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Abstract

This paper presents an adaptive multi-dimensional Taylor network (MTN) control approach for a class of nonlinear systems with unknown parameters.
MTN is employed to identify unknown nonlinear characteristics existing in the system, and then a novel adaptive MTN tracking control method is pro-

posed, via backstepping technique. In the controller design, double adaptive laws are designed and appropriate Lyapunov functions are chosen to over-

come the difficulties caused by the unknown parameters. The designed controller can guarantee that all the variables in the closed-loop systems are

bounded and the tracking error can be arbitrarily small. Finally, simulation results are presented to verify the effectiveness of the proposed approach.
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Introduction

During the past decades, since nonlinear functions inevitably
appear in the field of practical engineering, the stability prob-
lem for nonlinear systems has attracted much attention and
various effective nonlinear control methods have been pro-
posed such as adaptive control (Han and Narendra, 2012),
variable structure control (Aghababa, 2013), backstepping
control (Yu et al., 2018), neural network control (Liu et al.,
2014) and fuzzy control (Zhao et al., 2018). To mention a
few, an adaptive MDADT method was addressed in Niu
et al. (2020a) for a class of switched uncertain nonlinear sys-
tems. In Sun and Wu (2014), the motion/force control of non-
holonomic mechanical systems with affine constraints was
investigated, and an adaptive integral feedback compensation
strategy were applied to identify the dynamic uncertainty.
Recently, in order to account for unknown dynamics without
linear condition, the neural networks (NNs) and the fuzzy
logic systems (FLSs) have been incorporated into an adaptive
control design owing to their excellent approximation ability.
Based on the approximation-based adaptive control tech-
nique, the tracking problem for several classes of nonlinear
systems has been addressed in Niu et al. (2019, 2020b); Tong
et al. (2010, 2014); Wang et al. (2012); Zhou et al. (2011). For
nonstrict-feedback nonlinear switched systems with com-
pletely unknown nonlinearities, adaptive neural control meth-
ods were given in Niu et al. (2018). Appling fuzzy logic
system to approximate unknown nonlinearities, the high-
order nonlinear systems with input and output constrained
(Sun et al., 2019) and the nonlinear systems with prescribed
performance (Sun et al., 2020) were studied, respectively.
Nevertheless, although many interesting results have been
achieved, there are common defects exist in the previous

works. For example: (a) the controller is complex and the cal-
culation is complication; (b) the real-time performance of the
controller is poor, which is not suitable for practical applica-
tion. Therefore, it is still a meaningful task to find a simple
and effective adaptive control algorithm, and then a new con-
trol method based on multi-dimensional Taylor network
(MTN) is proposed.

MTN is a network structure connected by polynomials. It
has three layers, including the input layer, the intermediate
layer and the output layer. In view of its excellent approxima-
tion performance, MTN was initially used to solve the identi-
fication and prediction problems of nonlinear systems (Zhou
and Yan, 2014). Later, it was found that MTN has strong
ability to learn and generalize, so it was successfully applied
to the control of various kinds of nonlinear systems (Han,
2018; Han and Yan, 2018; Sun and Yan, 2014, 2015). For
instance, single input single output (SISO) nonlinear systems
(Sun and Yan, 2014), time-varying delay nonlinear systems
(Han and Yan, 2018), large-scale stochastic nonlinear systems
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(Han, 2018) and multiple input single output (MISO) non-
linear systems (Sun and Yan, 2015). However, although many
important achievements have been made in the study of
MTN-based nonlinear system control problems, it is still in
its infancy, and many problems need to be further studied. It
is worth noting that the parameters uncertainty is omitted in
these works, which is a factor of degrading system
performance.

