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Summary
In view of the result and performance of control are affected by the existence
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Qingdao, China

3Key Laboratory of Measurement and
Control of Complex Systems of

with asymmetric input saturation in this paper. Firstly, the effect of asymmet-
ric input saturation can overcome by introducing the Gaussian error function,
namely, the asymmetric saturation model is represented as a simple linear
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Nanjing, China model with a bounded disturbance. Secondly, MTNs are employed to approxi-
mate the unknown functions in the controller design. Then, an adaptive MTN
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tracking controller is developed by blends the idea of funnel control into back-
stepping, which can guarantee that the tracking error always meets the given
prescribed performance regarding the transient and steady state responses as
well as the output of system tracks the give continuous reference signal. Finally,

the effectiveness of the proposed control is demonstrated using two examples.
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1 | INTRODUCTION

The analysis and synthesis of nonlinear systems, as an important part of cybernetics, have been paid attention in
recent years. Meanwhile, in view of nonlinearity and uncertainty exists widely in any real system, adaptive control
showed its great advantages and potential, and emerged as an important design approach, and many great success have
achieved.!” This technique has enabled a lot of advanced intelligent control method, such as fuzzy control,® neural
network (NN) control,’ backstepping technique,'” can be used to control strategies design for nonlinear systems. As
a favorable approach, approximation-based control supplied an effective solution to the control of complex nonlinear
systems, meanwhile, a series of meaningful and fruitful achievements centered on fuzzy control and NN-based control
are published. For example, adaptive fuzzy-based or NN-based control approach have been introduced to solve the con-
trol problem of nonlinear systems in References 11-13, Markov jump chaotic systems,'* switched complex dynamical
networks model,!> stochastic nonlinear systems in References 16,17, multi-inputs and multi-outputs (MIMO) nonlin-
ear systems in References 18-20, MIMO stochastic nonlinear systems in References 21,22, and switched stochastic
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nonlinear systems in References 23,24. However, the open problem of slow convergence and partial minimum of NN
still remain to be solved. Similarly, fuzzy control also exist some drawbacks, such as the selection of fuzzy rules is
more subjective, control performance is vulnerable to the impact of parameter changes. Under this background, as a
new discovery of the application study on the nonlinear systems, the multi-dimensional Taylor network (MTN) comes
into being.

The underlying idea of MTN is to approximate unknown functions by the linear combination of the polynomial. Once
the theory of MTN is put forward, MTN has become one of the important design tools in solving nonlinear control prob-
lems because of its good approaching capability, and many significant results have been achieved. For example, authors
in References 25,26 investigated some MTN tracking control schemes for nonlinear systems. Authors in References 27-31
investigated some adaptive MTN tracking control schemes for stochastic nonlinear systems. Authors in Reference 32
proposed an adaptive MTN control approach for MIMO nonlinear systems with time-varying and noises. Authors in
Reference 33 proposed a MTN-based control scheme for a class of non-affine discrete MIMO nonlinear systems with
time-varying to achieve the real-time tracking control. However, the above-mentioned MTN control focus mostly on sys-
tem without actuator constraints. Thus, these control methods cannot directly used to control nonlinear systems with
input constraints.

Recently, new research aspect has been increasingly transferred to nonlinear systems with input constraints, and there
have been many research achievements in this field, including input saturation constraint3*3° and quantized nonlinearity
input.** More recently, MTN-based control method also has been generalized to nonlinear systems with input constraints,
for example, by employing MTN, authors in Reference 41 studied the problem of dynamic regulation problem for non-
linear systems with actuator saturation and time varying delay. Authors in Reference 42 developed a MTN-based control
scheme for a class of stochastic non-linear systems with input saturation constraint. For a class of nonlinear switched
systems with input sector nonlinearity, authors in Reference 43 proposed an adaptive MTN tracking control scheme.
Moreover, in order to achieve tracking control with prescribed transient behavior, funnel control was proposed in Ref-
erence 44. Since then, many scholars have done a great deal of research on funnel control.*>*® Up to now, however, the
problem of funnel control for nonlinear systems with asymmetric input saturation based on MTN approach has achieved
no concrete results.

