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Control Design for Stochastic Nonlinear Systems with Full-state Con-
straints and Input Delay: A New Adaptive Approximation Method
Na Li � , Yu-Qun Han � , Wen-Jing He � , and Shan-Liang Zhu* �

Abstract: In this paper, the full state constraints and input delay of stochastic nonlinear systems are studied. A
new adaptive control algorithm is proposed using backstepping approach and multi-dimensional Taylor network
(MTN) method. Firstly, the input delay problem is dealt with by introducing a new variable using the Padé ap-
proximation with Laplace transform. Secondly, MTNs are employed to approximate unknown nonlinear functions,
and the barrier Lyapunov functions (BLFs) are constructed to deal with the state constraints. Based on this, a new
approximation-based adaptive controller is proposed. Thirdly, it is proved that the proposed control method can
ensure that all signals in the closed-loop system are semi-global ultimately uniformly bounded (SGUUB) in proba-
bility and the tracking error converges to a small neighborhood of the origin. Finally, two simulation examples are
given to illustrate the effectiveness of the proposed design method.

Keywords: Adaptive control, full-state constraints, input delay, multi-dimensional Taylor networks, stochastic non-
linear systems.

1. INTRODUCTION

As is known to all, the controlled systems of practi-
cal application are intrinsically nonlinear and uncertain,
and often affected by external disturbances. Therefore,
the research on the control theory of stochastic nonlinear
systems will contribute values to the cybernetics devel-
opment theoretically and practically, which has gradually
been regarded by more and more researchers [1,2]. So far,
many control methods of general nonlinear systems have
been extended to stochastic cases, such as adaptive con-
trol [3–5], backstepping methods [6,7], Lyapunov stabil-
ity theory [8], sliding mode control [9], fault-tolerant con-
trol [10,11], LaSalle invariance principle [12] and so on.
Among them, adaptive control is of great significance for
the study of uncertain systems since this method is not
required to linearize the nonlinear system. Consequently,
it also has become an attractive technique for stochastic
nonlinear systems [4,5]. However, adaptive control is no
longer fitted for the systems with uncertain structure.

In order to solve the above problems, many methods
based on neural networks (NNs) or fuzzy logic systems
(FLSs) have been proposed and widely used for nonlin-
ear systems [13–15], switched systems [16–20], multiple-
input multiple-output (MIMO) nonlinear systems [21,22],
nonlinear time-varying delay systems [23,24] and so on.

Meantime, the above methods have also obtained a lot
of significant research results in stochastic nonlinear sys-
tems [25–27]. Nevertheless, the above control structures
still inherit the drawbacks of NNs or FLSs. Fortunately, a
novel network control method, multi-dimensional Taylor
network (MTN), with the simple structure was conceived
in [28]. The core idea of MTN is to copy with the un-
known nonlinear functions on closed interval by the linear
combination of polynomials, which improves the approx-
imation performance and reduces the computational com-
plexity. The MTN-based control approach has drawn the
extensive attention, and many noteworthy achievements
have been obtained for MIMO nonlinear systems [29],
single-input single-output (SISO) nonlinear systems [30],
stochastic nonlinear systems [31], large-scale stochastic
nonlinear systems [32], nonlinear systems with input sat-
uration [33–35], MIMO discrete-time nonlinear systems
[36], large-scale nonlinear systems [37] and so on. How-
ever, the above control algorithms can not be directly
available to nonlinear systems with input constraints. In
particular, there are few studies on considering both input
delay and state constraints simultaneously.

In fact, input delays can not be avoided in the applica-
tion of industry. In particular, the existence of input de-
lay seriously affects the control performance of the sys-
tem. Therefore, it is extremely important to study the

Manuscript received May 31, 2021; revised August 2, 2021 and August 29, 2021; accepted October 20, 2021. Recommended by Associate
Editor Kyoobin Lee under the direction of Editor Jessie (Ju H.) Park. This work was supported by the Shandong Provincial Natural Science
Foundation, China (No. ZR2020QF055).

Na Li, Yu-Qun Han, Wen-Jing He, and Shan-Liang Zhu are with the School of Mathematics and Physics, Qingdao University of Science and
Technology, Qingdao 266061, China, and also with the Research Institute for Mathematics and Interdisciplinary Sciences, Qingdao University
of Science and Technology, Qingdao 266061, China (e-mails: {Linali0712, yuqunhan, Hewj928}@163.com, zhushanliang@qust.edu.cn).
* Corresponding author.