From a practical point of view, most physical systems suf-
fer from the effect of unknown parameters, such as the inertia
wheel pendulum system (Wang et al., 2015), the ironless linear
permanent-magnet synchronous motor system (Yao et al.,
2011) and the projective synchronization of three memristor
chaotic system (Wang et al., 2018). With the research focus
has become the unknown parameters, some appropriate con-
trol methods (Chakrabortty and Scholtz, 2011; Qi et al,
2012) have been proposed to deal with the stability problem
of the nonlinear systems with them. To eliminate the effect of
parameters uncertainly, the method of defining bounds of
unknown parameters was proposed in Liu et al. (2015) and
Tsinias (2000) and became an important tool in recent years.
As we all know, the bounded parameter is a special case of
the parameter uncertainty and the practical applications of
the results in the nonlinear systems with unknown boundary
parameters are limited. To break this limitation, the novel
adaptive form has been redesigned in Liu and Liu (2011) and
Wang et al. (2017) for the nonlinear high-order multi-agent
systems and the chaotic complex nonlinear systems, respec-
tively. It is worth noting that the problem of large amount of
calculation caused by too many adaptive parameters has not
been solved in these works. Therefore, it is of great signifi-
cance to propose an effective method to solve the problems of
unknown parameters and high computational complexity of
nonlinear systems at the same time, which motivates our
study.

Based on the above discussion, this paper focuses on the
problem of adaptive MTN control for nonlinear system with
unknown parameters. By approximating the unknown non-
linear functions with MTNSs, a novel adaptive MTN control
scheme is developed based on backstepping technique. The
main innovations of this paper include:

(1) This paper investigates the tracking control problem
for nonlinear systems with unknown parameters, and
an adaptive backstepping controller with double adap-
tive laws is put forward innovatively. The developed
adaptive controller does not need the assumptions that
the unknown parameters are bounded in Liu et al.
(2015) and Tsinias (2000). In addition, the reasonable
Lyapunov functions are selected to guarantee all the
signals in the closed-loop systems are bounded.

(2) The MTN-based technology is successfully applied to
the nonlinear system with unknown parameters and
a simple structure adaptive MTN tracking control
strategy is proposed. Compared with the existing
control results in Liu (2011) and Wang et al. (2017),
the proposed control scheme in this paper overcome
the problems of too many adaptive parameters and
heavy computing burden.

(3) With the adaptive control method based on MTN,
the designed controller has simple structure, low
computational complexity and good real-time
performance.

Problem formulation and prelimaries

Problem description

Consider the following nonlinear system with unknown
parameters

X = x40+ fi(x) + i (%)

i=1,n—1 "
Xn =u+ f1(x) + 0o, (%)
Yy =X

where x = [x, ---,x,,]T € R” is the system state, u € R is the
control input, y€R is the system output,
=, x] eR, i=1,2 -0 f():R >R are
unknown smooth functions with £;(0) = 0. ¢;(%;) are known
functions and ¥, are unknown parameters.

Remark 1: It should be noted that system (1) is a class of
standard nonlinear system with unknown parameters. When
%, =0,i=1,...,n, system (1) can be converted to strict-
feedback nonlinear system, which was studied in Sun et al.
(2020). In addition, actuators are frequently involved with
several restrictions. such as input and output constrained,
and many works have been focused on nonlinear systems
with input and output constrained (Han, 2020; Sun et al.,
2019).

The objective of this paper is to design an adaptive MTN
controller for system (1), such that the system output y tracks
the given reference signal y,, and all the signals in the closed-
loop systems remain bounded.

The main results of this paper are based on the following
Assumptions and Lemmas.

Assumption 1: The state variables of the nonlinear system (1)
are measurable.

Assumption 2: The given reference signal y; and its time deri-
vatives up to the n-th order are continuous and bounded.

