGoN2[@, 1], (z=n), (9)

where ( is a nonzero convergence-control parameter and q € [0, 1] the embedding parameter. ¢o(x, z) and ¢y(x) are the
initial guesses of the velocity potential ¢(x, z) and the hydroelastic wave deflection ¢(x), respectively. As the parameter
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q increases from O to 1, the homotopy @(x, z; q) deforms continuously from its initial estimation ¢o(x, z) to the exact
solution ¢(x, z), and the homotopy 7(x; q) varies continuously from ¢y(x) to ¢(x). Eqgs. (8) and (9) are called the zero-order
deformation equations in the HAM.

We choose the linear terms in A7[-, -] as an auxiliary linear operator for ®@(x, z; q)

Li[®(x,z; q)] = U282 + 0% (1 0’ + s (10)
NEWEOI=2"00 8%, =8\ M%e T oz )
and the linear terms in A5[-, -] as another linear operator for n(x; q)
D d*y d*n
L ; 11
2[n(x; @) = e +&n g( o +n> (11)
where £,[0] =0, (n=1,2), L = U?/g and y = D/pg.
We expand the two unknown variables @(x, z; q) and n(x; q) into the Maclaurin series with respect to q
d(x,2; q) Zq&m X,2)q (12)
n(x; q) = Z Em(¥)q", (13)
where
1 9™
(n(x,2). 6n0) = -2 @025 0 (14)
The unknown ¢p,,(x, z) and ¢,(x) are governed by the following high-order deformation equations
L1 [‘pm] |z:0 = COA,%:,1 - -§m + HuSm—1, (15)
e d4§m71
Ly [Lm] = COAm,] +Hng | ¥ dxd +8lm-1]> (16)

where H,, = H(m — 2), and H(-) is the Heaviside step function. The elaborated expressions for A? Sm» Sm_1, and Af,H
are given in Appendix B.

It is noted that the nonlinear zeroth-order deformation Egs. (8) and (9) are defined on the unknown boundary
z = n(x; q) while the linear high-order deformation Eqs. (15) and (16) are defined on the fixed boundary z = 0. Thus,

these linear and decoupled high-order deformation equations can easily be adapted for symbolic computation.

m—1’

3.2. Solution expressions and initial guesses

The linear dispersion relation is derived from the linearized approximation [6,13,25]

k* 41
2oV ’ 17
@ =K ok+1 (17)

where o = M,/ pe. k and w are the wave number and the angular frequency of the linear hydroelastic waves, respectively.
M. is the mass per unit area of the elastic plate and p. is the plate density.

The aforementioned researches on the nonlinear hydroelastic waves due to a concentrated load [11-14] were usually
based on the assumption that the dispersion relation is linear in order to simplify calculation. However, the actual wave
frequency £2 of the nonlinear hydroelastic waves is different from the linear frequency w and the linear dispersion relation
(17) is not valid for large-amplitude waves [22,24]. So we introduce

Q/w=c¢, (18)

the dimensionless parameter ¢ is a constant larger than 1. The nonlinearity of the dispersion relation strengthens as ¢
increases.
We restrict our attention to the steady hydroelastic waves and then the term ok in Eq. (17) is neglected. So the phase
speed for nonlinear hydroelastic waves is represented as follows
2 g

=L =e ki), (19)

and it always has a minimum ¢, = 2¢ (Dg? /27,0)1/8

We adopt physical parameters given by Squire et al. [5]: E = 5 x 10° Nm™2, p. = 917 kg m~3, v = 1/3,
o = 1024 kg m~3, and take these data hereinafter for computation unless otherwise stated. Fig. 2 shows the hydroelastic
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Fig. 2. The phase speed and group velocity in deep water versus the wave number k for different dimensionless frequency e.

wave speed c(k) and group speed cg(k) versus the wave number k for different dimensionless frequency e. It is found
that there are a minimal phase speed and a minimal group speed. For example, as ¢ = 1.003, ¢ppin = 22.48 m s~' and
Comin = 1491 m s7L.

