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Summary
In this article, the issues of asymmetric input saturation and asymmetric
time-varying state constraints are integrated into nonlinear systems for the first
time, and a new adaptive tracking control strategy is proposed based on the
multi-dimensional Taylor network (MTN) method. Firstly, by introducing a con-
tinuous auxiliary function, the input saturation is transformed into a smooth
model with bounded error. Secondly, MTNs are employed to estimate nonlinear
functions, asymmetric barrier Lyapunov functions (ABLFs) are constructed to
make all state variables meet asymmetric constraints, and then a novel control
scheme with simple structure is developed via backstepping. Thirdly, according
to the Lyapunov stability theory, it is proved that all signals in the closed-loop sys-
tems are bounded, and all state variables do not violate the constraints. Finally,
three examples show the effectiveness of the proposed scheme.

K E Y W O R D S

adaptive control, input saturation, multi-dimensional Taylor network, nonlinear systems, state
constraints

1 INTRODUCTION

In recent decades, since nonlinear phenomena is inevitable in the field of practical engineering, nonlinear systems have
been greatly developed.1-3 With the continuous development of science and technology, various effective control schemes
have been proposed gradually, such as feedback control,4-6 sliding mode control,7 adaptive control,8,9 fault-tolerant
control,10,11 backstepping control12 and linear matrix inequality.13 In these methods, adaptive control technology is an
important method to deal with the control problem of nonlinear systems because it is especially suitable for dealing with
unknown nonlinearity.

In fact, due to the complexity and diversity of nonlinear systems, any single control method cannot achieve satisfac-
tory performance. Therefore, it is of great theoretical and practical significance to combine different control methods.
In particular, by combining adaptive control technology and intelligent control technology, a large number of control
methods have been proposed, such as neural networks (NNs)-based control,14-16 fuzzy logic systems (FLSs)-based con-
trol.17-20 In recent years, multi-dimensional Taylor network (MTN), a novel NN with special structure, has been proposed
to solve the control problem of nonlinear systems and many meaningful results have been obtained for general nonlinear
systems,21,22 single-in single-out nonlinear systems,23,24 multiple-input multiple-output nonlinear systems,25,26 nonlin-
ear input-delay systems,27 etc. Although many developments have been achieved for nonlinear systems based on MTN
technology, most of the above results ignored the existence of constraints, including input constraints and state
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constraints. So, it is important to further study nonlinear systems with full state constraints and input saturation based
on MTN.

On one hand, increasing attention has been paid on nonlinear systems with state constraints due to the needs of engi-
neering. Since the violation of state constraints may result in reduced the control effect and even destroyed the stability
of the system, and various effective methods have been gradually proposed.28,29 In particular, the barrier Lyapunov func-
tions (BLFs) method has become an important method to solve the problem of state constraints, and a series of effective
adaptive tracking control approaches have been developed, and many types of BLFs have been proposed, such as loga-
rithmic BLFs,30-32 integral BLFs,9 tangent BLFs33,34 and the like. In addition, for the issue of asymmetric time-varying
full state constraints, the asymmetric barrier Lyapunov functions (ABLFs) were introduced in Reference 35 for a class
of nonlinear systems. This method has been applied to pure feedback nonlinear systems,36 time-varying delay nonlinear
systems,29 finite-time nonlinear systems37 and so on.

On the other hand, considering the restrictions of physical limitations and mechanical design, input con-
straint exists in many practical systems. The existence of input saturation is one of the main causes of insta-
bility in the control systems. In order to reduce the influence of input saturation on the system, many control
methods have been proposed, such as the compensation method38,39 and the approximation method.40,41 Based on
the above methods, by combining approximation-based methodology with adaptive backstepping approaches, many
control strategies have been developed for nonlinear systems with input saturation.42-44 However, to the author’s
knowledge, there are few results devoted to studying the nonlinear systems subject to asymmetric input satura-
tion and asymmetric time-varying full-state constraints under a unified framework, which also urges the study of
this paper.

Based on the above results, this paper focuses on the MTN-based tracking control design of nonlinear systems
with asymmetric time-varying full state constraints and input saturation. Firstly, an auxiliary smoothing function is
introduced to solve the problem of asymmetric input saturation. Secondly, by constructing ABLFs to ensure that all
states meet the given constraints, and then, a novel adaptive control strategy with simple structure is designed via
backstepping with the help of the approximation performance of MTN. The main contributions of this paper are
as follows:

(1) The MTN technology is integrated into the nonlinear system with time-varying full state constraints and input satu-
ration for the first time. For the sake of dealing with the problem of asymmetric full-state constraints, ABLFs is used
to avoid the constraint exceeding the limit, and a MTN is employed to approximate the unknown nonlinearity in the
system, so a simple MTN adaptive controller is designed, and the designed control scheme has good tracking effect
and practicability.

(2) For nonlinear systems with time-varying full state constraints, the problem of input saturation is rarely studied
at the same time. For the nonlinear systems and stochastic nonlinear systems, although the authors in Refer-
ences 28,45,46 have studied the systems with full state constraints and input saturation, these results focus on
general symmetric constant constraints rather than asymmetric time-varying full state constraints. Despite the
asymmetric time-varying full-state constraints problem has been considered in References 35-37, the research
on input saturation was ignored. In addition, compared with the non-strict feedback nonlinear systems with
full-state constraints,47 the problems studied in this paper are broader and the systems considered is more
general.

