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Abstract

In this paper, the adaptive multi-dimensional Taylor network (MTN) control

problem is investigated for nonlinear stochastic systems with full state time-

varying constraints and the finite-time output constraint. By combining the

MTN-based approximation method and the adaptive backstepping control

method, a novel adaptive MTN control scheme is provided by constructing the

time-varying barrier Lyapunov function (TVBLF). To implement the finite-

time output constraint, the finite-time performance function (FTPF) is intro-

duced in the control scheme. The proposed scheme can ensure that the track-

ing error finally converges to a small neighborhood of the origin in the finite-

time and all signals in the closed-loop system are semi-globally uniformly ulti-

mately bounded (SGUUB) in probability. Finally, two simulation examples are

presented to show the effectiveness of the provided control scheme.

KEYWORD S

adaptive control, finite-time performance function, multi-dimensional Taylor network,
nonlinear stochastic systems, time-varying barrier Lyapunov function

1 | INTRODUCTION

Stochastic disturbances exist widely in many practical
systems, and they may reduce system performance or
cause instability [1,2]. Driven by these problems and the
practical engineering demand, the control problem for
nonlinear stochastic systems has been paid an increas-
ingly attention, and many significant methods have been
proposed [3–12]. On the whole, the existing control
methods for nonlinear stochastic systems can be mainly
divided into two categories according to different stochas-
tic Lyapunov functions. By using the quadratic Lyapunov
function, Pan and Basar [3] proposed a backstepping-
based control scheme for nonlinear stochastic systems via
the risk-sensitive cost criterion. Afterwards, a lot of con-
trol problems of nonlinear stochastic systems have been

further investigated based on the above functions [5–7].
As another alternative, the quartic Lyapunov function
was introduced to handle some special terms in the
Lyapunov analysis which arise due to the differentiation
rule in the process of designing controllers for nonlinear
stochastic systems [8]. At present, this method is widely
applied to several different problems, such as tracking
control [4], decentralized control [10,11], and control of
high-order systems [9,12]. However, it is difficult to solve
the problems such as unknown functions and uncer-
tainties only by the aforementioned control methods.

In consideration of the above problems, many approx-
imation methods, such as fuzzy logic systems (FLSs)
methods [13,14], neural network (NN) methods [15–19],
and multi-dimensional Taylor network (MTN) methods
[20,21], have been widely used in the control problems of
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nonlinear stochastic systems. Compared with NN or
FLSs, the MTN has the advantages of the simple struc-
ture, the good real-time performance, and the low com-
putational cost. Therefore, the MTN control method has
received increasing attention, and many achievements
have been reported [22–30]. For example, by using the
MTN-based control methods, the asymptotically tracking
problem and the optimal control problem were consid-
ered for nonlinear systems [22,23], respectively. At the
moment, this control method has been naturally
extended to nonlinear stochastic systems, such as the sto-
chastic system with input dead-zone [24], the uncertain
nonlinear stochastic system [25,26], and the large-scale
nonlinear stochastic system [27]. Although many impor-
tant MTN-based results have been obtained in the study
of nonlinear stochastic systems, the research results on
full state constraints systems are still insufficient.

As we know, full state constraints problems are ubiq-
uitous in many practical control areas, and violating con-
straints may cause poor performance of the control
systems [31,32]. Therefore, the full state constraints prob-
lem cannot be ignored in the controller design process.
To resolve this problem, the barrier Lyapunov function
(BLF) has been proposed in [33]. At the moment, several
different styles of BLFs have been widely used to solve
control problems of full state constraints systems, such as
log-type [34], integral-type [35], and tan-type [36]. Espe-
cially, Zhu et al. [37] recently proposed a tracking control
scheme based on the time-varying barrier Lyapunov
function (TVBLF) for state constraints systems. However,
it is worth noting that the stochastic disturbances have
not been taken into account in [32]. On the other hand,
practical systems often require that the tracking error
converges to a small neighborhood of the origin in the
finite-time [38–40]. Therefore, many finite-time control
schemes have been obtained for several different systems
[41–48], such as nonlinear stochastic systems [41], and
full state constraints stochastic systems [44], non-
triangular stochastic systems [47], and high-order sto-
chastic systems [48]. However, there are few results on
finite-time output constraint of nonlinear stochastic sys-
tems with full state constraints, which motivate our
research.