Based on the above analysis, this paper tried to propose a novel adaptive MTN funnel control algorithm for a class of
nonlinear system with asymmetric input saturation. The asymmetric input saturation is firstly represented as a simple
linear model with a bounded disturbance by introducing the Gaussian error function. Secondly, the unknown functions
are handled by employing the approximation of MTN. Then, an adaptive MTN tracking controller is constructed by blends
the idea of funnel control into backstepping. Finally, the tracking error always meets a given prescribed performance
regarding the transient and steady state responses as well as the output of system tracks the give continuous reference
signal. The main contribution of our work is as following:

1. A new MTN-based adaptive funnel controller design approach is firstly expanded in this paper for nonlinear
systems with asymmetric input saturation. On the premise of the stability of the closed-loop system, in order
to achieve tracking control with prescribed transient behavior, a new adaptive MTN controller is developed via
backstepping.

2. Although the approximation-based control schemes for nonlinear systems has been investigated in References
25,36,45, these cannot be directly applied to the system studied in this paper due to the presence of prescribed perfor-
mance and asymmetric input saturation simultaneously. This paper first combines MTN method and funnel control
together realizes the tracking control for nonlinear system with asymmetric input saturation. On the one hand, a new
variable with given prescribed performance is introduced to achieve funnel control. On the other hand, by introducing
the Gaussian error function, the asymmetric input saturation can be expressed as a simple linear model with a bounded
disturbance. Based on the work of above, a stable adaptive control method is designed using the approximation
of MTN.

2 | PRELIMINARIES AND FORMULATION
21 | Problem explanation

In this paper, the following nonlinear system with asymmetric input saturation is considered
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-

X1 =X + fi(x1)

%01 = Xp + fr1(Xn—1) (1)

Xn = u@) + fu(xn)
ky =X

with the systems input u(v) satisfies the following asymmetric constraints

U, V< Up
u@) =4, Um <V < Uy @)
Upn, V> Uy
where x1, X3, - - -, X,, are the states of system and X; = [x;,---,x]T €R,, i=1,---,n, yER is the output of system. In
addition, foranyi=1, - - -, 1, fi(x;) : R — R is an unknown function and satisfies f;(0) = 0.

Remark 1. Different from the results in References 45,49,50, this paper solves the input saturation and the tracking error
satisfies the prescribed performance problems simultaneously. To the best of our knowledge, there is no MTN-based
control result has been reported to address this paper.

The purpose of this paper is to design a controller u, and can obtain the following two properties:

1. Under the premise of ensuring all signals of the closed-loop system are bounded, system output y tracks the give
continuous reference signal y;,.

2. The tracking error satisfies the prescribed performance regarding the transient and steady state responses.
Namely, the tracking error e(t) = y(t) —y,(t) remain fall into a given prescribed performance funnel, that is, {(t,
e) ER" X R||e| < F, ()}, where F ,(¢) is the boundary of the prescribed performance funnel.

Remark 2. Similar to Reference 45 in this paper, F ,(t) is defined as follows
Fy(0) = (o= x=)e ™ + freo 3)

where yo, v, and f are positive constants.

2.2 | Preliminary knowledge

As stated in Reference 36 the following smooth model is introduced to approximate the asymmetric saturation nonlin-
earity (2):

u(v) = - Go(\/7v/20) 4)

whereu = (Up + U /2) + (Unr — U /2)sign(v), and G,(-) is a Gaussian error function define as G,(x) = % /Ox e~%"ds. Then,

define a function as
Ev)=u-—-cv (5)

where ¢ > 0 is a constant.
Combining (1) with (5), one has

X1 =%+ fi(x)

(6)

Xn—1 = Xn + fn-1(Xn-1)
Xn = (EW) + ov) + fulXn)
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For simplified controller design purposes, the following two Assumptions are necessary.
Assumption 1. The reference signal y, and its i-order (i =1, - - -, n) derivative y(,i) are continuous and bounded.