(3) The MTN-based control method proposed in this paper has the advantages of simple structure and good approxi-
mation effect. Despite that many developments have been developed for nonlinear systems with asymmetric input
saturation,48-50 the above control methods were only suitable for asymmetric constant input saturation rather than
asymmetric time-varying full state constraints. It is of interest to note that the previous results34,51 only focused on
the nonlinear systems with input dead-zone constraints. Therefore, they cannot be applied to the control problems
in this paper.

2 PROBLEM FORMULATION

2.1 Problem description

In this paper, the following form of nonlinear system is considered
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⎧
⎪
⎨
⎪
⎩

ẋi = xi+1 + fi
(

xi
)
, i = 1, … ,n − 1

ẋn = u (v) + fn
(

xn
)

y = x1

, (1)

where x1, x2, … , xn denote the system states with xi = [x1, … , xi]T ∈ Ri, for i = 1, … ,n. y ∈ R represents the output of
the system and fi ∶ Ri → R is uncertain nonlinear continuous function. In addition, u (v) ∈ R denotes the output of input
saturation, which can be described by the following asymmetric saturation model

u (v) =
⎧
⎪
⎨
⎪
⎩

uI , v ≤ uI

v, uI < v < uS

uS, v ≥ uS

, (2)

where v denotes the input signal with saturation nonlinearity, uI and uS are the supremum and infimum that the u (v)
can take, respectively.

Remark 1. It should be noted that the existence of input saturation often result in system instability. Therefore, it is an
important research direction to design a reasonable controller to eliminate or reduce the impact of input constraints on
system performance. The model (2) clearly shows that the mathematical description of the input saturation constraint
is discontinuous, and there are two sharp angles when v = uI and v = uS. As a result, the backstepping design method
cannot be used to construct control signals directly. To overcome this problem, approximation-based method will be used
to eliminate the influence of saturation nonlinearity on the system.

For the nonlinear system (1), the main task of this study is to develop an adaptive control strategy ensure that

(1) Every state xi (i = 1, … ,n) falls into its given set Ωxi =
{

xi| b−i (t) < xi < b+i (t) , b
±
i (t) ∶ R+ → R+}, where b−i (t) <

b+i (t) for i = 1, 2, … ,n.
(2) The system output y can follow the desired reference signal yd.

In order to achieve the control objectives better, the following assumptions are needed:

Assumption 1 (34). The reference signal yd and its derivative up to nth with respect to time t are continuous and
bounded.

Assumption 2 (34). For the reference signal yd and its ith time derivative y(i)d , there exist functions Yi (t) ∶ R+ → R+
, i =

0, 1, 2, … n − 1 satisfy Y 0 (t) ⩽ yd ⩽ Y 0 (t) and |
|
|
y(i)d

|
|
|
⩽ Yi, where Y 0 and Y 0 are the upper and lower bounds of Y0.

Remark 2. The Assumption 1 means that the reference signal yd can be used for controller design, which is commonly
considered in the tracking control problem of nonlinear systems. The Assumption 2 is a standard assumption condition
adopted widely in the full-state constraints,9,34 which is helpful for the controller design for the problem of full-state
constraints of nonlinear systems.

Remark 3. It is noted that the results given in References 28,45,46 are only focus on the nonlinear systems with full state
constraints. Different from References 28,45,46, the existence of asymmetric time-varying full state constraints causes
much difficulty for the analysis and synthesis of nonlinear systems. Therefore, the control issue considered in this paper is
more representative. In addition, it is worth noting that for the asymmetric time-varying full state constraints considered
in this paper, the asymmetric time-varying BLFs are selected in the backstepping process, which can not only solve the
case of constant constraints, but also the case of time-varying constraints.

2.2 Knowledge preparation

As described in Reference 30, for the sake of eliminating the impact of input saturation, a continuous function Ξ (x) is
introduced to obtain the following saturation model in order to approximate the saturation nonlinearity in the system

u (v) = ū ⋅ Ξ

(√
𝜋

2ū
v

)

, (3)
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F I G U R E 1 The structure diagram of MTN

where ū =
(

uS + 1
2

uI

)
+
(

uS − 1
2

uI

)
sign (v), and Ξ (⋅) is a Gaussian error function define as Ξ (x) = 2

√
𝜋

∫
x

0 e−s2 ds.
For the convenience, define a function as e (v) = u − 𝓁v. Then, (3) can be expressed as form u = 𝓁v + e (v), where 𝓁 > 0

is a constant.

Assumption 3 (52). There exist constants Δ > 0, 𝓁− and 𝓁+, such that e (v) ≤ Δ and 𝓁 ∈
[
𝓁−,𝓁+

]
.

Remark 4. It must be said that e (v) is bounded in Assumption 3 is reasonable from the practical point of view, which is
commonly adopted in the literature.52,53 Furthermore, the boundaries of Δ, 𝓁− and 𝓁+ are only used for stability analysis
and are not required in the controller design.

Lemma 1 (32). For ∀z ∈ R and ∀kc ∈ R+, if |z| < kc, the following inequality holds:

ln
k2q

c

k2q
c − z2q

<

z2q

k2q
c − z2q

(4)

where ln (⋅) is the logarithmic of ⋅, and q is a positive integer.

2.3 Multi-dimensional Taylor network

As shown in Figure 1, MTN is a three-layer feedforward neural network, including input layer, middle layer and output
layer. Considering that the concept and structure of MTN have been introduced in the recent work,21,22,26,27,54 only the
following lemma is stated for function approximation.