Based on the above observations, this paper investi-
gates the adaptive control problem for nonlinear stochas-
tic systems with full state time-varying constraints and
the finite-time output constraint. An adaptive MTN con-
trol scheme is developed by constructing the proper
TVBLF. In this scheme, the MTNs are employed to
approximate the unknown functions in the process of the
controller design, and a finite-time performance function
(FTPF) is introduced to implement the finite-time output
constraint. The proposed control scheme can guarantee

that the tracking error finally converges to a small neigh-
borhood of the origin in the finite-time and all the signals
in the closed-loop system are bounded in probability.
Finally, the simulation results illustrate the effectiveness
of the provided control scheme. Compared with the exis-
ting works, the main contributions of this paper are as
follows:

i. A novel adaptive MTN scheme is first presented for
nonlinear stochastic systems with full state time-
varying constraints and the finite-time output con-
straint. In the current MTN-based research results
[20–30], the existing MTN control schemes cannot be
directly utilized to dispose of the control problem of
the systems considered in this paper. The MTN
method is successfully extended to the stochastic sys-
tem in this paper.

ii. In this paper, the stochastic disturbances, the full
state constraints and the finite-time output constraint
of stochastic systems are considered at the same
time. Compared with the research results of state
constraints systems [32–36] and the existing finite-
time control results [42–45], the proposed scheme
can guarantee that the state variables of stochastic
systems satisfy time-varying constraints and the
tracking error converges to a small neighborhood of
the origin at a settling time.

iii. The online computation burden of the proposed con-
trol scheme has greatly alleviated thanks to the sim-
ple structure of the MTN. Therefore, we can draw a
conclusion that the proposed MTN-based control
scheme has excellent practical value.

2 | SYSTEM DESCRIPTION AND
PRELIMINARIES

2.1 | Problem description

In this paper, consider the nonlinear stochastic system as
follows:

dxi tð Þ¼ f i xi tð Þð Þþhi xi tð Þð Þxiþ1 tð Þ½ �dtþ gΤi xi tð Þð Þdω
1≤ i≤n�1

dxn tð Þ¼ f n xn tð Þð Þþhn xn tð Þð Þu½ �dtþ gΤn xn tð Þð Þdω
y¼ x1 tð Þ

8>>><>>>:
ð1Þ

where xn tð Þ ¼ x1,x2, � � �,xn½ �T �Rn denotes state vectors
of the system and xi tð Þ ¼ x1,x2, � � �,xi½ �T � Ri. f i �ð Þ :
Ri !R and hi �ð Þ :Ri !R are the unknown nonlinear
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functions with f i 0ð Þ¼ 0. u�R and y�R are the input
and output of the system, respectively. gi �ð Þ :Ri !Rr are
the unknown functions and satisfy gi 0ð Þ¼ 0. ω is an inde-
pendent r-dimensional standard Wiener process. For the
system (1), all states xi are restricted in the sets
Ωxi ¼ xi �R xij jj < kci tð Þf g, where kci tð Þ are time-varying
continuous functions.

The control objective of this paper is to design a novel
adaptive MTN control scheme for the stochastic system
(1), which shall meet the following requirements: (i) the
system output y can track the given reference signal yd
and the tracking error finally converges to a small neigh-
borhood of the origin in the finite-time; (ii) all the signals
in the closed-loop system are semi-globally uniformly
ultimately bounded (SGUUB) in probability and the sys-
tem states satisfy the given limited conditions.

2.2 | Preliminaries

In order to introduce the definitions and theorems of the
nonlinear stochastic system, consider the following
system

dx tð Þ¼ f x tð Þð Þdtþg x tð Þð Þdω ð2Þ

where x�Rn is the system state, ω is an independent
r-dimensional standard Wiener process, and f :Rn !Rn,
g :Rn !Rn�r stand for unknown smooth nonlinear func-
tions and satisfy f 0ð Þ¼ 0, g 0ð Þ¼ 0.

Definition 1. [37]: Consider the nonlinear
stochastic system (2), for any function
V x, tð Þ�C2, the differential operator ℒ is
defined as follows:

ℒV x, tð Þ¼ ∂V
∂t

þ ∂V
∂x

f þ1
2
Tr gT

∂2V
∂x2

g

� �
ð3Þ

where C2 denotes the set of all functions with twice
continuous partial derivative.

Lemma 1. [33]: For the nonlinear stochastic
system (2), there exists a Lyapunov function
V xð Þ, for constants a>0 and b>0, such that

ϕ1 xj jð Þ≤V xð Þ≤ϕ2 xj jð Þ
ℒV xð Þ≤ �aV xð Þþb

�
where ϕ1 and ϕ2 are K∞-functions, then, the system (2)
has a unique strong solution and the following inequality
holds

E V tð Þð Þ≤V 0ð Þe�atþ b
a

2.3 | Finite-time output constraint

To achieve the control objective (i), the following defini-
tion is introduced.