Considering the linear hydroelastic wave is mainly determined by the relationship between U and c(k) or c4(k) [6,7,17],
we construct the solution expressions of every order hydroelastic wave elevation and every order velocity potential as
the superposition of linear corresponding solutions

Nq 2
Pm(x,2) = Z Z Yilti m,n €Xp(nk;z) sin(nk;x), (20)
n=1 i=1
Ny 2
() =Y Y ¥iBimn cos(nkix), (21)
n=0 i=1

respectively, where y; and y, are given parameters which satisfy y; + %, = 1(0 < y1, 9 < 1); &jmn and Bjmp, are
coefficients to be determined; N; and N, are positive integers. AS U > Cmin, ¥1 = 1, 2 = 0 and k; = kg for x < 0 while
y1 =0,y = 1and ky = k; for x > 0, in which kg and k¢ are the small and large real roots of c — U = 0, respectively,
as shown in Fig. 2(a). As U < Cmin, 0 < 1, 2 < 1, k; = ka and k, = kg in which ka and kg are the small and large real
roots of ¢; — U = 0, respectively, and ¢, is the group velocity, as shown in Fig. 2(b). In the linear wave system, k; and k;
represent the gravity-dominated and elasticity-dominated wave, respectively [6,7,17].

According to the solution expression expressions (20) and (21), to simplify the subsequent solution procedure, we
construct the initial approximations for the unknown variables as

2

Po(x, 2) = Y _ yieti 01 exp(kiz) sin(kix), (22)
i=1

Zo(x) =10, (23)

where «; 1 is a coefficient to be determined.

3.3. Iteration of approximated solutions
We expand approximately the pressure function (5) into cosine series with the periodic extension

+00 _
P2 4 —1)1 nwx
2 *"‘TE %cos(i> , x| <L,
Pe(X)=q e |3 w24~ n L (24)

0, otherwise.
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Fig. 3. Logarithm of the squared residual log;, e; of the mth order homotopy approximation versus Cp in the trailing regions of the point load when
U=10m s

We choose n = 5 in the following calculations. It is noted that, following Liao [18-20], we add a relation equation as
follows to make our model closed

max £;1(x) — min ;(x) = 2H, (25)

where H is the amplitude of the first-order incident wave.

Substituting the solution expression expressions (20) and (21), the two guesses (22) and (23), the series (24) and the
relation Eq. (25) into the high-order deformation equations, we can obtain these coefficients of the solution expressions,
and the one-order functions ¢4(x, z) and ¢;(x) with analytical expressions for &; 1,0, & 1.0, Bi10and Bi1n (n=1,2,...,5)
given in Appendix C.

To obtain the convergent HAM-based series solutions by choosing the optimal Cyp, we construct the total residual square
error

M
1 2 2
T

= T [(M (@11 ipegr) + (A612, 1] ) ] (26)

which is the sum of the residual square error of the zeroth-order deformation Egs. (8) and (9) at ¢ = 1, (i.e., the boundary
conditions (3) and (4)). Ax = x*/M where x* is the value range of x and M is an integer. We choose x* = 800 m and
M = 10 hereinafter, and obtain the optimal convergence control parameter Cy by the minimal 5; in residual plot, as
shown in Fig. 3.

4. Results and analysis

To show the validity and convergence of our HAM-based series solutions, we illustrate, in the trailing region of the
localized load, the total squared residuals [ at several different orders versus Co with the case of d = 2.5 m, H = 0.2 m,
U=10ms"!, kL = 7, e = 1.003, Py = 3000 Pa and other physical parameters given by Squire et al. [5]. As shown
in Fig. 3, it is found that log,, ¢!, at every order has the smallest value, and log,, ¢}, decreases quickly when the order
m increases in the interval —0.2 < Cp < 0. So, we choose the optimal convergence-control parameter C;, = —0.1. For
example, as m = 6, the smallest value of &} is 3.216 x 1078 in Table 1. It is demonstrated that our HAM-based solutions
are highly convergent and accurate.