Lemma 2 (30). For a continuous function f (S) defined on a compact set Ω, it can be approximated by a MTN with any
given accuracy 𝜀 > 0. Namely,

f (S) = 𝜽∗TPmn(S) + 𝛾(S), |𝛾(S)| < 𝜀, (5)

where S = [s1, … , sn]T ∈ Rn is the input vector, Pmn (S) =
[
s1, … , sn, s2

1, s1s2, … , s1sn, s2s3, … , s2
n, sm

1 , … , sm
n
]T ∈ Rl

denotes the intermediate layer, which is made up of the polynomial combination of input vector. 𝜽∗ =
[
𝜃

∗
1 , … , 𝜃

∗
l

]T ∈ Rl

denotes the ideal weight vector and defined as 𝜽∗ ∶= arg min
𝜃∈Rl

{
supS∈Ω

|
|
|
f (S) − 𝜽TPmn(S)

|
|
|

}
.

3 MAIN RESULTS

3.1 Controller design

Define the intermediate variables z1 = x1 − yd and zi = xi − 𝛼i−1, i = 2, 3, … ,n, where 𝛼i−1 is intermediate virtual signals,
which will be designed later.
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Step 1: Combining z1 = x1 − yd with the first equation in system (1), one has

ż1 = x2 + f1 − ẏd, (6)

Then, considering the asymmetric time-varying BLF as follows

V1 =
𝜌 (z1)

2
ln

(
k2

b1 (t)

k2
b1 (t) − z2

1

)

+ 1 − 𝜌 (z1)
2

ln

(
k2

a1 (t)
k2

a1 (t) − z2
1

)

+ 1
2
̃𝜽

T
1 ̃𝜽1, (7)

where ̃𝜽1 = 𝜽1 − ̂𝜽1 is the parameter error, ka1 (t) = b−1 (t) − yd, kb1 (t) = b+1 (t) − yd and 𝜌 (z1) =
{

1, z1 ≥ 0
0, z1 < 0 .

Remark 5. For the convenience of later calculation, the variable t will be omitted.

Then, calculating the derivative of V1 with respect to time t in Θz1 = {z1 ∶ |ka1 ⩽ z1 ⩽ kb1}, one has

̇V 1 =
𝜌1 (z1)

kb1

̇kb1
(

k2
b1 − z2

1
)
− kb1

(
kb1 ̇kb1 − z1ż1

)

(
k2

b1 − z2
1
) + 1 − 𝜌1 (z1)

ka1

̇ka1
(

k2
a1 − z2

1
)
− ka1

(
ka1 ̇ka1 − z1ż1

)

(
k2

a1 − z2
1
) − ̃𝜽

T
1
̇

̂𝜽1

= 𝜌1 (z1)

(
̇kb1

kb1
− kb1 ̇kb1 − z1ż1

k2
b1 − z2

1

)

+ (1 − 𝜌1 (z1))

(
̇ka1

ka1
− ka1 ̇ka1 − z1ż1

k2
a1 − z2

1

)

− ̃𝜽
T
1
̇

̂𝜽1 (8)

Next, denote Kb1 =
z1
kb1

, Ka1 =
z1

ka1
and 𝜇1 =

𝜌1
k2

b1−z2
1
+ 1−𝜌1

k2
a1−z2

1
, (8) can be simplified to the form as follows

̇V 1 =
𝜌 (z1)Kb1

kb1
(
1 − K2

b1

)

(

ż1 −
̇kb1

kb1
z1

)

+ (1 − 𝜌1)Ka1

ka1
(
1 − K2

a1
)

(

ż1 − z1
̇ka1

ka1

)

− ̃𝜽
T
1
̇

̂𝜽1

=

(
𝜌1Kb1

kb1
(
1 − K2

b1

) +
(1 − 𝜌1)Ka1

ka1
(
1 − K2

a1
)

)

ż1 −

[
̇kb1

kb1

𝜌1Kb1

kb1
(
1 − K2

b1

) +
̇ka1

ka1

(1 − 𝜌1)Ka1

ka1
(
1 − K2

a1
)

]

z1 − ̃𝜽
T
1
̇

̂𝜽1

=

(
𝜌1

k2
b1 − z2

1
+ 1 − 𝜌1

k2
a1 − z2

1

)

z1ż1 −

[
̇kb1

kb1

𝜌1Kb1

kb1
(
1 − K2

b1

) +
̇ka1

ka1

(1 − 𝜌1)Ka1

ka1
(
1 − K2

a1
)

]

z1 − ̃𝜽
T
1
̇

̂𝜽1

= 𝜇1z1ż1 − ̃𝜽
T
1
̇

̂𝜽1 −

[
̇kb1

kb1

𝜌1Kb1

kb1
(
1 − K2

b1

) +
̇ka1

ka1

(1 − 𝜌1)Ka1

ka1
(
1 − K2

a1
)

]

z1. (9)

Taking (6) into consideration, (9) can be further expressed as follows

̇V 1 = 𝜇1z1
(

x2 + ̃f 1
)
− 𝜇2

1z2
1 − ̃𝜽

T
1
̇

̂𝜽1, (10)

where ̃f 1 = f1 − ẏd −
1
𝜇1

(
̇kb1
kb1

𝜌1Kb1
kb1(1−K2

b1)
+

̇ka1
ka1

(1−𝜌1)Ka1

ka1(1−K2
a1)

)

+ 𝜇1z1.