Definition 2. [49]: A continuous function
v tð Þ is named as the finite-time performance
function (FTPF), if it satisfies the following
properties:

1. v 0ð Þ>0;
2. _v tð Þ≤ 0;
3. limt!Tf v tð Þ¼ vTf >0 and v tð Þ¼ vTf for any t≥Tf

where vTf and Tf are the arbitrarily small constant
and settling time, respectively.

With the consideration of the properties in Definition 2, a
FTPF is defined as

v tð Þ¼ v0� t
Tf

� �
e
1� Tf

Tf �t þ vTf , t� 0,Tf
� �

vTf , t � Tf ,þ∞
� �

8><>: ð4Þ

where v0 > 1 and vTf >0 are parameters to be designed.

Remark 1. The function v tð Þ satisfies all the
properties in Definition 2, and the initial con-
dition of v tð Þ is v 0ð Þ¼ v0þ vTf . Apparently,
v tð Þ is a continuous function.

2.4 | Relative lemmas and assumptions

For the controller design, the following lemmas and
assumptions is presented.

Lemma 2. [37]: For any zj j< kb tð Þ, the fol-
lowing inequality holds

log
k4b tð Þ

k4b tð Þ� z4
≤

z4

k4b tð Þ� z4

where z�R, kb tð Þ>0 is a time-varying function.

WANG ET AL. 3
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In this paper, the MTNs are used to estimate
unknown smooth nonlinear functions in the system. The
MTN is composed by polynomials, which includes the
input, middle and output layers. The more details of the
MTN are available at research results [18–25]. We only
introduce the approximation theory of the MTN as
follows:

Lemma 3. [24]: On a compact set ΩZ �Rn,
for any continuous smooth nonlinear func-
tion f Zð Þ, there exists a MTN φ�TSmn Zð Þ, for
8ε>0, such that

f Zð Þ¼φ�TSmn Zð Þþδ Zð Þ, j δ Zð Þ j ≤ ε ð5Þ

where Z¼ z1,z1,…,zn½ �Τ, Smn Zð Þ¼

z1,z2,…,zn|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
1 term

,z21,z
2
2,…,z2n|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

2 term

,…,zm1 ,zm2 ,…,zmn|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
m term

264
375
T

, and δ Zð Þ is the

approximation error. φ� ¼ φ1,φ2,…,φn½ �T is the optimal
weight vector and defined by

φ� ≔ arg min
φ � RN

sup
Z � ΩZ

f Zð Þ�φTS Zð Þ		 		( )
ð6Þ

Remark 2. Even though the MTN and NN are
all three-layer network structure in form,
their principles are different. The NN intro-
duce basic function such as exponential func-
tions, partial fractions and step to achieve
nonlinear transformation, which have short-
comings of the long training time and high
computational complexity. However, the
MTN approximates the nonlinear functions
by making full use of orthogonal polynomials.
Compared with the NN, the MTN has a sim-
pler structure and better real-time perfor-
mance. Therefore, the MTN has better
approximation capability.

Assumption 1. [49]: The signs of hi xið Þ
are constant, and there exist constants
hi0 > 0 and hi1 > 0, 1≤ i≤n, such that
0< hi0 ≤ hi xið Þj j≤ hi1. Without loss of general-
ity, we can assume that hi0 ≤ hi xið Þ≤ hi1.

Assumption 2. [33]: The desired signal yd tð Þ
satisfies yd tð Þj j≤A1 tð Þ< kc1 tð Þ and its ith time
derivative y ið Þ

d tð Þ satisfy y ið Þ
d tð Þ
			 			≤Ci tð Þ,

i¼ 1,…,n, where A1 tð Þ and Ci tð Þ>0 are con-
tinuous functions.

3 | CONTROLLER DESIGN

In this chapter, an adaptive MTN controller will be
designed by using the backstepping technology.

Firstly, a change of coordinates is introduced as
follows:

zi ¼ xi�αi�1 i¼ 1,2, � � �,nð Þ ð7Þ

where αi�1 are the intermediate virtual control signals,
which will be designed later, and α0 ¼ yd.