Lemma 1: (Deng and Krstic, 1997) For V(x,y) € R*> and
&> 0, the following inequality holds

= Sl + Ly 2)
p qéel

where p and ¢ are constants and satisfy p>1, ¢>1 and

p-Dg-DH=1

MTN

MTN is composed of some polynomials. Its structure consists
of three layers: input layer, middle layer and output layer.
zy1, -+ -, z, are the input layer of MTN, and the middle layer is
the polynomial combination of the input layer, it maps the
input space to a new space and its mathematical expression is
as follows
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fMTN(z) = OTSm,,(z)

where n denotes the n—th state input and m represents the
,za)" C R" denotes
,Gn]T C R’ represents the weight vector of

highest power of a polynomial. z = [z, - -
input, @ = [0y, - - -
n
MTN and S, (z) means . H 1 s?’s]‘-r’ , Where o and oy are non-
ij=
negative numbers and satisfy 1<o; + o;<m, the form of
vector S, (z) is as follows

— T I
Smy@ =21, -+ 122 21y o aZh s 2 2] CR
———— ————

Lterm 2term mterm

In this paper, MTN is used to approximate the unknown
functions encountered in controller design and stability analy-
sis. To this end, there is the following Lemma.

Lemma 2: (Han and Yan, 2018) Assume that f(x) : R” — R”
is a continuous function defined on a compact set Q7. Then,
for any given desired level of accuracy ¢>0, there exists a
MTN, such that

f(2) =0TS(©Z) + 0(2), VZ € Qg

where 0" is the ideal constant weight vector and defined as

0" = arg min{sup|<p(z) -0's,, (z)|}
BeR’

where o(Z) denotes the approximation error and satisfies
lo(2)| <.

Output feedback tracking control based
on adaptive MTN

MTN controller design

This paper combines the MTN approximation method to
design the controller. The design process consists of n steps.
Virtual control «;(i =1,2---,n— 1) is designed in the first
n — 1 steps, and adaptive controller u is designed in the sec-
ond n step.

Now, we introduce the following coordinate changes

Z1 = X1 —)d

Zi=Xi— @, =2, ,n

where, a;_ (i = 2, ---,n) are the intermediate control signals
introduced in the backstepping process.

Step 1: According to coordinate transformation with
i =1, we have

L =x+fi T ey —Ja 3)
Consider the following Lyapunov function

1 .. 1
vy = Ezf + 50,00+ zaﬁ (4)

where 0, = 0, — él, H =% —5‘1 are the parameter error,
and the time derivative of Vj is

. - ~ x . T2
Vi=zi(x2 + i) + B1(z10) — ) + 219190, — 0,0, (5)

where f; = fi — ya.
According to the approximate properties of MTN, for any
given & > 0, there exists 0TS, (z1) such that

fi =018 + o1z o) <& (6)

where o1(z;) is approximation error.
Taking the virtual control signal a; as

~ T ~
a) =—kizg — 0, SI(ZI)*131(P1(X1) (7)

where k; > 0 is a design parameter.
Form (6) and (7), we have

~ ~ T ~
21 + fi) =210 + 0 Sy —ay —kizi + o1 — De(x1))

(8)
By the Lemma 1 and (6), we can obtain

1, 1
2101 < £ 23 +

- ey 1a (9)

271720 )
Then, substituting (8) and (9) into (5), and combining with

Z) = Xp — o) giVCS

. 1 1 ~ ~ T X
VlSzlzszlszr 52%4’ 58?+191(21(01*191)+01 (21S1*01)
(10)

Step 2: According to coordinate transformation with
i =2, we have

(11)

=x3+ o+ e, —a

Consider the following Lyapunov function

1 1-T~ 1-
V=V + Ez% + 50,0, + Eﬂg (12)
where 0, = 6, — (92, 52 = — 192 are the parameter error,
and the time derivative of V5 is

. . - - I R LT
Vay =V + 22003 + f2) + Da(z20, — D2) + 22000, — 0,0,
(13)

= Ly da1 day & da -
where f, = fo — a1, &y = %I‘f%;& fﬁﬁ — V-
Similarly, we employ the MTN OISz(zz) to approximate
unknown function f;, for any given & > 0, we have
o =018, + oa(22). loa(z)| < & (14)
where z, = [zl,zz]T, and o,(z,) is approximation error.
Taking the virtual control signal «; as
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—0,5:() — (@), (e >0)  (15)