Remark 6. It should be noted that, when z1 ≥ 0, 𝜌1 = 1, then 1
𝜇1

(
̇kb1
kb1

𝜌1Kb1
kb1(1−K2

b1)
+

̇ka1
ka1

(1−𝜌1)Ka1

ka1(1−K2
a1)

)

=
̇kb1
kb1

z1, when z1 < 0, 𝜌1 = 1,

then 1
𝜇1

(
̇kb1
kb1

𝜌1Kb1
kb1(1−K2

b1)
+

̇ka1
ka1

(1−𝜌1)Ka1

ka1(1−K2
a1)

)

=
̇ka1
ka1

z1. Therefore, ̃f 1 is a continuous function.

Considering that unknown function ̃f 1 cannot be used to construct virtual controller, in the light of Lemma 2, a MTN
is employed to approximate ̃f 1 with any accuracy 𝜀1 > 0, that is

̃f 1 = 𝜽
T
1 Pm1 (Z1) + 𝛾1 (Z1) , |𝛾1 (Z1)| ≤ 𝜀1, (11)

where 𝛾1 (Z1) is approximation error.
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Then, substituting (11) into (10), one has

̇V 1 = 𝜇1z1
(

z2 + 𝛼1 + 𝜽T
1 Pm1 + 𝛾1

)
− 𝜇2

1z2
1 − ̃𝜽

T
1
̇

̂𝜽1, (12)

On the basis of Young’s Inequality, the following inequalities can be obtained

𝜇1z1z2 ≤
1
2
𝜇

2
1z2

1 +
1
2

z2
2, (13)

𝜇1z1𝛾1 ≤
1
2
𝜇

2
1z2

1 +
1
2
𝜀

2
1. (14)

Substituting (13) and (14) into (12), the following inequality holds

̇V 1 ≤ 𝜇1z1
(
𝛼1 + 𝜽T

1 Pm1

)
+ 1

2
z2

2 +
1
2
𝜀

2
1 − ̃𝜽

T
1
̇

̂𝜽1. (15)

Based on (15), the first intermediate virtual control signal 𝛼1 can be constructed as follows

𝛼1 = −𝜅1z1 − ̂𝜽
T
1 Pm1 , (16)

where 𝜅1 > 0 is a design constant.
Then, substituting (16) into (15), the following inequality can be obtained

̇V 1 ≤ 𝜇1z1

(
−𝜅1z1 − ̂𝜽

T
1 Pm1 + 𝜽

T
1 Pm1

)
+ 1

2
z2

2 +
1
2
𝜀

2
1 − ̃𝜽

T
1
̇

̂𝜽1

= −𝜅1𝜇1z2
1 +

1
2

z2
2 + ̃𝜽

T
1

(
𝜇1z1Pm1 −

̇

̂𝜽1

)
+ 1

2
𝜀

2
1. (17)

Step i (2 ≤ i ≤ n − 1): Combining zi = xi − 𝛼i−1 with the ith equation in system (1), one has

żi = xi+1 + fi − 𝛼̇i−1. (18)

Then, considering the asymmetric time-varying BLF as follows

Vi = Vi−1 +
𝜌 (zi)

2
ln

(
k2

bi

k2
bi − z2

i

)

+ 1 − 𝜌 (zi)
2

ln

(
k2

ai

k2
ai − z2

i

)

+ 1
2
̃𝜽

T
i ̃𝜽i, (19)

where ̃𝜽i = 𝜽i − ̂𝜽i is the error vector of parameter estimation, kai = b−i − Yi−1, kbi = b+i − Yi−1, and 𝜌 (zi) =
{

1, zi ≥ 0
0, zi < 0 .

Based on Mathematical Induction method, the following formulas can be summarized

̇V i−1 ≤ −
i−1∑

j=1
𝜅j𝜇jz2

j +
1
2

z2
i +

i−1∑

j=1

̃𝜽
T
j

(
𝜇jzjPmj −

̇

̂𝜽j

)
+ 1

2

i−1∑

j=1
𝜀

2
j , (20)

where 𝜅j > 0 is a positive constant.
Calculating the derivative of Vi with respect to time t inΘzi = {zi ∶ |kai ⩽ zi ⩽ kbi}, and denote Kbi =

zi
kbi

, Kai =
zi

kai
, and

𝜇i =
𝜌i

k2
bi−z2

i
+ 1−𝜌i

k2
ai−z2

i
, we have

̇V i = ̇V i−1 +
𝜌i (zi)

kbi

̇kbi
(

k2
bi − z2

i

)
− kbi

(
kbi ̇kbi − ziżi

)

(
k2

bi − z2
i

) + 1 − 𝜌i (zi)
kai

̇kai
(

k2
ai − z2

i

)
− kai

(
kai ̇kai − ziżi

)

(
k2

ai − z2
i

) − ̃𝜽
T
i
̇

̂𝜽i

= ̇V i−1 + 𝜇iziżi − ̃𝜽
T
i
̇

̂𝜽i −

[
̇kbi

kbi

𝜌iKbi

kbi
(
1 − K2

bi

) +
̇kai

kai

(1 − 𝜌i)Kai

kai
(
1 − K2

ai

)

]

zi. (21)
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Substituting (18) into (21), then (21) can be rewritten as follows