©ICROS, KIEE and Springer 2022

http://www.springer.com/12555
https://orcid.org/0000-0002-7911-8903
https://orcid.org/0000-0002-9055-2954
https://orcid.org/0000-0001-6370-592X
https://orcid.org/0000-0002-6194-3614


Control Design for Stochastic Nonlinear Systems with Full-state Constraints and Input Delay: A New ... 2769

control problems for the systems with input delay phe-
nomenon [38,39]. With further research, the adaptive con-
trol method also has been generalized to stochastic non-
linear systems with input delay [40]. On the other hand,
whether in the practical engineering system or in the the-
oretical control system, the full state constraints is a prob-
lem that needs to be considered [23,24]. The significant
reason is that the constraints are violated, and the control
performance of the systems will be degraded, unstable or
even damaged. Hence, more and more scholars are inter-
ested in these kinds of systems and many achievements
have been gotten [41,42]. Unfortunately, there are few re-
sults in resolving the problem of input delay and full-state
constraints for stochastic nonlinear systems under a uni-
fied framework, which prompts the research of this paper.

Based on the above discussion, this paper concerns with
the full-state constraints and the input delay problem for
a class of stochastic nonlinear systems, and a MTN-based
adaptive tracking control method is proposed. The results
show that the proposed control scheme is feasible and can
ensure that the tracking error falls within the given range
when all signals of the closed-loop system are restricted.
The main innovations of this paper are as follows:

1) A new adaptive control algorithm using MTN-based
method is first proposed for the stochastic nonlin-
ear systems with full-state constraints and input de-
lay. With the help of MTN, although the authors in
[40] studied the problem of stochastic nonlinear sys-
tems with input delay, they failed to consider the is-
sue of full-state constraints. In [23,41], the authors
addressed the problem of full-state constraints, how-
ever, the controlled plants were restricted to nonlinear
systems rather than stochastic nonlinear systems with
input delay. Moreover, the authors in [42] focused on
the stochastic systems with full state constraints, but
not considering the existence of input delay. Thus,
the problem in our study is undoubtedly considered
as representation.

2) Although MTN-based control algorithms have been
proposed for stochastic nonlinear systems in [31–33],
they can not be directly used to deal with the control
problem considered in this paper. That is to say, the
research in this paper broadens the development of
MTN. In addition, by constructing the BLFs in each
step of backstepping, and further design control laws
and adaptive laws, the state constraints can be suc-
cessfully realized.

3) The problem of input delay is handled by introducing
a new variable, thus simplifying the process of con-
troller design. In addition, owing to the simple struc-
ture of MTN, the controller design in this study has
the advantages of simple structure and less calcula-
tion. These reasons render the control algorithm pro-
posed in this paper implementation much easier.

2. PROBLEM EXPRESSION AND PREMISE

2.1. Problem description
In this paper, we consider a class of stochastic nonlinear

system with input delay as follows:
dxi = (xi+1 + fi (x̄i))dt +gT

i (x̄i)dω,

i = 1, ..., n−1,

dxn = (u(t− τ)+ fn (x̄n))dt +gT
n (x̄n)dω,

y = x1,

(1)

where x̄n = [x1, x2, ..., xn]
T ∈Rn represents the state vector

of the system, with x̄i = [x1, x2, ..., xi]
T ∈ Ri. y ∈ R is the

output of system, u stands for the system input, ω is a r-
dimensional standard Wiener process defined in complete
probability space, τ > 0 is the input delay of the system.
Besides, fi (x̄i) :Ri→R and gi (x̄i) :Ri→Rr are unknown
smooth nonlinear functions with fi ( 0) = 0 and gi (0) = 0.

This paper aims to design a control strategy to achieve
the following three objectives

1) The system output y tracks the given reference signal
yd .

2) All signals of the closed-loop system are SGUUB in
terms of probability.

3) All system states cannot violate the specified con-
straints, that is, for any i = 1, ..., n, there are |xi|< ki,c,
where ki,c are positive constants.

Assumption 1: The reference signal yd and its i-
th derivative with respect to time are continuous and
bounded, where i = 1, 2, ..., n.

2.2. Stability theory
In order to introduce the necessary concepts and lem-

mas, consider the following stochastic nonlinear system

dx = f (x)dt +g(x)dω, (2)

where x ∈ Rn is the system state vector, f (x) : Rn → Rn

and g(x) : Rn→Rn×r are local Lipschitz functions. In ad-
dition, f (x) and g(x) are meet the conditions f (0) = 0
and g(0) = 0.

Definition 1 [26,27]: Considering the system (2), for
any two continuously differentiable functions V (x), define
a differential operator L as follows:

LV (x) =
∂V (x)

∂x
f (x)+

1
2

Tr
{

gT ∂ 2V (x)
∂x2 g

}
, (3)

where Tr{•} is the trace of •.
Definition 2 [26,27]: For any initial condition x0 =

x(0) and a compact set defined in Rn, the solution
{x(t), t > 0} of the stochastic nonlinear system (2) is said
to be SGUUB in p-th moment, if there exists a time con-
stant T = T (ε,x0), with ε > 0, satisfies E [|x(t)|p] < ε ,
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for all t > t0 +T . In particular, when p = 2, it is usually
calld SGUUB in mean square, where E [•] stands for the
expectation of stochastic variable •.