Assumption 2. (see Reference 36): For Vc € [c, ], E(v) satisfies E(v) < e,, where e, >0, ¢ > 0 and ¢ > 0 are constants.

2.3 | Multi-dimensional Taylor network

In this paper, the design of the controller makes full use of the approximating to nonlinear functions capability of MTN.
The theory of MTN has been introduced in detail in our recent work,?>3%4? only a useful Lemma is included here.

Lemma 1. (see Reference 30): Suppose that @(%y, - - -, h,) : R" - R is a function defined on a closed interval Q C R", for
any given constant = > 0, there exists a MTN with approximation error y(h) satisfies

@(h) =0 TP, (R)+y(h), [y <7 (7)

with & = [hy,--- ~a]%, 9*=[9*,~-~,01*]TER’ is the ideal constant weights, and P, (k)= [hy,---, "y, A,
hihy,- -+, by, byl €RL

Remark 3. MTN is a feedforward network, including three layers, that is, input layer, middle layer and output layer.
The middle layer is constructed by polynomials formed by input, and its main function is information processing. In
addition, MTN has such advantages as simple structure, low-calculation and easy realization, and is especially suitable
for controlling of nonlinear systems. More information of MTN can be found in our recent work.?%30

3 | MAIN RESULTS

This section includes two aspects: controller design and stability analysis.

3.1 | MTN-based adaptive controller design

Before controller design, the following coordinate transformation is introduced

= X1 — r
{Zl 1=Y (8)
i =X — i1
wherei=1,---, n—1,and a;_; will be designed in the following steps of backstepping.
Step 1: According to (6) and (8) with i = 1, one can get the derivative of z; as follows

a=x+h-y )
Then, choose the Lyapunov function candidate as

1, 15T
Vi==£+4+-6,0 10
1 45 5 191 (10)

where ¢ = 27 /(F; —z;), and 0, = 6, — 6, denotes the parameter estimation error.
According to (10), one can get the derivative of V; as follows
. ) , ~TA
Vi=¢r,0o+H-y.—2aF,/F,)—6,6:
- 1 ~TA
=¢(Tyx+f1) - 552—9191 (11)

where f, = I,fy — [y, — [,21F, JF, + %é is an unknown function with I', = z;F> /(F3 — z2)%.
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Since unknown function]?1 is not available to design the virtual control, by using Lemma l,fl can be approximate by
a MTN with any given approximation accuracy £; > 0. Namely, one has the following expression

f1=0"P0 (Z) +1(Z0), In(Z)| <& (12)

where Z; = [z1]7.
Based on (12), according to Young’s inequality, the following inequality holds

&f 1 = EOT Py, <zl> +n (zo)

< EOTP,, + g +1 > € (13)
Substituting (13) into (11), and taking x, = z, + @ into account, one has
. T ~TA 1,
Vi SfFZZZ-FfF)((Xl-FgeleI —91914—561 (14)
According to (14), design the intermediate control signal «; as follows
1 AT
a = —r—(k1§ + 601 Pp,) (15)
X
where k; > 0 is a constant.
Then, substituting (15) into (14), one has
. 2 ~T A 1 2
Vi< —ki& +¢0z0 + 61(EPy, — 61) + 581 (16)
Step 2: According to (6) and (8) with i = 2, one can get the derivative of z, as follows
L=x3+fH—0 a7)
. . 1 00{1 (1+1)
with a, = —(XZ +f1) + 91 + Z (,) r .
Then, choose the Lyapunov functlon as
~T~
Va=Vi+ 1Z§ + l9292 18)
2 2
where 52 =0, — 52 denotes the parameter error.
According to (18), one can get the derivative of V', as follows
’ 2 7 2, 1, AT AN _ a5
Vo< -ki& + 225 +f) -2, + S8 +601(EPp, — 601) — 0,0, (19)
wherefz =¢r,+f— (Xz +fi)— = 23 0 S%J’SH) + 2, is an unknown function.