According (1) and (7), we have

dz1 ¼ f 1 x1ð Þþh1 x1ð Þx2� _yd½ �dtþ gΤ1 x1ð Þdω

dzi ¼ f i xið Þþhi xið Þxiþ1�Δαi�1½ �dtþ gi�
Pi�1

j¼1

∂αi�1
∂xj

gj

 !T

dω

i¼ 2, � � �,n�1

dzn ¼ f n xnð Þþhn xnð Þu�Δαn�1½ �dtþ gn�
Pn�1

j¼1

∂αi�1
∂xj

gj

 !T

dω

8>>>>>>>>>><>>>>>>>>>>:
ð8Þ

with Δαi�1 ¼
Pi�1

j¼1

∂αi�1
∂xj

f jþhjxjþ1


 �
þPi�1

j¼0

∂αi�1

∂y jð Þ
d

y jþ1ð Þ
d þPi�1

j¼1

∂αi�1

∂bφj

_bφjþ 1
2

Pi�1

j,k¼1

∂2αi�1
∂xj ∂xk

gΤj gkþ
Pi�1

p¼1

Pi�1�p

q¼0

∂αi�1

∂k qð Þ
bp

k qþ1ð Þ
bp

, where bφj

are the MTN parameters and _bφj are the adaptive laws,
which will be determined later.

Step 1: Consider the stochastic Lyapunov function
candidate as

V1 ¼ 1
4
log

k4b1 tð Þ
k4b1 tð Þ� z41

þ1
2
h10eφT

1Γ
�1
1 eφ1 ð9Þ

where kb1 tð Þ¼ v tð Þ> z1, Γ1 ¼ΓT
1 > 0 is a symmetric posi-

tive definite matrix, eφ1 ¼φ1� bφ1 is the parameter error
vector.

According to Definition 1 and (9), we have

ℒV1 ¼� z41
v4 tð Þ� z41ð Þ

_v tð Þ
v tð Þþ

z31
v4 tð Þ� z41

f 1þh1x2� _yd½ �

þ z21 3v4 tð Þþ z41
� �

2 v4 tð Þ� z41ð Þ2 gT1g1�h10eφT
1Γ

�1
1

_bφ1 ð10Þ

By using Young's Inequality, we obtain

4 WANG ET AL.
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z21 3v4 tð Þþ z41
� �

2 v4 tð Þ� z41ð Þ2 gT1g1 ≤
z41 3v4 tð Þþ z41
� �2
8 v4 tð Þ� z41ð Þ4 g1k k4þ1

2
ð11Þ

Substituting (11) into (10), we have

ℒV1 ≤ � z41
v4 tð Þ� z41ð Þ

_v tð Þ
v tð Þþ

z31
v4 tð Þ� z41

f 1þh1x2
� 
þ1

2

�h10eφT
1Γ

�1
1

_bφ1�
h10
2

z61
v4 tð Þ� z41ð Þ2�

3z41h1

4 v4 tð Þ� z41ð Þ4=3
ð12Þ

where f 1 ¼ f 1� _ydþ
z1 3v4 tð Þþz41ð Þ2
8 v4 tð Þ�z41ð Þ3 g1k k4þ z31

2 v4 tð Þ�z41ð Þþ
3z1

4 v4 tð Þ�z41ð Þ1=3.

As we all know, f 1 is a unknown function. By
Lemma 3, we can use a MTN φT

1Sm1 z1ð Þ to estimate f 1. In
other words, for 8δ1 > 0, a MTN φT

1Sm1 z1ð Þ is applied to
approach f 1, such that

f 1 ¼φT
1Sm1 z1ð Þþδ1 z1ð Þ, δ1 z1ð Þj j≤ δ1 ð13Þ

where z1 ¼ z1½ �T is the input of the MTN and δ1 z1ð Þ is the
approximation error.

By Young's Inequality, we obtain

z31
v4 tð Þ� z41

δ1 z1ð Þ≤ h10
2

z61
v4 tð Þ� z41ð Þ2þ

1
2h10

δ
2
1 ð14Þ

z31h1z2
v4 tð Þ� z41

≤
3z41h1

4 v4 tð Þ� z41ð Þ4=3
þ1
4
z42h1 ð15Þ

Substituting (7), (13), (14) and (15) into (12), we have

ℒV1 ≤ � z41
v4 tð Þ� z41ð Þ

_v tð Þ
v tð Þþ

z31
v4 tð Þ� z41

φT
1Sm1 z1ð Þþh1α1

� 
þ1
2

�h10eφT
1Γ

�1
1

_bφ1þ
1

2h10
δ
2
1þ

1
4
z42h1

ð16Þ

Based on (16), taking the intermediate control signal
α1 as

α1 ¼�k1z1� 1
h10

k1z1� bφT
1Sm1 z1ð Þ ð17Þ

where k1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_v tð Þ=v tð Þð Þ2þσ1

q
, k1 > 0 and σ1 > 0 are

design parameters.