Lemma 1 [26,27]: For system (2), if there exists a
Lyapunov function V (x): Rn → R satisfies the following
properties: V (x) is second order continuous differentiable,
positive definite and radically unbounded, such that the
following inequality holds

LV (x)6−a0V (x)+b0, (4)

where a0 and b0 are positive constants. Then the system
(2) is bounded in probability, and has a unique solution.

Assumption 2: The reference signal yd satisfy |yd | 6
ρ0 6 ki,c and |yd |6 ϖi, where ρ0 > 0 and ϖi > 0 are con-
stants.

2.3. Transformation of input delay
As mentioned in [38], the problem of input delay can

be solved by combining the Laplace transform technique
with the Padé approximation method, also described as
below:

Firstly, define a Laplace variable µ , and by the Laplace
transform, one has

l {u(t− τ)}= e−τµ l {u(t)}= e−τµ/2

eτµ/2 l {u(t)} , (5)

where l {•} denotes the Laplace transform of •.
Secondly, the term

(
e−τµ/2/eτµ/2

)
is transformed by the

Padé approximation method into the form as follows

e−τµ/2

eτµ/2 ≈
1− τµ/2
1+ τµ/2

. (6)

Thirdly, based on (5) and (6), define a new variable xn+1

that satisfies
1− τµ/2
1+ τµ/2

l {u(t)}= l {xn+1(t)}− l {u(t)} . (7)

Then, let τ̄ = 2
τ
, there has

u(t− τ) = xn+1(t)−u(t), (8)

and the derivative of xn+1 can be expressed as

ẋn+1 =−τ̄xn+1 +2τ̄u. (9)

Finally, substituting (8) and (9) into system (1), one has

dx1 = (x2 + f1 (x̄1))dt +gT
1 (x̄1)dω,

dx2 = (x3 + f2 (x̄2))dt +gT
2 (x̄2)dω,

...

dxn−1 = (xn + fn−1 (x̄n−1))dt +gT
n−1 (x̄n−1)dω,

dxn = (xn+1−u+ fn (x̄n))dt +gT
n (x̄n)dω,

dxn+1 = (−τ̄xn+1 +2τ̄u)dt,

y = x1.

(10)

Fig. 1. The structure block diagram of MTN.

Remark 1 [38]: Especially note that the Padé approxi-
mation method is only suitable for the case of small delay.

2.4. Multi-dimensional Taylor network
The structure of MTN is given in Fig. 1, where [s1, ...,

sn]
T ∈ Rn is the input vector of the system, [θ1, ..., θl ]

T ∈
Rl is the weight vector and [s1, ..., sn, s2

1, s1s2, ..., s1sn, s2s3,
..., s2

n, sm
1 , ..., sm

n ]
T ∈ Rl is the middle layer.

The following Lemmas are very important for the de-
sign of control scheme of this paper.

Lemma 2 [31]: In the compact set Ω, if f (S) : Rn→R
is a continuous function, then for any ε > 0, there must
exists a MTN as follows:

f (S) = θθθ
TPmn (S)+δ (S) , (11)

where s1, · · · , sn are the inputs of MTN with S = [s1, ...,
sn]

T ∈ Rn, and θθθ = [θ1, ..., θl ]
T ∈ Rl denotes the weight

vector of MTN. Pmn (S) = [s1, ..., sn, s2
1, ..., s1sn, s2s3, ...,

s2
n, sm

1 , ..., sm
n ]

T denotes the polynomial combination of
the middle input layer, where n is input number and m
is the highest power. δ (S) is the error between f (S) and
θθθ TPmn (S), and it satisfies |δ ( S)|6 ε .

Lemma 3 [43]: For any positive constant kb and any
z ∈ R, if |z|< kb, the following inequality holds

log
k2p

b

k2p
b − z2p

<
z2p

k2p
b − z2p

, (12)

where log(•) is a logarithm of (•), p is a positive constant.
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3. MAIN RESULTS

3.1. Controller design
First, define the following coordinate transformation:

z1 = x1− yd ,

zi = xi−αi−1, i = 1, ..., n−1,

zn = xn−αn−1 +(1/τ̄)xn+1,

(13)

where αi−1 is intermediate virtual control signal, and it
will be designed later via backstepping.

Step 1: The time derivative with respect to z1 from z1 =
x1− yd is as follows:

dz1 = (x2 + f1− ẏd)dt + gT
1 dω. (14)

Then, define the first BLF as follows:

V1 =
1
4

log
k4

1

k4
1− z4

1
+

1
2

θ̃θθ
T
1 θ̃θθ 1, (15)

where θ̃θθ 1 =θθθ 1−θ̂θθ 1 is parameter error, θ̂θθ 1 is the estimated
value of θθθ 1, k1 = k1,c−ρ1, and ρ1 is a positive constant.