̇V i = ̇V i−1 + 𝜇izi (xi+1 + fi − 𝛼̇i−1) −

[
̇kbi

kbi

𝜌1Kbi

kbi
(
1 − K2

bi

) +
̇kai

kai

(1 − 𝜌i)Kai

kai
(
1 − K2

ai

)

]

zi − ̃𝜽
T
i
̇

̂𝜽i

= ̇V i−1 + 𝜇izi
(

xi+1 + ̃f i
)
− 1

2
z2

i − 𝜇
2
i z2

i − ̃𝜽
T
i
̇

̂𝜽i, (22)

where ̃f i = fi − 𝛼̇i−1 − 1
𝜇i

(
̇kbi
kbi

𝜌1Kbi
kbi(1−K2

bi)
+

̇kai
kai

(1−𝜌i)Kai

kai(1−K2
ai)

)

+ 𝜇izi + 1
2𝜇i

zi.

Considering that the unknown nonlinear function ̃f i cannot be used to construct virtual controller, according to
Lemma 2, a MTN is employed to approximate ̃f i with any accuracy 𝜀i > 0, that is

̃f i = 𝜽
T
i Pmi (Zi) + 𝛾i (Zi) , |𝛾i (Zi)| ≤ 𝜀i, (23)

where 𝛾i (Z1) is approximation error.
Substituting (23) into (22), the following inequality can be obtained

̇V i = ̇V i−1 + 𝜇izi
(

xi+1 + ̃f i
)
− 1

2
z2

i − 𝜇
2
i z2

i − ̃𝜽
T
i
̇

̂𝜽i

= ̇V i−1 + 𝜇izi
(

zi+1 + 𝛼i + 𝜽T
i Pmi + 𝛾i

)
− 1

2
z2

i − 𝜇
2
i z2

i − ̃𝜽
T
i
̇

̂𝜽i. (24)

By exploiting Young’s Inequality, the following two inequalities are easily obtained

𝜇izizi+1 ≤
1
2
𝜇

2
i z2

i +
1
2

z2
i+1, (25)

𝜇izi𝛾i ≤
1
2
𝜇

2
i z2

i +
1
2
𝜀

2
i . (26)

Using inequalities (25) and (26), (24) can be expressed in the following form

̇V i = ̇V i−1 + 𝜇izi
(

zi+1 + 𝛼i + 𝜽T
i Pmi + 𝛾i

)
− 1

2
z2

i − 𝜇
2
i z2

i − ̃𝜽
T
i
̇

̂𝜽i

≤ ̇V i−1 + 𝜇izi
(
𝛼i + 𝜽T

i Pmi

)
+ 1

2
z2

i+1 −
1
2

z2
i +

1
2
𝜀

2
i − ̃𝜽

T
i
̇

̂𝜽i. (27)

According to (27), designing the ith intermediate virtual signal 𝛼i as follows

𝛼i = −𝜅izi − ̂𝜽
T
i Pmi (28)

where 𝜅i > 0 is a design constant.
Substituting (20) and (28) into (27), the following formula can be proved to be correct

̇V i ≤ −
i∑

j=1
𝜅j𝜇jz2

j +
1
2

z2
i+1 +

i∑

j=1

̃𝜽
T
j

(
𝜇jzjPmj −

̇

̂𝜽j

)
+ 1

2

i∑

j=1
𝜀

2
j . (29)

Step n: Combining zn = xn − 𝛼n−1 with u = 𝓁v + e (v), one has

żn = 𝓁v + e (v) + fn − 𝛼̇n−1. (30)

Considering the following asymmetric time-varying BLF as

Vn = Vn−1 +
𝜌 (zn)

2
ln

(
k2

bn

k2
bn − z2

n

)

+ 1 − 𝜌 (zn)
2

ln
(

k2
an

k2
an − z2

n

)

+ 1
2
̃𝜽

T
n ̃𝜽n, (31)
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where ̃

𝜃n = 𝜃n − ̂

𝜃n is the error vector of parameter estimation, kan (t) = b−n − Yn−1, kbn (t) = b+n − Yn−1, and 𝜌 (zn) ={
1, zn ≥ 0
0, zn < 0 .

Then, similar to the previous steps, we can calculate the derivative of Vn with respect to time t in Θzn =
{zn ∶ |kan ⩽ zn ⩽ kbn}, and denote Kbn =

zn
kbn

, Kan =
zn

kan
and 𝜇n =

𝜌n
k2

bn−z2
n
+ 1−𝜌n

k2
an−z2

n
, we have

̇V n = ̇V n−1 + 𝜇nznżn −

[
̇kbn

kbn

𝜌Kbn

kbn
(
1 − K2

bn

) +
̇kan

kan

(1 − 𝜌)Kan

kan
(
1 − K2

an
)

]

zn − ̃𝜽
T
n
̇

̂𝜽n. (32)

Substituting (30) into (32), one has

̇V n = ̇V n−1 + 𝜇nzn
(
𝓁v + e (v) + ̃f n

)
− 1

2
z2

n − 𝜇2
nz2

n − ̃𝜽
T
n
̇

̂𝜽n, (33)

where ̃f n = fn − 𝛼̇n−1 − 1
𝜇n

(
̇kbn
kbn

𝜌Kbn
kbn(1−K2

bn)
+

̇kan
kan

(1−𝜌)Kan
kan(1−K2

an)

)

+ 𝜇nzn + 1
2𝜇n

zn.