By the definition of k1, we have

k1þ
_v tð Þ
v tð Þ >0 ð18Þ

According to Assumption 1 and (17), we obtain

z31h1α1
v4 tð Þ� z41

≤ �k1h10
z41

v4 tð Þ� z41
�k1

z41
v4 tð Þ� z41

� z31h10bφT
1Sm1 z1ð Þ

v4 tð Þ� z41

ð19Þ

Substituting (17), (18) and (19) into (16), we have

ℒV1 ≤ �k1h10
z41

v4 tð Þ� z41
þ1
4
z42h1þ

δ
2
1

2h10

þ1
2
þ eφT

1h10
z31Sm1 z1ð Þ
v4 tð Þ� z41ð Þ2�Γ�1

1
_bφ1

" # ð20Þ

Step i: Consider the stochastic Lyapunov function candi-
date as

Vi ¼Vi�1þ1
4
log

k4bi tð Þ
k4bi tð Þ� z4i

þ1
2
hi0eφT

i Γ
�1
i eφi ð21Þ

where eφi ¼φi� bφi is the parameter error vector, Γi ¼
ΓT
i >0 is a symmetric positive definite matrix.
According to Definition 1 and (21), we have

ℒVi ¼ℒVi�1� z4i

k4bi tð Þ� z4i

 � _kbi

kbi

þ z3i
k4bi tð Þ� z4i

f iþhixiþ1�Δαi�1½ �

þ
z2i 3k4bi tð Þþ z4i

 �

2 k4bi tð Þ� z4i

 �2 egTi egiþhi0eφT

i Γ
�1
i

_bφi ð22Þ

where egi ¼ gi�
Pi�1

j¼1

∂αi�1
∂xj

gj.

By Young's Inequality, we obtain

z2i 3k4bi tð Þþ z4i

 �

2 k4bi tð Þ� z4i

 �2 egTi egi ≤ z4i 3k4bi tð Þþ z4i


 �2
8 k4bi tð Þ� z4i

 �4 egik k4þ1

2
ð23Þ

Substituting (23) into (22), we have
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ℒVi ≤ℒVi�1� z4i _kbi

k4bi tð Þ� z4i

 �

kbi

þ z3i
k4bi tð Þ� z4i

f iþhixiþ1
� 
� hi0z6i

2 k4bi tð Þ� z4i

 �2

� 3z4i hi

4 k4bi tð Þ� z4i

 �4=3�hi0eφT

i Γ
�1
i

_bφi�
z4i hi�1

4
þ1
2

ð24Þ

where f i ¼ f i�Δαi�1þ k4bi tð Þ�z4i

� �
4 zihi�1þ zi 3k4bi tð Þþz4i

� �2
8 k4bi tð Þ�z4i

� �3 egik k4

þ z3i
2 k4bi tð Þ�z4i

� � þ 3zi

4 k4bi tð Þ�z4i

� �1=3.
f i is also a unknown function, and we can use a MTN

φT
i Smi zið Þ to estimate f i. In other words, for 8δi >0, a

MTN φT
i Smi zið Þ is applied to approach f i, such that

f i ¼φT
i Smi zið Þþδi zið Þ, δi zið Þj j≤ δi ð25Þ

where zi ¼ z1, � � �,zi½ �T is the input of the MTN and δi zið Þ
is the approximation error.