In the compact set Ω, according to formula (3) in Defi-
nition 1, one has

LV1 =
z2

1

2(k4
1− z4

1)
2

(
3k4

1 + z4
1

)
‖g1‖2

+
z3

1

k4
1− z4

1
(x2 + f1− ẏd)− θ̃θθ

T
1

˙̂
θθθ 1. (16)

By using Young’s inequality, one has

z2
1

2(k4
1− z4

1)
2

(
3k4

1 + z4
1

)
‖g1‖2

6
a2

1

4
+

1
4a2

1

z4
1

(k4
1− z4

1)
4

(
3k4

1 + z4
1

)2‖g1‖4, (17)

where a1 is a positive constant.
Then, denote f̃1 = f1− ẏd +

1
4a2

1

z1

(k4
1−z4

1)
3

(
3k4

1 + z4
1

)2‖g1‖4+

3
4 z1

(
ξ

4
3

1 +ζ
4
3

1

)(
k4

1− z4
1

)− 1
3 ,where ξ1 > 0 and ζ1 > 0 are

constants.
The following inequality is obtained by substituting

(17) into (16)

LV1 =
z3

1

k4
1− z4

1

(
x2 + f̃1

)
+

a2
1

4
− θ̃θθ

T
1

˙̂
θθθ 1

− 3
4

z4
1ζ

4
3

1

(
k4

1− z4
1

)− 4
3 − 3

4
z4

1ξ
4
3

1

(
k4

1− z4
1

)− 4
3 .

(18)

Since the structure of f̃1 is not sufficient to directly ap-
ply it to the design of intermediate virtual control signals,
according to Lemma 2, MTN in the form of θθθ

TPm1 (z) can

be used to approximate f̃1. In particular, for any ε1 > 0,
there is

f̃1 = θθθ
T
1 Pm1 (z1)+δ1 (z1) , |δ1 (z1)|6 ε1, (19)

where z1 = [z1]
T is the input vector of MTN.

On the basis of (13), one has z2 = x2−α1. Then, the
following inequality can be obtained by substituting (19)
into (18)

LV1 6
z3

1

k4
1− z4

1

(
z2 +α1 +θθθ

T
1 Pm1 (z1)+δ1 (z1)

)
− 3

4
z4

1ξ
4
3

1

(
k4

1− z4
1

)− 4
3 − 3

4
z4

1ζ
4
3

1

(
k4

1− z4
1

)− 4
3

+
a2

1

4
− θ̃θθ

T
1

˙̂
θθθ 1. (20)

According to (20), the first intermediate virtual control
signal α1 can be designed as follows:

α1 =−r1z1− θ̂θθ
T
1 Pm1 , (21)

where r1 is a positive constant.
According to Young’s inequality, the following two in-

equalities are established:

z3
1

k4
1− z4

1
δ1 6

3
4

z4
1ζ

4
3

1

(
k4

1− z4
1

)− 4
3 +

1
4ζ 4

1
ε

4
1 , (22)

z3
1

k4
1− z4

1
z2 6

3
4

z4
1ξ

4
3

1

(
k4

1− z4
1

)− 4
3 +

1
4ξ 4

1
z4

2. (23)

Substituting (21), (22) and (23) into (20), one has

LV1 6−
r1z4

1

k4
1− z4

1
+

1
4ζ 4

1
ε

4
1 +

1
4ξ 4

1
z4

2 +
a2

1

4

+ θ̃θθ
T
1

(
Pm1

z3
1

k4
1− z4

1
− ˙̂

θθθ 1

)
. (24)

Constructing the adaptive law from (24) as follows:

˙̂
θθθ 1 =−η1θ̂θθ 1 +

z3
1

k4
1− z4

1
Pm1 , (25)

where ηi > 0, i = 1, 2, ..., n are constants.
According to Lemma 3, when |z1| < k1, the following

inequality holds

log
k4

1

k4
1− z4

1
<

z4
1

k4
1− z4

1
. (26)

Then plugging (25) and (26) into (24), the derivative of
V1 can be obtained as follows:

LV1 6− r1 log
k4

1

k4
1− z4

1
+

1
4ζ 4

1
ε

4
1

+
1

4ξ 4
1

z4
2 +

a2
1

4
+η1θ̃θθ

T
1 θ̂θθ 1. (27)
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Step 2: According to z2 = x2−α1, the derivative of z2

can be obtained as follows:

dz2 = (x3 + f2−∇α1)dt + g̃T
2 dω, (28)

where ∇α1 =
∂α1
∂x1

(x2 + f1)+
1
∑

i=0

∂α1

∂y(i)d

y(i+1)
d + ∂α1

∂θ̂θθ 1

˙̂
θθθ 1+

1
2

∂ 2α1
∂x2

1

gT
1 g1, and g̃2 = g2− ∂α1

∂x1
g1.