Using Young’s Inequality, it can be verified that the following inequality is correct

𝜇nzne (v) ≤ 1
2
𝜇

2
nz2

n +
1
2
Δ2
. (34)

Then, substituting (34) into (33) to get the following formula

Vn = ̇V n−1 + 𝜇nzn
(
𝓁v + ̃f n

)
− 1

2
z2

n −
1
2
𝜇

2
nz2

n +
1
2
Δ2 − ̃𝜽

T
n
̇

̂𝜽n. (35)

According to Lemma 2, for any accuracy 𝜀n > 0, the unknown function ̃f n can be approximated by a MTN structure
with the form of 𝜽T

nPmn , that is

̃f n = 𝜽
T
nPmn (Zn) + 𝛾n (Zn) , |𝛾n (Zn)| ≤ 𝜀n, (36)

where 𝛾n (Zn) is approximation error.
Then, substituting (36) into (35), the following formula is easy to hold

̇V n = ̇V n−1 + 𝜇nzn
(
𝓁v + 𝜽T

nPmn + 𝛾n
)
− 1

2
z2

n −
1
2
𝜇

2
nz2

n +
1
2
Δ2 − ̃𝜽

T
n
̇

̂𝜽n. (37)

Further, on the basis of Young’s Inequality, the following inequalities can be obtained

𝜇nzn𝛾n ≤
1
2
𝜇

2
nz2

n +
1
2
𝜀

2
n. (38)

Consequently, (37) can be expressed as follows

̇V n ≤ ̇V n−1 + 𝜇nzn
(
𝓁v + 𝜽T

nPmn

)
+ 1

2
𝜀

2
n −

1
2

z2
n +

1
2
Δ2 − ̃𝜽

T
n
̇

̂𝜽n. (39)

According to (39), designing the actual control input v as follows

v = − 1
𝓁−

(
𝜅n |zn| +

|
|
|
̂𝜽

T
nPmn

|
|
|

)
sgn (zn) , (40)

where 𝜅n > 0 is a design constant.
According to inequality (29), we can get the following formula

̇V n−1 ≤ −
n−1∑

j=1
𝜅j𝜇jz2

j +
1
2

z2
n +

n−1∑

j=1

̃𝜽
T
j

(
𝜇jzjPmj −

̇

̂𝜽j

)
+ 1

2

n−1∑

j=1
𝜀

2
j . (41)
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Substituting (40) and (41) into (39), the following inequality holds

̇V n ≤ −
n∑

j=1
𝜅j𝜇jz2

j +
n∑

j=1

̃𝜽
T
j

(
𝜇jzjPmj −

̇

̂𝜽j

)
+ 1

2

n∑

j=1
𝜀

2
j +

1
2
Δ2
. (42)

Then we can design the adaptive law according to (42) as follows

̇

̂𝜽j = −𝜛j ̂𝜽j + 𝜇jzjPmj , (43)

where j = 1, 2, … ,n, and 𝜛j is a positive design parameter.
Substituting (43) into (42), the following inequality holds

̇V n ≤ −
n∑

j=1
𝜅j𝜇jz2

j +
n∑

j=1
𝜛j ̃𝜽

T
j ̂𝜽j +

1
2

n∑

j=1
𝜀

2
j +

1
2
Δ2
. (44)

Since 𝜇j =
𝜌j

k2
bj−z2

j
+ 1−𝜌j

k2
aj−z2

j
, combining with Lemma 1, we can get the time derivative of Vn as follows

̇V n ≤ −
n∑

j=1
𝜅j

(

𝜌j
z2

j

k2
bj − z2

j

+
(
1 − 𝜌j

) z2
j

k2
aj − z2

j

)

+
n∑

j=1
𝜛j ̃𝜽

T
j ̂𝜽j +

1
2

n∑

j=1
𝜀

2
j +

1
2
Δ2

≤ −
n∑

j=1
𝜅j

(

𝜌j ln

(
k2

bj

k2
bj − z2

j

)

+
(
1 − 𝜌j

)
ln

(
k2

aj

k2
aj − z2

j

))

+
n∑

j=1
𝜛j ̃𝜽

T
j ̂𝜽j +

1
2

n∑

j=1
𝜀

2
j +

1
2
Δ2
. (45)

In this way, the design of the controller is completed. Figure 2 clearly describes the whole design process.

F I G U R E 2 Control design process
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3.2 Stability analysis

According to the above work, the main conclusions of this paper can be summarized as follows:

Theorem 1. Consider nonlinear system (1) with asymmetric time-varying full state constraints and input saturation under
Assumptions 1–3, if the actual control input (40), the intermediate virtual control signals (16), (28), and the adaptive law
(43) are selected, then it can ensure that all states do not exceed asymmetric constraints, and the system output y can track
the given reference signal yd.