According to Young's Inequality, we obtain

z3i
k4bi tð Þ� z4i

δi zið Þ≤ hi0
2

z6i

k4bi tð Þ� z4i

 �2þ 1

2hi0
δ
2
i ð26Þ

z3i hiziþ1

k4bi tð Þ� z4i
≤

3z4i hi

4 k4bi tð Þ� z4i

 �4=3þ1

4
z4iþ1hi ð27Þ

Substituting (7), (25), (26) and (27) into (24), we have

ℒVi ≤ℒVi�1� z4i

k4bi tð Þ� z4i

 � _kbi

kbi

þ z3i
k4bi tð Þ� z4i

hiαiþ φT
i Smi zið Þ� 


þ1
2
�hi0eφT

i Γ
�1
i

_bφiþ
1

2hi0
δ
2
i �

z4i hi�1

4
þ1
4
z4iþ1hi

ð28Þ

Based on (28), taking the intermediate control signal αi as

αi ¼�kizi� 1
hi0

kizi� bφT
i Smi zið Þ ð29Þ

where ki ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_kbi=kbi
� �2þσi

q
, ki >0 and σi >0 are design

parameters.
By the definition of ki, we have

kiþ
_kbi
kbi

>0 ð30Þ

According to Assumption 1 and (29), we obtain

z3i hiαi
k4bi tð Þ� z4i

≤ �kihi0
z4i

k4bi tð Þ� z4i
�ki

z4i
k4bi tð Þ� z4i

� z3i hibθTi Smi zið Þ
k4bi tð Þ� z4i

ð31Þ

Substituting (20), (29), (30) and (31) into (28), we have

ℒVi ≤ �
Xi

j¼1

kihi0
z4i

k4bi tð Þ� z4i
þ1
4
z4iþ1hiþ

i
2
þ
Xi

j¼1

δ
2
j

2hj0

�
Xi

j¼1

eφT
j hj0

z3j Smj zj
� �

k4bj tð Þ� z4j

 �2�Γ�1

j
_bφj

264
375 ð32Þ

Step n: Consider the stochastic Lyapunov function candi-
date as

Vn ¼Vn�1þ1
4
log

k4bn tð Þ
k4bn tð Þ� z4n

þ1
2
hn0eφT

nΓ
�1
n eφn ð33Þ

where eφn ¼φn� bφn is the parameter error vector, Γn ¼
ΓT
n >0 is a symmetric positive definite matrix.

According to Definition 1 and (33), we have

ℒVn ¼ℒVn�1� z4n

k4bn tð Þ� z4n

 � _kbn

kbn

þ z3n
k4bn tð Þ� z4n

f nþhnu�Δαn�1½ �

þ
z2n 3k4bn tð Þþ z4n

 �

2 k4bn tð Þ� z4n

 �2 egTnegn�hn0eφT

nΓ
�1
n

_bφn ð34Þ

where egn ¼ gn�
Pn�1

j¼1

∂αi�1
∂xj

gj.

By Young's Inequality, we obtain

6 WANG ET AL.
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z2n 3k4bn tð Þþ z4n

 �

2 k4bn tð Þ� z4n

 �2 egTn ≤ z4n 3k4bn tð Þþ z4n


 �2
8 k4bn tð Þ� z4n

 �4 egnk k4þ1

2
ð35Þ

Substituting (35) into (34), we have

ℒVn ≤ℒVn�1� z4n

k4bn tð Þ� z4n

 � _kbn

kbn

þ z3n
k4bn tð Þ� z4n

f nþhnu
� 
þ1

2
�hn0eφT

nΓ
�1
n

_bφn

�hn0
2

z6n

k4bn tð Þ� z4n

 �2� z4nhn�1

4

ð36Þ

where f n ¼ f n�Δαn�1þ k4bn tð Þ�z4nð Þ
4 znhn�1þ z3n

2 k4bn tð Þ�z4nð Þþ
zn 3k4bn tð Þþz4nð Þ2
8 k4bn tð Þ�z4nð Þ3 egnk k4.

In view of f n is a unknown function. By Lemma 3, for
8δn >0, a MTN φT

nSmn znð Þ can be applied to estimate f n,
such that

f n ¼φT
nSmn znð Þþδn znð Þ, δn znð Þj j≤ δn ð37Þ

where zn ¼ z1, � � �,zn½ �T is the input of the MTN and δn znð Þ
is the approximation error.