Then, define the second BLF as follows:

V2 =
1
4

log
k4

2

k4
2− z4

2
+

1
2

θ̃θθ
T
2 θ̃θθ 2 +V1, (29)

where θ̃θθ 2 = θθθ 2− θ̂θθ 2 represents the parameter error, k2 =
k2,c−ρ2, |α1|6 ρ2, and ρ2 is a positive constant.

In compact set Ω, according to Definition 1, there is

LV2 =LV1 +
z3

2

k4
2− z4

2
(x3 + f2−∇α1)

+
z2

2

2(k4
2− z4

2)
2

(
3k4

2 + z4
2

)
‖g̃2‖2− θ̃θθ

T
2

˙̂
θθθ 2. (30)

By using Young’s inequality, the following inequality is
easily obtained

z2
2

2(k4
2− z4

2)
2

(
3k4

2 + z4
2

)
‖g̃2‖2

6
1

4a2
2

z4
2

(k4
2− z4

2)
4

(
3k4

2 + z4
2

)2‖g̃2‖4 +
a2

2

4
, (31)

where a2 > 0 is a constant.
Substituting (31) into (30) and let f̃2 = f2 − ∇α1 +

1
4a2

2

z2

(k4
2−z4

2)
3

(
3k4

2 + z4
2

)2‖g̃2‖4+ 3
4 z2

(
ξ

4
3

2 +ζ
4
3

2

)(
k4

2− z4
2

)− 1
3 +

1
4ξ 4

1
z2
(
k4

2− z4
2

)
, where ξ2 > 0 and ζ2 > 0 are constants.

Then one has

LV2 =
z3

2

k4
2− z4

2

(
x3 + f̃2

)
− 3

4
z4

2ξ
4
3

2

(
k4

2− z4
2

)− 4
3

− 3
4

z4
2ζ

4
3

2

(
k4

2− z4
2

)− 4
3 − 1

4ξ 4
1

z4
2 +

a2
2

4

− θ̃θθ
T
2

˙̂
θθθ 2 +LV1. (32)

Because the structure of f̃2 is not enough to be used to
design intermediate virtual control signals, according to
Lemma 2, MTN in the form of θθθ

TPm2 (z) can be used to
approximate f̃2. Especially, for arbitrary ε2 > 0, there is

f̃2 = θθθ
T
2 Pm2 (z2)+δ2 (z2) , |δ2 (z2)|6 ε2, (33)

where z2 = [z1,z2]
T is the input vector of MTN.

Obviously, it can be seen from the front that z3 = x3−
α2, the following inequality can be obtained by substitut-
ing (33) into (32)

LV2 6
z3

2

k4
2− z4

2

(
z3 +α2 +θθθ

T
2 Pm2 (z2)+δ2 (z2)

)

− 1
4ξ 4

1
z4

2 +
a2

2

4
− 3

4
z4

2ξ
4
3

2

(
k4

2− z4
2

)− 4
3

− 3
4

z4
2ζ

4
3

2

(
k4

2− z4
2

)− 4
3 − θ̃θθ

T
2

˙̂
θθθ 2 +LV1. (34)

According to (34), the intermediate virtual control sig-
nal α2 is designed as follows:

α2 =−r2z2− θ̂θθ
T
2 Pm2 , r2 > 0. (35)

By using Young’s inequality, the following two inequal-
ities are correct

z3
2

k4
2− z4

2
δ2 6

3
4

z4
2ζ

4
3

2

(
k4

2− z4
2

)− 4
3 +

1
4ζ 4

2
ε

4
2 , (36)

z3
2

k4
2− z4

2
z3 6

3
4

z4
2ξ

4
3

2

(
k4

2− z4
2

)− 4
3 +

1
4ξ 4

2
z4

3. (37)

Substituting (35), (36) and (37) into (34), one has

LV2 6− r1 log
k4

1

k4
1− z4

1
+ θ̃θθ

T
2

(
Pm2

z3
2

k4
2− z4

2
− ˙̂

θθθ 2

)
+

2

∑
j=1

1
4ζ 4

j
ε

4
j −

r2z4
2

k4
2− z4

2
+

2

∑
j=1

a2
j

4

+η1θ̃θθ
T
1 θ̂θθ 1 +

1
4ξ 4

2
z4

3. (38)

According to (38), the adaptive law is constructed as
follows:

˙̂
θθθ 2 =−η2θ̂θθ 2 +

z3
2

k4
2− z4

2
Pm2 . (39)

According to Lemma 3, when |z2|< k2, one has

log
k4

2

k4
2− z4

2
<

z4
2

k4
2− z4

2
. (40)