Since unknown functlon f , isnot avallable to design the virtual control, by using Lemma 1,]_”2 can be approximate by
a MTN with any given approximation accuracy &, > 0. Namely, one has the following expression

J_Cz = 0,Pp (Z) + 12(22), [12(Z2)| < &2 (20)

with Z, = [z1,z2]" is the input vector.
Then, the following inequality holds

1 1
S+ e (21)

i T
2af s S20,Pm, + 525+ 5
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where k, >0 is a constant.
Substituting (23) into (22), one has

i— 1

where ¢;_; = Z
J=1

where 51' =0, - @i is the parameter error.

where k; > 0 are design constants.

n— 1
where @,_; = Z
j_

HAN ET AL.
Substituting (21) into (19), and taking x; = z5 + a, into account, one has
. 1
Va < —ha& + 252 + 2200 + 20, P, — 325 + 5 Ze + 81 (P, — 01) ~ 0,06, (22)
According to (22), design the intermediate control signal a; as follows
AT
oy = —kzZz - 92Pm2 (23)
T 1 1 2 T . T A
Vi < —ki&% + 2223 — ka2 — 2202 Py, + 2203 P, — Ezﬁ + 52512 + 01({Ppm, — 61) — 0,0,
i=1
1 1 2 T . T .
< k& —kazy + 57+ 5 D el + 01 (EPm, = 01) + 02(2aPo, — 02) (24)
i=1
Step i(3 <i<n-—1): According to (6) and (8), one can get the derivative of g; as follows
Zi =X — &1 = X + i — @i (25)
0(1, 1 ()al 1 1
9 + Z 0 Sy,
Then, choose the Lyapunov functlon as follows
1 1T~
Vz’:Vi—l+ZZ+ =0; 0; (26)
Following the similarly procedure of (19)—(24) in Step 2, the following inequality holds
Vi< kg - Zk,z + le += Zej + 01 (P, — 01 + 29 (@Pm — 0)) 27)
j=2
with the intermediate control signal «; as follows
AT
a; = _kiZi - 61' Pmi (28)
Step n: According to (6) and (8) with i = n, one can get the derivative of z,, as follows
=EW) + v+ fu—adn (29)
) + zaanle + Z a(}) (]+1).
Then, choose the Lyapunov functlon as follows
1 1~T~
Vn_Vn1+2zn+ 06 (30)

where 51' =0, - @i is the parameter error.
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According to (30), one can get the derivative of V,, as follows
A ~TA
Vi < -k & - ijz + zn += Ze + 01 (&P, — O1) + Ze &P, = 0)) + 2a(cV + EW) + f — &n1) — 0,05

Jj=2

A - ~TA
< -k & —Zk,z + zn+ Ze + 0, (EPm, — 91)+Ze (@Pm Oj)+zn(cv+fn)—%zf,+zn3(v)—6n9n (31)
Jj=2

T . 3 . .
where f, = f, — ay_1 + Zn isan unknown function.

Similarly, j_"n also can be approximate by a MTN with any given approximation accuracy ¢, > 0. Namely, one has the
following expression

Fr = 5Py (Z2) + 1a(Z0), 7n(Zo)| < €0 (32)

with Z, = [z1,- - -, 2.7 is the input vector.
Then, the following inequality holds

1
Znf 0 < 20O Prm, (Zn) + zn +5€n (33)
Substituting (33) into (31), one has
n-1 1 n T
Vi S —hag = Yzt + 3 Y el + 01(EPm, — 01 + 29 Py — ) + V% + 203 Py, (Zi) — zn +2,E(0) — 0,0, (34)
j=2 j=1
According to (34), design the control input v as follows
1 AT
V= _E(kn|Zn| + |6ann 1)sgn(z,) (35)
Then, the following inequalities hold
) AT
ZnCV < —ann - |Zn9an,,| (36)
- 1 1
ZnB() < EZﬁ + Eei (37)
Furthermore, substituting (36) and (37) into (34), one has
n T . n T . 1 n 1
. ) 5 A =~ A 2 2
Vo < —la & — jzzzk,-zj + 01 (EPm, — 01) + ;ej &Pm, — 0) + 5;16, + e (38)

Here, the controller design process has been completed. And the following work will be transferred to the stability of the
closed-loop system.