According to Young's Inequality and (35), we obtain

z3n
k4bn tð Þ� z4n

δn znð Þ≤ hn0
2

z6n

k4bn tð Þ� z4n

 �2þ 1

2hn0
δ
2
n ð38Þ

Substituting (7), (37) and (38) into (36), we have

ℒVn ≤ℒVn�1� z4n

k4bn tð Þ� z4n

 � _kbn

kbn
þ z3n
k4bn tð Þ� z4n

hnuþφT
nSmn znð Þ� 


þ1
2
�hn0eφT

nΓ
�1
n

_bφnþ
1

2hn0
δ
2
n � z4nhn�1

4

ð39Þ

Taking the control input u as

u¼�knzn� 1
hn0

knzn� bφT
nSmn znð Þ ð40Þ

where kn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_kbn=kbn
� �2þσn

q
, kn >0 and σn >0 are

design parameters.
By definition of kn, we have

knþ
_kbn
kbn

>0 ð41Þ

According to Assumption 1 and (40), we have

z3nhnu

k4bn tð Þ� z4n
≤ �knhn0

z4n
k4bn tð Þ� z4n

�kn
z4n

k4bn tð Þ� z4n

� z3nhnbφT
nSmn znð Þ

k4bn tð Þ� z4n

ð42Þ

Substituting (32), (40), (41) and (42) into (39), we have

ℒVn ≤ �
Xn
j¼1

kjhj0
z4j

k4bj tð Þ� z4j
þn
2
þ
Xn
j¼1

δ
2
j

2hj0

�
Xn
j¼1

eφT
j hj0

z3j Smj zj
� �

k4bj tð Þ� z4j

 �2�Γ�1

j
_bφj

264
375 ð43Þ

Select the adaptation laws _bφj as

_bφj ¼Γj

z3j Smj zj
� �

k4bj tð Þ� z4j

 �2�Γjηjbφj, j¼ 1,2,…,n ð44Þ

where ηj >0 are designed parameters.
Substituting (44) into (43), we have

ℒVn ≤ �
Xn
j¼1

kjhj0
z4j

k4bj tð Þ� z4j
�
Xn
j¼1

hj0ηjeφT
j bφjþ

n
2
þ
Xn
j¼1

δ
2
j

2hj0

ð45Þ

By Young's Inequality, we obtain

hj0ηjeφT
j bφj ≤ �hj0ηj

2
eφT
j eφjþ

hj0ηj
2

φj

�� ��2 ð46Þ

with

�hj0ηj
2
eφT
j eφj ≤ � hj0ηj

2λmax Γ�1
j


 �eφT
j Γ

�1
j eφj ð47Þ

Substituting (46) and (47) into (45), we have
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ℒVn ≤ �
Xn
j¼1

kjhj0
z4j

k4bj tð Þ� z4j
�1
2
ηj
Xn
j¼1

eφT
j Γ

�1
j eφjþ

n
2

þ
Xn
j¼1

δ
2
j

2hj0
þ
Xn
j¼1

hj0ηj
2

φj

�� ��2 ð48Þ

where ηj ¼min hj0ηj

 �

= λmax Γ�1
j


 �
 �
 �
j¼ 1,2…,nj

n o
.

Let a¼min kjhj0,ηj, j�1,2,…,n
n o

, b¼ n
2þ
Pn
j¼1

δ
2
j

2hj0
þPn

j¼1

hj0ηj
2 φj

�� ��2, yields
ℒVn ≤ �aV þb ð49Þ

4 | STABILITY ANALYSIS

Based on the above control scheme and design process,
we can generalize the following theorem:

Theorem 1. Under Assumptions 1–2, con-
sider the closed-loop control system, which com-
prises the system (1), the control input (40), the
intermediate control signals (17) and (29), and
the adaptive law (44). For any initial condition,
the following requirements are achieved:

(i) The system output y can track the given reference sig-
nal yd and the tracking error finally converges to a
small neighborhood of the origin in the finite-time;

(ii) All the signals in the closed-loop system are SGUUB
in probability and the system states satisfy the given
limited conditions.

Proof:. From (9), (21) and (33), we have

Vn ¼ 1
4

Xn
i¼1

log
k4bi tð Þ

k4bi tð Þ� z4i
þ1
2

Xn
i¼1

hi0eφT
i Γ

�1
i eφi ð50Þ

Combining (49) with Lemma 1, we have

E Vn tð Þð Þ≤Vn 0ð Þe�atþ b
a

ð51Þ

The above inequality means that E Vn tð Þð Þ is
eventually bounded. Recalling (49), we obtain that all the
signals in the closed-loop system are SGUUB in probability.

From (50) and (51), we obtain

1
4
log

k4bi tð Þ
k4bi tð Þ� z4i

≤Vn 0ð Þe�atþ b
a

ð52Þ

Taking exponentials on both sides of the (52), we have

zij j≤ kbi
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�4 Vn 0ð Þe�atþb=a½ �4

p
ð53Þ

From (53), we obtain that z1j j< kb1 ¼ v tð Þ. According to
Definition 2, we can conclude that the tracking error
finally converges to a small neighborhood of the origin in
the finite-time.