Substituting (39) and (40) into (38), one has

LV2 6−
2

∑
j=1

r j log
k4

j

k4
j − z4

j
+

2

∑
j=1

1
4ζ 4

j
ε

4
j

+
1

4ξ 4
2

z4
3 +

2

∑
j=1

a2
j

4
+

2

∑
j=1

η jθ̃θθ
T
j θ̂θθ j. (41)

Step 36 i6 n−136 i6 n−136 i6 n−1: According to zi = xi − αi−1, the
derivative of zi can be obtained as follows:

dzi = (xi+1 + fi−∇αi−1)dt + g̃T
i dω, (42)

where ∇αi−1 =
i−1
∑
j=1

∂αi−1
∂x j

(x j+1 + f j) +
i−1
∑
j=0

∂αi−1

∂y( j)
d

y( j+1)
d +

i−1
∑
j=1

∂αi−1

∂θ̂θθ j

˙̂
θθθ j +

1
2

i−1
∑

p,q=1

∂ 2αi−1
∂xp∂xq

gT
pgq, and g̃i = gi−

i−1
∑
j=1

∂αi−1
∂x j

g j.

Define the i-th BLF as follows:

Vi =
1
4

log
k4

i

k4
i − z4

i
+

1
2

θ̃θθ
T
i θ̃θθ i +Vi−1, (43)
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where θ̃θθ i = θθθ i− θ̂θθ i is the parameter error, ki = ki,c− ρi,
|αi−1|6 ρi and ρi is a positive constant.

In the compact set Ω, repeating the similar steps in Step
2, one has

LVi 6−
i

∑
j=1

r j log
k4

j

k4
j − z4

j
+

i

∑
j=1

1
4ζ 4

j
ε

4
j

+
1

4ξ 4
i

z4
i+1 +

i

∑
j=1

a2
j

4
+

i

∑
j=1

η jθ̃θθ
T
j θ̂θθ j, (44)

where ζi > 0, ξi > 0 and ai > 0 are constants.
The intermediate virtual control signal αi and the adap-

tive law ˙̂
θi are designed as follows:

αi =−rizi− θ̂
T
i Pmi , ri > 0, (45)

˙̂
θi =−ηiθ̂i +

z3
i

k4
i − z4

i
Pmi , (46)

where ri > 0 and ηi > 0 are design parameters.
Step nnn: Let zn = xn − αn−1 + (1/τ̄)xn+1 to get the

derivative of zn as follows:

dzn = (u+ fn−∇αn−1)dt + g̃T
n dω, (47)

where ∇αn−1 =
n−1
∑

i=1

∂αn−1
∂xi

(xi−1 + fi)+
n−1
∑

i=0

∂αn−1

∂y(i)d

y(i+1)
d +

n−1
∑

i=1

∂αn−1

∂θ̂θθ i

˙̂
θθθ i +

1
2

n−1
∑

p,q=1

∂ 2αn−1
∂xp∂xq

gT
pgq , and g̃n = gn−

n−1
∑

i=1

∂αn−1
∂xi

gi.

Then we define the n-th BLF as follows:

Vn =
1
4

log
k4

n

k4
n− z4

n
+

1
2

θ̃θθ
T
n θ̃θθ n +Vn−1, (48)

where θ̃θθ n = θθθ n− θ̂θθ n is the parameter error, kn = kn,c−ρn,
|αn−1|6 ρn and ρn is a positive constant.

In the compact set Ω, according to Definition 1, there is

LVn = LVn−1 +
z3

n

k4
n− z4

n
(u+ fn−∇αn−1)

+
z2

n

2(k4
n− z4

n)
2

(
3k4

n + z4
n

)
‖g̃n‖2− θ̃θθ

T
n

˙̂
θθθ n. (49)

Using Young’s inequality, the following inequality is
easily obtained

z2
n

2(k4
n− z4

n)
2

(
3k4

n + z4
n

)
‖g̃n‖2

6
a2

n

4
+

1
4a2

n

z4
n

(k4
n− z4

n)
4

(
3k4

n + z4
n

)2‖g̃n‖4, (50)

where an > 0 is a constant.
Let

f̃n = fn−∇αn−1 +
1

4a2
n

zn

(k4
n− z4

n)
3

(
3k4

n + z4
n

)2‖g̃n‖4

+
3
4

znζ
4
3

n
(
k4

n− z4
n

)− 1
3 +

1
4ξ 4

n−1
zn(k4

n− z4
n),

where ξn > 0 and ζn > 0 are constant, and then we have

LVn 6 LVn−1 +
z3

n

k4
n− z4

n

(
u+ f̃n

)
− 1

4ξ 4
n−1

z4
n

− 3
4

z4
nζ

4
3

n
(
k4

n− z4
n

)− 4
3 +

a2
n

4
− θ̃θθ

T
n

˙̂
θθθ n. (51)