3.2 | Stability analysis of the closed-loop system

Theorem 1. Under Assumptions 1 and 2, consider the closed-loop system composes with nonlinear system (1),
asymmetric input saturation (2), intermediate control signals (15), (23), (28), the control input (35), and adaptive
laws @1 = —¢Py, + rq@l, 51- = —ZiPm, + Kl@i, where x;>0, l = 1, ---, n Then, under any bounded initial conditions,
one has:
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1. Under the premise of all signals of the closed-loop system are bounded, system output y tracks the give continuous
reference signal y,.
2. The tracking error satisfies the prescribed performance regarding the transient and steady state responses.

Proof. For the closed-loop system, choose the Lyapunov function follows

n n

1 1 1 o7T>

V=18 Esz + 5291- 6 (39)
i=1 i=1

According to (38), the following result holds:

n n n
. ~T A ~T A 1 1
V< k& = Ykie] +01(EPm, —81) + Y01 P, —0) + = Y el + e (40)

i=2 i=2 i=1

Substituting 51 = —Klél + &Py, and 51- = —Kiéi + ZiPy,, into (40), one has
n n T 1 n 1
V< —kléz _ Zkiziz + Zkiei o; + 52812 + Eeﬁ (41)
i=2 i=1 i=1

Meanwhile, by K@T@ = Ki(NJiT(Oi -0) < —%5?@ + %ll@illz, one has

n n n n
. 1 ~T~ 1 1 1
V< —k1§2 - Zklzlz - EZKiOi 0; + 521(1”91”2 + EZ£12 + Eef,
i=2 i=1 i=1 i=1
< —Cl()V + bo (42)

n n
. , 1 1 1
where ay = min{4ky, k1, 2k;, k;[i=2,- - -,n} and by = Eg‘irqll@illz + Eg‘ief + Eeﬁ.
On the one hand, from (42), one has

0< V(@) <V + ? (43)
0

According to (43), recalling (39), all signals of the closed-loop system are bounded.

On the other hand, using the same discussion method in Reference 45 one can draw the conclusion that the tracking
error satisfies the prescribed performance regarding the transient and steady state responses as well as y tracks the give
continuous reference signal y,.

Remark 4. 1t is well known that the funnel control has gradually become a frontier research topic, and many impor-
tant results have been reported for different systems under different assumptions, such as nonlinear systems*>*? and
stochastic nonlinear systems.'®>! However, in this paper, the adaptive tracking control problem has been considered for
a class of nonlinear systems by combining MTN approach and backstepping technique. Compared with the existed lit-
eratures, there are two main differences: (i) Different from References 13,48, this paper solve the input saturation and
the tracking error satisfies the prescribed performance problems simultaneously; (ii) In order to deal with the unknown
nonlinearity in the system, the NN-based or fuzzy logic systems -based method (see References 34-36,38) has been
replaced by MTN-based method to develop the adaptive control scheme, therefore, the computation burden is greatly
reduced.

4 | SIMULATION RESULTS

In this paper, the effectiveness of the proposed control method is tested and verified through the following two examples.
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Example 1. (numerical example): Consider the following nonlinear system with asymmetric input saturation

X1 =X +Xx1

X, = X3+ xlxg

(44)
X3 = u(v) + x1x2X3
y=x1
with the systems input u(v) satisfies the following constraints
-5 v<-=5
u(v) =14, -5<v<6 (45)
6, vV>6

According to Theorem 1, the control structure of system (44) is as follows:

1 AT
ay = —— (k1€ + 61 P, (Z1))
FX

AT
ay = —ky2y — 0, Py (Z2)

1 AT
V= —E(k3|Z3| + 1603 P, (Z3)])sgn(zs)

with the adaptive laws as 0, = —&Pp, + k101, @i = —ZiPm, + Kib\i, i=2,3, where Z; = [z1]", Z, = [z1,22]" and
Z3 = (21,22, 25]".