From (14) and (15), and combining with z3 = x3 — a; gives

ay =~z

. . ~ 1
VosVy + zpz3 + 2202TS2 — kzZ% + EZ%
| o (16)
+ ES% + 192(22(/)2 — 1(}2) — 02 02

Step i (3 <i<n — 1): According to coordinate transforma-
tion with i, we have

L =X T fi T e — dui (17)

Consider the following Lyapunov function
V=V, +122 ()é lﬁ (18)

R ) 2

where 0, = 0; — é,—, &= — 19,- are the parameter error, and
the time derivative of V; is

f/i = Vi—l + ()Ci+ 1 +ﬁ) + f},«(z,-(pi - 19,) + Zﬂ%’([)i - ~;[él' (19)
where f; = f; — ¢_1,
ooy —! doy A oaj_1 da_y .
@ = —0 19, —
: ,; oxg ]; 00, kT 3191 1 : ya d

Similarly, we employ the MTN GiTS,-(zi) to approximate
unknown function f;, for any given ¢ > 0, we have
fi =015 + 0z, loi(z)| < & (20)
where z; = [z1,22, - - ,z,-}T, and o(z;) is approximation error.
Taking the virtual control signal «; as
~T ~
a; = —kizi — 0; Si(z;) — %ip;(xi) (21)
where k; > 0 is a design parameter.
From (20) and (21), and combining with z; + | = x;+1 — a;
gives

I'/i<Zzlz,+1—ZkZ,2 ,

i=1 i=1

,_ (22)
Z e + Z i(zip; — éiT(ZiSi —0)
i= l i=1 i=1
Step n: Consider the following Lyapunov function
1 [P
= + -2+ + -
Vi = Vi 22 20,,0 219,, (23)

where 0, = 6, — @,,, {9,, =9, — {9,, are the parameter error,
and the time derivative of V,, is

0,
(24

I‘/n = I‘/n—l + Zn(u +J;n) + 1~9n(ZnQDn - 19n) + ang)nq)n - é

n—1
o . . _ 3, da, c)a
Wmnm—%wﬂ—zﬁ—zk s,
k=1
_ day g
Wa yd

Similarly, we employ the MTN OZS,,(Z,,) to approximate
unknown function f,, for any given ¢, > 0, we have
fn = OZS,, + 04(zn), ‘o'n(zn)| < g (25)
where z, = [z, -+ ,zn}T, and o,(z,) is approximation error.
Taking the controller u as
u=—rkyz, — 0 Sn(zn) — ,,(p,,(x,,) (26)
where k, > 0 is a design parameter.
According to Lemma 1, the following inequality is
obtained

Z,,(M +f~;l) = Zn( - knzn - 19nﬁon + é;,rSn + Un)

. 1 1 5 (27)
sznﬂzSn —kyz+ 22+ & — 2,00,
2 2
Substituting (27) into (24) gives
Ezz —Zkz + Y lzz y 182
T L 27 L0
i i = 1= (28)
+ Z Bizip, — %) + Z éiT(ZiSi )
i=1 i=1
Due to Lemma 1, we have
§2i2i+l Z ! 2+ 122 $§n:zz (29)
“— 2 Z; 2 i +1 — i
Substituting (29) into (28) gives
V,<-— (k ”) S+ Z >+ Zﬁ(zlgol &)
, i=1 i= 1 i=1 (30)
éiT(ZiSi - éi)
=1
Stability analysis

Theorem 1: Considering the nonlinear system (1), if a control
law u is chosen as (26), with the intermediate virtual control
signals a;(i = 1, ---,n — 1) described as (21) and the adaptive
laws defined as

0; = 23S, (z) — i = 1,2, - n) (31)

& = zipi(n) = (i = 1.2, ---n) (32)
where constants 1,>0 and vy, >0 are designed parameters.
Then, under bounded initial conditions, all the signals in the
closed-loop system are bounded, and the tracking error con-
verges to a small neighborhood of the origin.
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Proof: For the stability analysis of the closed-loop system, we
choose the following Lyapunov function