According to Lemma 2, MTN of form θθθ
TPmn (z) is used

to approximate f̃n, and in particular, for any εn > 0, there
is

f̃n = θθθ
T
n Pmn (zn)+δn (zn) , |δn (zn)|6 εn, (52)

where zn = [z1, z2, ..., zn]
T is represents the input vector of

MTN.
From this, the following inequation is obtained

LVn 6 LVn−1 +
z3

n

k4
n− z4

n

(
u+θθθ

T
n Pmn +δn

)
− 1

4ξ 4
n−1

z4
n

− 3
4

z4
nζ

4
3

n
(
k4

n− z4
n

)− 4
3 +

a2
n

4
− θ̃θθ

T
n

˙̂
θθθ n. (53)

Meanwhile, the following inequality is true according
to Young’s inequality

z3
n

k4
n− z4

n
δn 6

3
4

z4
nζ

4
3

n
(
k4

n− z4
n

)− 4
3 +

1
4ζ 4

n
ε

4
n . (54)

Then, substituting (54) into (53), the following inequal-
ity holds

LVn 6
z3

n

k4
n− z4

n

(
u+θθθ

T
n Pmn

)
+

a2
n

4
− θ̃θθ

T
n

˙̂
θθθ n

+
1

4ζ 4
n

ε
4
n +LVn−1−

1
4ξ 4

n−1
z4

n. (55)

Selecting the actual control input as follows:

u =−rnzn− θ̂θθ
T
n Pmn , rn > 0. (56)

So we have

LVn 6 LVn−1−
rnz4

n

k4
n− z4

n
+ θ̃θθ

T
n

(
z3

n

k4
n− z4

n
Pmn −

˙̂
θθθ n

)
+

a2
n

4
+

1
4ζ 4

n
ε

4
n −

1
4ξ 4

n−1
z4

n. (57)

According to (57), the adaptive law is constructed as
follows:

˙̂
θθθ n =−ηnθ̂θθ n +

z3
n

k4
n− z4

n
Pmn . (58)

From Lemma 3, when |zn|< kn, one has

log
k4

n

k4
n− z4

n
<

z4
n

k4
n− z4

n
. (59)
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Finally, substituting (44), (58), and (59) into (57), one
has

LVn 6−
n

∑
i=1

ri log
k4

i

k4
i − z4

i
+

n

∑
i=1

ηiθ̃θθ
T
i θ̂θθ i

+
n

∑
i=1

1
4ζ 4

i
ε

4
i +

n

∑
i=1

a2
i

4
. (60)

3.2. Stability analysis
Theorem 1: Under Assumptions 1-2, consider that the

closed-loop system consists of system (1), intermediate
virtual control signals (21), (35), (45), actual control in-
put (56) and adaptive law (25), (39), (46) and (58). For
any initial conditions, the following three properties are
true

1) All signals of closed-loop system are SGUUB in
probability.

2) All system states x1, x2, ..., xn meet the constraints.
3) The system output y tracking of the continuous refer-

ence signal yd .

Proof: For the closed-loop system, the Lyapunov func-
tion is defined as follows:

V =
1
4

n

∑
i=1

log
k4

i

k4
i − z4

i
+

1
2

n

∑
i=1

θ̃θθ
T
i θ̃θθ i. (61)

According to (60), we have the differential of V as fol-
lows:

LV 6−
n

∑
i=1

ri log
k4

i

k4
i − z4

i
+

n

∑
i=1

ηiθ̃θθ
T
i θ̂θθ i

+
n

∑
i=1

a2
i

4
+

n

∑
i=1

1
4ζ 4

i
ε

4
i . (62)

In addition, for any i = 1, ..., n, there is ηiθ̃θθ
T
i θ̂θθ i 6

− 1
2 ηiθ̃θθ

T
i θ̃θθ i +

1
2 ηiθθθ

T
i θθθ i, then one has

LV 6−
n

∑
i=1

ri log
k4

i

k4
i − z4

i
− 1

2

n

∑
i=1

ηiθ̃θθ
T
i θ̃θθ i

+
1
2

n

∑
i=1

ηiθθθ
T
i θθθ i +

n

∑
i=1

1
4ζ 4

i
ε

4
i +

n

∑
i=1

a2
i

4
. (63)

Moreover, let l = 1
2

n
∑

i=1
ηiθθθ

T
i θθθ i +

n
∑

i=1

1
4ζ 4

i
ε4

i +
n
∑

i=1

a2
i

4 and λ =

min{4ri, ηi : i = 1, ..., n}, then (63) can be expressed as
the following form

LV 6−λV + l. (64)

Then, on the basis of Definition 1, for any t > 0, the fol-
lowing inequality is correct

06 E [V (t)]6V (0)e−λ t +
l
λ
. (65)

On the one hand, using the similarly discuss in [23], it
concluded that all system states x1, x2, ..., xn meet the con-
straints.
On the other hand, we can see from the above equation
that l/λ is a bound on E [V (t)]. Therefore, according to
(61), it can be concluded that the signals of all closed-loop
systems are ultimately uniformly bounded in probability,
and the output of the system tracks the given reference
signal. �

4. SIMULATION EXAMPLE

In this section, two examples are given to verify the ef-
fectiveness of the proposed control method.