In simulation, the reference signal is chosen as y, = 0.5sint and the design parameters are chosen as k1 = k, = k3 =0.1,
ki1 =6.5, k; =3, ks = 2. In addition, F,(¢) is defined as F ,(t) = (3—-0.2)e™* +0.2.

Figures 1-4 show the simulation results. Figure 1 indicates that the MTN-based controller implements the tracking
goals and has a good control performance. Figure 2 shows the trajectories of u and v. Figure 3 displays the trajectories of x,
and x;. Figure 4 illustrates that the tracking error e = y — y, fall into the given prescribed performance funnel. Figures 1-4
demonstrate that all signals of the closed-loop system, including y, x;, X2, X3, u, and v, are bounded.

Example 2. (practical example): Consider a class of uncertain Duffing-Holmes chaotic system with asymmetric input
saturation, according to Reference 52, the system can be described as follows

X1 =X
X3 = u) + f2(x1,X2) (46)
y=X1

T T T T

The desired reference signal Y,

0.5r

A S & O AN System output y
0.4 ] ]

0.3
0.2

0.1 b

-01F 3

02+

-0.3F

-04F

-0.5F

FIGURE 1 The trajectories of y and y, of example 1 [Colour 0 10 20 30 20 50
figure can be viewed at wileyonlinelibrary.com] time (sec)
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.............. Tracking error Y-y,

i 0 |
.l 8
oF
At )
2 T
3 : : y y

0 10 20 30 40

Time (sec)

FIGURE 2 The trajectories of u and v of example 1 [Colour
figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 The trajectories of x, and x; of example 1

FIGURE 4 The trajectories ofy —y, and F ,(¢) of example 1
[Colour figure can be viewed at wileyonlinelibrary.com]
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where f5(x1,X) = X1 — X — xf + 0.5 cos(0.5t) and the systems input u(v) satisfies the following constraints

u() =

v< -3
1),-3<v<4

4, v>4

According to Theorem 1, the control structure of system (46) is as follows:

1

AT
= —F—(klf + 61 Pp, (Z1))

x

1 AT
V= —E(k2|22| + |02sz(Z2)|)Sgn(Z2)

(47)

with the adaptive laws as 0, = —EPp, + k101, 0, = —22Pp, + x20,, where Z; = [z,]" and Z, = [z1, 22]".

In simulation, the reference signal is chosen as y, = 0.5sint and the design parameters are chosen as k; = xk; = 0.1,
ki =20, k; = 2. In addition, F,(t) is defined as F () = (3 — 0.1)e™* + 0.1. The simulation results are shown in Figures 5-8,
which further demonstrate the effectiveness of the proposed control method.

FIGURE 5 The trajectories of y and y, of example 2 [Colour

figure can be viewed at wileyonlinelibrary.com]

FIGURE 6 The trajectories of u and v of example 2 [Colour
figure can be viewed at wileyonlinelibrary.com]

-0.5

T T

The desired reference signal Y,

System output y

time (sec)

-

o

0.5
Time (sec)

! 1

30 40 50
Time (sec)
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0.6 T T FIGURE 7 The trajectory of x, of example 2
State x,

0.4F

02}

0 10 20 30 40 50
Time (sec)

3 T T - w FIGURE 8 The trajectories of y —y, and F ,(t) of example 2
.............. Tracking error Y-y,

.0

[Colour figure can be viewed at wileyonlinelibrary.com]|

At B

3 L I L 1
0 10 20 30 40 50

Time (sec)

5 | CONCLUSION

An adaptive MTN funnel control approach is studied for nonlinear systems with asymmetric input saturation in this
paper. And a MTN-based adaptive funnel control approach is firstly proposed for nonlinear systems with asymmetric
input saturation. With the control approach developed in this paper, satisfactory results have been obtained, that is, the
tracking error satisfies the prescribed performance regarding the transient and steady state responses as well as system
output tracks the give continuous reference signal.

Itisimportant to point out that the control approach proposed in this paper needs all of the state information, however,
it is difficult to obtain the state information of many practical systems. Therefore, based on the control approach of this
paper, design an effective observer-based adaptive control strategy for nonlinear system (1), which will be considered in
our future work.
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