Fig. 4 illustrates the variations of the phase speed ¢ and the group velocity ¢, versus the wave number k for several
different Young’s moduli E and different plate thicknesses d. It can been seen that, as E or d increases, both the linear
(¢ = 1) and nonlinear (¢ > 1) phase speed c rise. Moreover, for every same E or d, the nonlinear phase speed c or the
group velocity ¢g is always greater than that for the linear one. So the variations of the nonlinear wave deflection would
be underestimated if the linear dispersion relation is used.

The effects of several important physical parameters on the waves are considered. We firstly consider, at the same ¢,
the impact of the current speed U by increasing U from 0 m s~ to 35 m s~'. Fig. 5 shows that the variation of the plate
deflection depends on U.

As the current speed U is much smaller than the minimal phase speed cyn, the plate deflection occurs near the localized
load with x = 0 and is symmetric about the load. This is because there is a static deflection of a very large floating structure
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Fig. 4. The phase speed c(k) and group speed cg(k) in deep water versus the wave number k for different values.
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Fig. 5. Variation of the hydroelastic wave profiles versus x for different current speed U.

or an floating ice sheet under a localized load. As U approaches cn,,, symmetric decaying oscillations appear gradually
in the upstream region (x > 0) and in the downstream region (x < 0). Moreover, we can find that the amplitude of the
plate deflection increases gradually in the vicinity of the load with U.

As U > cmin, the hydroelastic waves and the gravity waves occur far away from the load. As shown in Fig. 5, there
are two wave systems: one with the shorter wavelength in the upstream region (x > 0) and the other with the longer
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Fig. 6. Variation of the hydroelastic wave profiles versus x for different value of the dimensionless frequency ¢ on the current speed U = 25 m s~ .

Table 1
The total residual square error el for dif-
ferent approximation order m with ¢ =

—0.1.

m el

1 1.578

2 2.165 x 1072
3 2.730 x 1074
4 1.115 x 10-6
6 3.216 x 108

wavelength in the downstream region (x < 0). As U increases continuously, more waves in the leading region (i.e., the
hydroelastic waves) appear and their wavelength decreases, while the waves in the trailing region (i.e., the gravity waves)
become less and the wavelength of the gravity waves increases. It is shown that the hydroelastic and the gravity waves
play leading roles in the upstream and downstream regions, respectively. Further, the amplitude of the waves in the
leading and trailing regions firstly increase and then decrease with the current velocity U.

Fig. 6 shows the variation of the wave deflection with the increasing dimensionless parameter . Taking U = 25 m s~
as an example, when ¢ increases from 1.0 to 1.08, the hydroelastic waves in the leading region (x > 0) become less and
their wavelength increases, while more gravity waves in trailing region (x < 0) appear and the wavelength of the gravity
waves decreases. Moreover, it is found that the wave amplitudes of the hydroelastic waves and the gravity waves increase
gradually as the dimensionless parameter ¢ increases.

Further, we compare the nonlinear solution for the wave profiles with the linear one. It can be seen from Fig. 6 that the
linear wave amplitudes (¢ = 1) of the hydroelastic waves in the leading region and the gravity waves in trailing region

1
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Fig. 7. Variation of the hydroelastic wave profiles versus x for different wave amplitudes H on the current speed U =25 m s~ '.
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Fig. 8. Variation of the hydroelastic wave profiles versus x for different value of the plate thickness d on the current speed U =25 m s~ .

become smaller than the corresponding nonlinear ones (¢ > 1). Thus, if the linear dispersion relation is used or the linear
potential theory is used to study the nonlinear water waves, we will underestimate the variations of the wave deflection.

Figs. 7 and 8 show the wave deflections for different wave amplitudes H and different plate thicknesses d, respectively.
Taking U = 25 m s~! as an example, we consider the effects of wave amplitude on the elastic plate by increasing H from
0.2 m to 0.8 m as shown in Fig. 7. The amplitudes of the hydroelastic waves in the leading region and the gravity waves
in the trailing region increase significantly with an increasing H. However, with the increase of plate thickness d from
1.5 m to 2.5 m, the amplitudes of the waves in the whole region decrease correspondingly as shown in Fig. 8. The reason
is that the thickness of thin plate would have some effects on the elastic plate resistance. Further, with a large value of
d in Fig. 8, the hydroelastic waves become less significantly and their wavelength increases, while the wavelength of the
gravity waves has not changed significantly. However, the wavelengths of the hydroelastic and the gravity waves do not
change with large value of H, as demonstrated in Fig. 7.