Example 1: Consider third-order stochastic nonlinear
system with full-state constraints and input delay as fol-
lows:

dx1 = x2dt +0.5x1dω,

dx2 = (x3−2sinx1)dt +0.1sinx3dω,

dx3 = (u(t− τ)+ x1x2x3)dt +0.1sinx3dω,

y1 = x1.

(66)

According to Theorem 1, the control strategies of the
system (66) are as follows:

αi =−rizi− θ̂θθ
T
i Pmi , ri > 0, i = 1, 2,

u =−r3z3− θ̂θθ
T
3 Pm3 , r3 > 0,

˙̂
θθθ i =−ηiθ̂θθ i +

z3
i

k4
i − z4

i
Pmi , i = 1, 2, 3.

The initial condition of the system is x1(0) = x2(0) =
x3(0) = 0, the reference signal is selected as yd = sin t, the
input delay is selected as τ = 0.01, the design parameters
of the system controller are r1 = 5, r2 = 8, r3 = 9, η1 =
0.05, η2 = η3 = 0.01.

Fig. 2 shows the trajectories of the system output y and
the specified reference signal yd , it is easy to see that the
tracking effect is satisfactory. Fig. 3 shows the tracking er-
ror y−yd of the system. It can be seen from the Fig. 3 that
the tracking error converges at the small neighborhood of
origin. The responses of the control output u, the state x2,
x3 are described in Figs. 4 and 5, respectively. It is clear
that x2, x3 are limited within the specified range. From the
above simulation results, we can see that all the states of
the system are controlled in the given limited range.

Example 2: In order to further verify the effectiveness
of the proposed method, we consider a class of Duffing-
Holmes stochastic system [43], and the specific form is
given by the following formula

dx1 = x1dt,

dx2 = (u(t− τ)+ f (x̄2))dt +g(x̄2)dω,

y = x1,

(67)
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Fig. 2. Reference signal yd and system output y.

Fig. 3. The tracking error of system.

where f (x̄2)= x1−x2−x3
1+0.5cost, g(x̄2)= 0.2x2

2 cosx1.
The states are constrained as |x1|< 1 and |x2|< 10.

According to Theorem 1, the control strategies of the
system (67) are as follows:

α1 =−r1z1− θ̂θθ
T
1 Pm1 , r1 > 0,

u =−r2z2− θ̂θθ
T
2 Pm2 , r2 > 0,

˙̂
θθθ i =−ηiθ̂θθ i +

z3
i

k4
i − z4

i
Pmi , i = 1, 2.

The initial condition of the system is x1(0) =
x2(0) = 0, the reference signal is selected as yd =
0.5(sin t + sin(0.5t)), the input delay is selected as
τ = 0.01, the selection of system controller design pa-
rameters are r1 = r2 = 10, η1 = 0.1, η2 = 1, k1 = k2 = 1.

Fig. 4. The system input u.

Fig. 5. The trajectories of x2 and x3.

The simulation results are represented in Figs. 6-9. It
can be clearly seen from Figs. 6-9 that a satisfactory track-
ing results have been obtained.

Example 3 (Comparative example): In order to further
demonstrate the effectiveness of the proposed method,
based on Example 1, we compare the adaptive control
method based on MTN with the NN method. The specific
way is to replace the MTNs with NNs in the control strat-
egy proposed in Theorem 1, respectively. The comparison
results are shown in Fig. 10.

It is obvious from the figure that although both the MTN
based controller and the NN controller can achieve track-
ing effect, it is obvious that the former has better approxi-
mation ability than the latter. This comparative experiment
further verifies the effectiveness of the proposed scheme.
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Fig. 6. Reference signal yd and system output y.

Fig. 7. The tracking error of system.

Fig. 8. The system input u.

Fig. 9. The trajectories of x2 and k2.

Fig. 10. The tracking trajectories of system (66) under two
methods.

5. CONCLUSION

For the first time, the input delay and full state con-
straints of stochastic nonlinear systems are studied in a
unified framework using MTN approach, and a new adap-
tive controller based on the MTN is proposed, which has
the advantages of good approximation performance, sim-
ple system structure and low computational complexity.
Two simulation examples verify the effectiveness of the
designed controller. The proposed control scheme guar-
antees the boundedness of all signals in the closed-loop
system, and all states meet the specified constraints and
achieve satisfactory tracking performance.

Since the method developed in this paper is not suit-
able for the case of big input delay, our future work will
be transferred to extend the proposed methodology to a
broader case of input delay, including input big delay and
input time-varying delay.
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