1 LIS U
V:522f+§;0?0i+§;ﬂf

i=1

(33)

According to (30), we have

(S S Eona s S

i=1 i=1 i=1

(34)
By the Lemma 1, we can obtain
nid, 0=~ 70,0, + 7|0 (39)
2 2
yod<—Yigl + Xy, (36)
2 2
Substituting (35) and (36) into (34) gives
. 3 n "1 n N AT
V<—|k-= 2 4+ - 290,
(h-3) 2+ 2 - 130
(37)

n n n

Ui 2 Yi 3T 3 Yi 2

+ SO = 330+ 32
i= =

i=1

Let

3
;= ming 2{ ki — =), m;, Y
a mln{ (k 2) n; %}

ap = min{ay, ---,a,}
bo= 3 2+ S T o+ 3 Y P
’ i:12 l i:12 l i:12 l

Then the inequality (37) can be rewritten in the following
form

V<—ayV + b (38)
Therefore, we can get the following inequalities
bo\ a4 Do
o<V <(V@O)——)e ™+ —,Vt=0 (39)
ap ap

Let &k — % >0, the inequality (39) indicates that: V(¢) is
bounded and the upper bound is by/ap, meanwhile all the sig-
nals x,,0,9,a;,u of the closed-loop system are uniformly
bounded. By choosing the appropriate design parameter 7, ;
and &, 6;,d; can be small enough, and by/ay can be arbitrarily
small, so that the tracking error converges to the small neigh-
borhood of the origin.

Remark 2: Recalling (33) and (39), we have

s b
> 6,6,<2v(0)e ' +27° (40)
i=1 o

- 32 —agt bo

> 07 <2r(0)e o +2— (41)
i=1

ao

Thus, for given @, @, > 2by/ay, there exists a time 7, for
all =T, such that

(42)

(43)

which means that Hé,“ and H&H converge to zero by properly
adjusting the parameters, such as n;, y;, &;.

Simulation results

This section provides three examples to illustrate the effective-
ness of the proposed approach in this paper.

Example 1: A third-order system with unknown parameters is
considered as follows

fCl = X2 —Zx% + 191)(1

562 =x3 T X1 COSX% + 192)62 sinx1
)k3 =u+ .X'zxg + 193 SiHX3
y=x

(44)

with the initial conditions x; = 0.01, x, = 0.01, and x3 = 0.01.
The reference signal is defined as y; = 0.5sin¢.

According to Theorem 2, the intermediate control signals,
the actual control law, and the adaptive laws are defined as

a; = —kizi — é;FSi(Zi) — Vi) i = 1,2
~T ~
u=— k3Z3 — 03 S3(Z3) — 193(,03()(3)
éi = 2iSm,(2n) — m0;i=1,2,3
51‘ = z;0;(x;) — %‘"E}i i=123

where ZI = X1 —Yds 22 = X2 — O], 23 = X3 — Q) and zZ1 = [Zl]T,
= lz1,2)", 2 = [21,22, 73]

The designed parameters are selected as
k1 = 34,](2 = 16,k3 = 60, m = 6, N, = 2,1]3 = 0.1, Y1 = 2,
v, = 1,73 = 1. The highest power of the polynomial S,,(z;)
of MTN is that m; =2,my, = 3,m3 = 3. The simulation
results are shown in Figures 1-6, respectively. Figure 1
describes the trajectories of system output y and reference sig-
nal y,. Figure 2 shows the trajectory of tracking error y — y,.
Figure 3 depicts the trajectory of the control signal u and
Figure 4 illustrates the state variables x, and x3 are bounded.
Figures 5-6 depicts that the adaptive parameters

||é,- ,i=1,2,3 and Hf}l },i =1,2,3 are bounded. The above

simulations results conclude that the control approach pro-
posed in this paper is effective.