5. Conclusions

The steady-state and nonlinear hydroelastic waves generated by a moving load in a uniform current is studied
analytically. The approximate nonlinear dispersion relation shows that there is a larger minimal phase speed than that
of the linear one. In the frame of the HAM, we construct appropriate solution expressions for the unknown variables by
comparing the relative current speed and the minimal phase speed, and the analytic solutions indicate that the steady
wave system depends on the relationship between the two speeds. When the relative current speed is greater than the
minimal phase speed, the hydroelastic waves and the gravity waves play leading roles in the upstream and downstream
regions, respectively. If the relative current speed is far less than the minimal phase speed, there is no steady wave
generated and the plate deflection is symmetric about the localized load.

As the nonlinearity increases, the wave amplitudes of both the gravity and the hydroelastic waves increase. The
results obtained here demonstrate that the relative current speed and the approximate nonlinear dispersion relation
have important effects on the steady-state hydroelastic response. In addition, the wave deflections increase greatly as
the incident wave amplitude increases, while the plate thickness has an opposite effect on the wave deflections. Those
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results obtained here can help us further understand that steady-state hydroelastic interaction between the VLES or an
floating ice sheet generated by moving vehicles or aircrafts in the real ocean.
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Appendix A. Detailed derivations for Eqs. (3) and (4)

In the earth-fixed coordinates, the nonlinear kinematic boundary and dynamic boundary conditions on the unknown
plate-water interface (z = ¢(x, t)) read

I A ac CTSY)

= 4 L2 4 U= — L =0, A1
ot T axox T %% oz (A1)
ap 1 3¢

p[at+2(|V¢|2+U§)+anx +gc] + Pe + Pexe = 0, (A2)

where P, is the pressure at the plate—water interface and Pey; the external pressure distribution of a localized load at the

coordinate origin. It is noted that the term fug in Eq. (A.2), being independents of time and distance, can be removed by

re-defining the velocity potential [26] and is omitted hereinafter.
The pressure in Eq. (A.2) is based on the Euler-Bernoulli beam theory as follows
3%
_ pu4
P. = DV% +Mea?. (A.3)
The last term in the right-hand side of Eq. (A.3) is the plate acceleration term. We can neglect it when the wavelength of
the surface displacement is much larger than the ice thickness [3,13]. Substituting Eq. (A.3) into Eq. (A.2) yields the full
form of the dynamic boundary condition as
ap 1 ¢ 1
=+ S |VOP + Up—— +8¢ + — (DV¢ + Pext) = 0, (A4)
at 2 0x P
In this paper, we are devoted to the study on the steady hydroelastic waves. We take the coordinate system oxz fixed
on the moving load, then the boundary conditions (A.1) and (A.4) are transformed as
d¢p d d d
pdc Ao 9 _

wax Vax oz T O (z =¢(x), (A5)

3 1/ d*
f+ v +8¢+— (D—C + Pext> =0, (z =¢(x), (A.6)
0x 0 dx*

where U = Uy — V.
Noted that Eq. (A.5) contains only one linear term for the velocity potential ¢(x, z). If we choose the solo linear term
as the corresponding linear operator in the frame of HAM, this operator would affect the convergence of approximate

solutions as illustrated by Liao [20] for some examples. Taking an operator U—X on Eq. (A.6), then substituting Eq. (A.5)
into the transformed Eq. (A.6), we have a combined boundary condition as fol?ows

2 5
0% 39 Ug_zwg+gcfc+wm

U:—= s i P
0x? +g32 + 0x gax dx p dx® dx
It is noted that there are two linear terms for ¢(x, z).
Based on the nonlinear boundary condition Egs. (A.7) and (A.6), the left-hand sides of Egs. (A.7) and (A.6) are defined
as two nonlinear operators N[, -] and A5[, -], respectively, as shown in Egs. (3) and (4).