Proof. For the stability analysis of the closed-loop system (1), we define the following asymmetric Lyapunov function

V =
n∑

i=1

(
𝜌 (zi)

2
ln

k2
bi

k2
bi − z2

i

+ 1 − 𝜌 (zi)
2

ln
k2

ai

k2
ai − z2

i

)

+ 1
2

n∑

i=1

̃𝜽
T
i ̃𝜽i. (46)

According to (45), the derivative of V with respect to time t is as follows

̇V ≤ −
n∑

i=1
𝜅i

(

𝜌i ln
k2

bi

k2
bi − z2

i

+ (1 − 𝜌i) ln
k2

ai

k2
ai − z2

i

)

+
n∑

i=1
𝜛i ̃𝜽

T
i ̂𝜽i +

1
2

n∑

i=1
𝜀

2
i +

1
2
Δ2
, (47)

where 𝜅i, 𝜛i, Δ and 𝜀i are positive design parameters.
By the Young’s Inequality, the term

∑n
i=1𝜛i ̃𝜽

T
i ̂𝜽i in (47) can be decomposed as follows

n∑

i=1
𝜛i ̃𝜽

T
i ̂𝜽i ≤ −

1
2

n∑

i=1
𝜛i ̃𝜽

T
i ̃𝜽i +

1
2

n∑

i=1
𝜛i‖𝜽i‖

2
. (48)

Substituting (48) into (47) leads to

̇V ≤ −
n∑

i=1
𝜅i

(

𝜌i ln
k2

bi

k2
bi − z2

i

+ (1 − 𝜌i) ln
k2

ai

k2
ai − z2

i

)

− 1
2

n∑

i=1
𝜛i ̃𝜽

T
i ̃𝜽i +

1
2

n∑

i=1
𝜛i‖𝜽i‖

2 + 1
2

n∑

i=1
𝜀

2
i +

1
2
Δ2
. (49)

Denote 𝜏i = min {𝜅i, 𝜛i} , i = 1, 2, … ,n, 𝜏0 = min {𝜏1, 𝜏2, … , 𝜏n}, and h0 = 1
2

∑n
i=1𝜛i‖𝜽i‖

2 + 1
2

∑n
i=1𝜀

2
i +

1
2
Δ2. Then,

the inequality (49) can be written as follows

̇V ≤ −𝜏0V + h0. (50)

From (50), we can get the following inequality

0 ≤ V (t) ≤

(

V (0) − h0

𝜏0

)

e−𝜏0t + h0

𝜏0
. (51)

Because of 𝜏0 > 0, we can conclude that V (t) is bounded according to inequality (51), and V (t) takes h0
𝜏0

as the upper
bound. At the same time, all signals of the closed-loop system are bounded. And the tracking error can be arbitrarily small
by selecting appropriate design parameters. In addition, since considered variable z1 = x1 − yd satisfies ka1 ≤ z1 ≤ kb1 and
ka1 = b−1 − yd, kb1 = b+1 − yd, then we have ka1 + yd ≤ x1 ≤ kb1 + yd, that is, b−1 ≤ x1 ≤ b+1 . In the same principle, according
to zi = xi − 𝛼i−1, kai = b−i − Yi−1, kbi = b+i − Yi−1 and 𝛼i−1 ≤ Yi−1, we can prove that b−i ≤ xi ≤ b+i for i = 2, … ,n. Therefore,
we can determine that all states are constrained in an asymmetric region.

Remark 7. During the design process, numerous design parameters are involved. According to the previous design and
analysis, the tracking performance can be improved by increasing 𝜏0 or decreasing h0. As a result, we can increase 𝜏0 by
increasing 𝜅i and𝜛i, and decrease h0 by decreasing𝜛i, 𝜀i, andΔ. However, as the parameter𝜛i increases, h0 grows larger
and larger, and a larger 𝜅i leads to a larger u. Therefore, the design parameters should be carefully adjusted in practice to
achieve appropriate transient performance and control objectives.

▪
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4 SIMULATION STUDIES

The following three simulation examples are given to prove the effectiveness and applicability of the MTN-based control
scheme proposed in this paper.

Example 1. Considering the nonlinear system with time-varying full state constraints and input saturation, the descrip-
tion is as follows

⎧
⎪
⎨
⎪
⎩

ẋ1 = x2 − x1e0.5x1

x2 = u (v) + 0.5x1 cos x2
2

y = x1,

(52)

where x1 and x2 are system states with [x1 (0) , x2 (0)]T = [0, 0]T. According to Theorem 1, the control strategy of the system
(52) can be designed as 𝛼1 = −𝜅1z1 − ̂𝜽

T
1 Pm1 , v = − 1

𝓁−

(
𝜅2 |z2| +

|
|
|
̂𝜽

T
2 Pm2

|
|
|

)
sgn (z2) and ̇

̂𝜽j = −𝜛j ̂𝜽j + 𝜇jzjPmj , j = 1, 2.
In the simulation, the desired tracking signal is selected as yd = 0.5 sin 0.5t, the asymmetric constraints of states

are described as b−1 < x1 < b+1 , and b−2 < x2 < b+2 , the upper and lower limits are taken as b−1 = −0.1 + 0.5 sin 0.5t, b+1 =
0.1 + 0.5 sin 0.5t, b−2 = −0.4 + 0.5 sin 0.5t and b+2 = 0.6 + 0.5 sin 0.5t, respectively. Then, the parameters of u (v) are selected
as uS = 1 and uI = 0.5. The design parameters are selected as ka1 = −0.5 sin 0.5t − 0.6, kb1 = 0.5 sin 0.5t + 0.6, ka2 =
−0.5 sin 0.5t − 1.1, kb2 = 0.5 sin 0.5t + 1.1, 𝜅1 = 20, 𝜅2 = 1, 𝓁− = 1, 𝜛1 = 1, 𝜛2 = 2.