Example 2: To further illustrate the effectiveness of the pro-
posed method, another nonlinear system with unknown para-
meters is considered as follows
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Figure . The trajectories of system output y and reference signal y,.
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Figure 3. The trajectory of control signal u.
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Figure 2. The trajectory of tracking error y — yq4.

fC] =Xxy +x1 sinxl + 03’191 SiIlX])Cz
X =u-+ x% + 0.20x1x,
y=x

(45)

with the initial conditions x; = 0.01 and x, = 0.01. The refer-
ence signal is defined as y; = 0.5(sin¢ + sin 0.5¢).

Similarly, according to Theorem 2, the intermediate con-
trol signals, the actual control law, and the adaptive laws are
defined as

~T ~

ay = —kiz; — 0, S1(z1) — %o (x1)
AT ~

u=—rlkyz —0,5(22) — he,(x2)

éi = ZiSm;(Zn) - 771‘91’ i=1,2

0 5 10 15 20 25 30 35 40 45 50

Time (sec)

15 - -

10 1
5 J
0 W

0 5 10 15 20 25 30 35 40 45 50
Time (sec)

Figure 4. The trajectories of state variables x, and x3.

B = zip(x;) — v i = 1,2

where Z1 = X1 —Vd,Z2 = X2 — and zZ1 = [Z]]T, Zy = [Z],ZQ]T.

The designed parameters are selected as k; = 40, k, = 40,
n, =10,m, =6, vy, = 2,7, =2. The highest power of the
polynomial S, (z;) of MTN is that m; = 2, m, = 3. Figures 7—
12 provide the simulation results. It can be observed that the
output y can well track the reference signal y,; form Figure 7
and Figure 8. In Figure 9, it can be seen that the control sig-
nal u is smooth and reasonable. Figures 1012 indicate that
the state  x and the adaptive parameters
Hé,- Q= 1,2,l ﬁéﬁ,i = 1,2 are bounded.
Example 3: To illustrate the superiority of the proposed
method, a contrasting experiment has been done in this sec-
tion. Then, the system and all the control parameters are kept
as that in Example 1. Moreover, the radial basis function
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Figure 6. The trajectories of adaptive parameters H{%
2

e

neural network (RBFNN) has been utilized instead of MTN
as approximation function in the simulation.

Figure 13 shows the tracking performance of the two con-
trol strategies, where y,; represents the given reference signal,
ymrN Means the control output under the MTN control
method proposed in this paper and yrpenn is the control out-
put under RBFNN control method. Figure 14 displays abso-
lute value of convergence errors of two control strategies. We
can see that the tracking error of our proposed method is
slightly smaller than the traditional RBF control method in
this system. Therefore, we can draw the following conclusion
that though both MTN-based controller and RBFNN-based
controller can well realize the tracking control, the former
promises more satisfactory performance than the latter in this
system. Contrasting experiment results further verify the
effectiveness of our proposed method.

£ A A
08 [} [\ A
1
o6/ |
0,44‘
]

0.2

02} v 1

|
041
-06 |

-08

time (sec)

Figure 7. The trajectories of system output y and reference signal y,.
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Figure 8. The trajectory of tracking error y — yq4.

Based on the simulation results in Example 1, Example 2
and Example 3, we can observe that the good tracking perfor-
mances can be achieved by suitably choosing the design para-
meters. Generally speaking, in the presence of unknown
parameters of nonlinear system, the accurate tracking perfor-
mance can be guaranteed by the adaptive MTN control pro-
posed in this paper.

Conclusion

By employing MTN and backstepping technology, an adap-
tive tracking control scheme has been proposed in this paper.
Additionally, through introducing two adaptive laws, a
MTN-based adaptive controller has been constructed. The
method proposed in this paper can be applied to a class of
nonlinear systems with unknown parameters. As MTN has a
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simple structure, the computation burden can be reduced
accordingly; therefore, it is convenient to implement this algo-
rithm in practical systems. Finally, three simulation examples
illustrate the effectiveness of the proposed approach.
Furthermore, the offered method can also be used to solve
switching systems and MIMO systems with unknown
parameters.
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