) =0, (z = ¢Xx)). (A7)
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Appendix B. Expressions of high-order deformation equations in the HAM

Let
+00 T 4oo
Nt = (Z {i‘f) => uniq. (B.1)
i=1 i=n

According to the solution expression of every order velocity potential ¢n(x, z)(20), we find that the independent
variables x and z in every term of ¢n,(x, z)(20) are separable. So, for the unknown boundary z = 5(x; q), the function
¢m(x, z) can be expanded into the following Maclaurin series based on Eq. (B.1)

X1 d¢om
bnl,2) = 1. (o2 = i) Y — L

n! dz"
=0
1d¢2m
—¢1m()§0(n! 4z

) (S

= Zwm,iqia (B.2)

n
z=0

where
14" ¢2 m
Yini = $1,.m(x) Z (n! dzn Z:O) Mn,i- (B.3)
Thus we have, on z = n(x; q),
+oo /400 +o00
om0 2% =5 (z wm,,»q') R S 5.4
m=0 \i=0 m=0
where
m
Om =) Vm i (B.5)

Substituting the two series in Egs. (B.4) and (13) into the zeroth-order deformation Egs. (8) and (9), and then equating
the like-power of the embedding parameter g, we can obtain, with the aid of HAM, the high-order deformation Egs. (15)
and (16) for which the detailed expressions are given by

d2pm_ de, d? _ dom_1—
A:{; 1=U2 Pm l+g(pm I_UZ< ©n (pm 1— n+(pn Pm-1 n)

dx2 dx
) d Cm—1 dPext d‘ﬂn dgm—l—n
~(p )- , > 2), B6
+ ( dx> dx — dx dx (m = 2) (B.6)
do 1= do, dg
e _ m—1 n m—1-n .
Am_1 =U dx = Z(KT + qu)m—1—n) + &8&m-1
1/ d*_
- f(D 1 +Pext), (m > 2), (B.7)
0 dx*
d d(pO d (%] d(PO u dPext
A% = U2 U( ) he , B.8
0 d2+g a2 %)t ax (B8)
dgﬂo 1 dgﬂo - Pext
Ag=U="+ - (7) : : B9
dX+2[dx RACH R (B.9)
m—2 1//
Sm-1= ong( crlnzl Moy Fm—l—i,i)a (B.10)
1=
m-1 i
Sm = g(Lo d;;l'l + Fm—i,i), (B.11)
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where
m—1
Pmo1 =) Ymo1ii (B.12)
i=0
i
1 an-qum—i
Lo = Z ] (W z—o) Hn,i- (B.13)

n=0

Appendix C. Analytical expressions for the coefficients in the solutions

v _ 4CyPo(259 + 175238y + 11406979%2)
Qjo1 = ——= 1+ Y — 2 — — . (C1)
CoLo 225er2(1 + 817)(1 + 6257)

4CoPou v _ 4GoPo(259 + 175238y + 1140697972

PO L D 1 4 9797 | (C2)
(1-Lo)en? Lo 225em2(1 4+ 817)(1 + 6257)
{ } Col_jov{ 1 4 1 4 } (C 3)
1,2, ¥i1,3, ¥i1,4, & = —, — —, —, — — 1, .
P2 TS TS TS [T Ten2 122l 9(1 — 3Lo)  4(1—4Ly)’ 25(1 — 5Lo)
— — — 2

2CyP, H _ 4CoPo(259 + 1752387 + 1140697972

proo=h | 2000 H (5 ACP259 4175238y 9797") (c4)
e 20k 225em2(1 4+ 817 )(1 + 6257)

4CoP, 1 259 + 175238y + 1140697972
Biii1=H S — = 3 4 — _y 1{, (C.5)

1+y \em 225em?(1 4 81y)(1 4+ 625y)

CoPoH 1 4 1 4
= - —, —, — —, — C6
{ﬁ’“ Pura Pura ﬂ"”} er? { 1+ 16y 9(1+81y)"  4(1+ 256y)" 25(1+ 625)/)} (C6)
where
_ P, _ _
v=HU, 7y=yk, Po=—, Lo=kly, H=KkH. (C7)
pgH
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