The simulation results are shown in Figures 3–7. It can be clearly seen from Figure 3 that the obtained tracking effect
is satisfactory, and state x1 doesn’t violate the asymmetric time-varying constraint boundary. Similarly, it can be seen
from Figure 4 that the trajectory of x2 doesn’t transgress the constraint boundary. Figures 5–6 describe the trajectory of
the controller and the adaptive law, and Figure 7 shows the error trajectory curve. According to the simulation results,
it can be seen that all signals of the closed-loop systems are bounded, and the tracking error is controlled in a small
neighborhood near the origin, and within the set constraint range, which shows that the designed control strategy is
effective and reasonable.

Example 2. In order to further illustrate the feasibility of the scheme, consider the Duffing-Holmes19 system as follows

⎧
⎪
⎨
⎪
⎩

ẋ1 = x2

x2 = u + x1 − x2 − x3
1 + 0.2 cos (0.1t)

y = x1,

(53)
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F I G U R E 3 The trajectories of y and the tracking signal yd of system (52)
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F I G U R E 4 Trajectory of state x2 with constraints
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F I G U R E 5 Trajectory of control input u of the system
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F I G U R E 6 The trajectory of the designed adaptive law
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F I G U R E 7 Error trajectory with constraints
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F I G U R E 8 The trajectories of output y and the tracking signal yd of system (53)

where x1 and x2 are system states with [x1 (0) , x2 (0)]T = [0, 0]T. According to Theorem1, the control strategy of the system
(53) can be designed as 𝛼1 = −𝜅1z1 − ̂𝜽

T
1 Pm1 , v = − 1

𝓁−

(
𝜅2 |z2| +

|
|
|
̂𝜽

T
2 Pm2

|
|
|

)
sgn (z2) and ̇

̂𝜽j = −𝜛j ̂𝜽j + 𝜇jzjPmj , j = 1, 2.
In the simulation, the desired tracking signal is selected as yd = 0.5 sin 0.5t, the asymmetric constraints of states

are described as b−1 < x1 < b+1 and b−2 < x2 < b+2 , the upper and lower boundaries are taken as b−1 = −0.1 + 0.5 sin 0.5t,
b+1 = 0.1 + 0.5 sin 0.5t, b−2 = −0.7 + 0.5 sin 0.5t and b+2 = 0.6 + 0.5 sin 0.5t, respectively. The parameters of u (v) are selected
as uS = 1 and uI = −0.8. Then choose ka1 = −0.5 sin 0.5t − 0.6, kb1 = 0.5 sin 0.5t + 0.6, ka2 = −0.5 sin 0.5t − 1.1, kb2 =
0.5 sin 0.5t + 1.1, 𝜅1 = 20, 𝜅2 = 10, 𝓁− = 1, 𝜛1 = 1 and 𝜛2 = 2 as design parameters.

The simulation results are shown in Figures 8-12. It can be clearly seen from the Figure 8 that the output y tracks
the desired reference signal yd, and the tracking effect is gratifying. The full states do not violate the given asymmetric
boundary, and the error trajectory converges to a small neighborhood of the origin. The designed controller and adaptive
law are also successfully constrained within a certain range. All the above verify the effectiveness and practicability of the
control scheme designed in this paper.
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F I G U R E 9 Trajectory of state x2 with constraints
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F I G U R E 11 The trajectory of the designed adaptive law
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F I G U R E 12 The trajectory of error with constraints
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F I G U R E 13 Trajectory comparison results of MTN and RBFNN

Remark 8. Simulation result of Examples 1 and 2 shows that, it can be determined that the proposed controller can
implement the tracking performance when the control parameters meet 𝜅i > 0 and𝜛i > 0. But it is important to note that
the above parameters must be appropriately selected for the purpose of achieving the control target and obtain satisfactory
control effect.

Example 3 (Comparative experiment). In order to verify the effectiveness of the proposed scheme, in the control struc-
ture of Example 1, all MTNs are substituted by radial basis function neural networks (RBFNNs). The simulation result
is displayed in Figure 13, where yd denotes the given reference signal, b+1 and b−1 denote the asymmetric upper and
lower boundaries of state x1, respectively. yMTN and yRBFNN denote the system output based on MTN method and RBFNN
method, respectively.

As illustrated in Figure 13, both MTN-based controller and RBFNN-based controller can implement the tracking
control of the desired reference signal. However, the former can guarantee that no state exceeds the given asymmetry
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constraint, whereas the latter cannot. As a result, we can conclude that the former has a better control effect than the
latter. Furthermore, compared to RBFNN, MTN has a simpler structure and lower complexity. Therefore, the control
approach proposed in this article offers adequate control at a low cost.

5 CONCLUSION

A MTN adaptive tracking control scheme has been developed for a class of nonlinear systems with asymmetric
time-varying full state constraints and input saturation. With the help of auxiliary function, the influence of system input
saturation is eliminated to a certain extent. The time-varying ABLFs are selected as candidate Lyapunov functions to
control the system state variables to fall within the asymmetric constraint range. In the controller design, the MTN con-
trol technology is integrated into the backstepping process, and the MTN structure is used to approximate the nonlinear
function to construct a simple tracking controller. The proposed scheme ensures that all state variables do not violate the
time-varying constraints, all signals of the closed-loop system are bounded, and a good tracking effect is obtained.

It should be noted that the output constraints and the stochastic disturbance frequently during the process of control
system, and how to eliminate the negative effects of output constraints and the stochastic disturbance is of great signif-
icance. Therefore, our future research will be devoted to handle such a problem for nonlinear systems with asymmetric
time-varying full state constrained based on the proposed MTN-based approch.
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