According to (7), we know that x1 ¼ z1þ yd tð Þ, since
z1j j< kb1 and yd tð Þ≤A1, then, x1j j≤ z1j jþ yd tð Þj j< kb1þ
A1 < kc1 . Similarly, we obtain that xi ¼ ziþαi�1,
i¼ 2, � � �,n, since zij j< kbi and αi�1 ≤Ai, then
xij j≤ zij jþ αi�1j j< kbi þAi < kci . Thus, the system con-
straints are not violated.

The proof of Theorem 1 is completed.

5 | SIMULATION RESULTS

In this section, two simulation examples are given to
show the effectiveness of the proposed scheme in this
paper.

Example 1. (Numerical example): Consider
the second-order nonlinear stochastic system
with time-varying state and finite-time output
constraint

dx1 ¼ x21sin x1ð Þþ 1þ x21
� �

x2
� �

dtþ0:5x1dω

dx2 ¼ x1x22þ2u
� �

dtþ0:5x2dω

y¼ x1

8><>: ð54Þ

with the initial state x1 0ð Þ ,x2 0ð Þ½ �T ¼ 0,0½ �T, and yd ¼
sint is the given reference signal. The time-varying state
constraint is x2j j≤ 1:35þ0:3sin 1:3tð Þ.

By the controller design procedure, the actual control
law, the intermediate control signal and the adaptive
laws are chosen respectively as

u¼�k2z2� 1
h20

k2z2� bφT
2Sm2 z2ð Þ

α1 ¼�k1z1� 1
h10

k1z1� bφT
1Sm1 z1ð Þ

_bφj ¼Γj
z3j Smj zj

� �
k4bj tð Þ� z4j

 �2�Γjηjbφj
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where j¼ 1,2, z1 ¼ z1½ �T, z2 ¼ z1,z2½ �T, z1 ¼ x1� yd, and
z2 ¼ x2�α1. The FTPF is chosen in the following form

v tð Þ¼ v0� t
Tf

� �
e
1� Tf

Tf �t þ vTf , t � 0,Tf
� �

vTf , t� Tf ,þ∞
� �

8><>:
where v0 ¼ 2, vTf ¼ 0:1, Tf ¼ 3, and v 0ð Þ¼ v0þTf ¼ 2:1.

The design parameters are taken as follows: k1 ¼ 10,
k2 ¼ 8:5, Γ1 ¼ 9I5, Γ2 ¼ 5:5I9. The simulation results of
Example 1 are shown in Figures 1–4, respectively.
Figure 1 illustrates trajectories of the reference signal yd
and the system output y. Figure 2 shows the response of
control signal u. Figure 3 displays that the state variable
x2 satisfies the given constraints. Figure 4 depicts that the
tracking error y� yd converges to a small neighborhood
around the origin in the finite-time. The presented

FIGURE 1 The trajectories of system

output y and the reference signal yd [Color

figure can be viewed at wileyonlinelibrary.com]

FIGURE 2 The trajectory of system control

input u

WANG ET AL. 9
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simulation results illustrate the effectiveness of the pro-
posed approach in this paper.

Example 2. (Practical example): Considering
a one-link manipulator system with time-
varying state constraints and finite-time out-
put constraint. According to [50], the system
can be described by

dx1 ¼ x2dt

dx2 ¼ x3�2sin x1ð Þ� x2ð Þdtþ sin x21
� �

dω

dx3 ¼ u�2x2� x3ð Þdt
y¼ x1

8>>><>>>: ð55Þ

with the initial state x1 0ð Þ, x2 0ð Þ, x3 0ð Þ½ �T ¼ 0,0,0½ �T.
x1 denotes the link angular position, x2 denotes

FIGURE 3 The trajectories of system state

variable x2 and constraint conditions [Color

figure can be viewed at wileyonlinelibrary.com]

FIGURE 4 The trajectories of v tð Þ and
tracking error y�yd [Color figure can be viewed

at wileyonlinelibrary.com]
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velocity, and x3 denotes acceleration. yd ¼ 0:5sint is
the given reference signal. The time-varying state
constraints are x2j j≤ 1þ0:1sin 1:5tð Þ and
x3j j≤ 4þ0:3sin 1:1tð Þ.

By the controller design procedure, the actual con-
trol law, the intermediate control signals and the adap-
tive laws are chosen, respectively, as

u¼�k3z3� 1
h30

k3z3� bφT
3Sm3 z3ð Þ

αj ¼�kjzj� 1
hj0

kjzj� bφT
j Smj zj

� �
_bφi ¼Γi

z3i Smi zið Þ
k4bj tð Þ� z4j

 �2�Γiηibφi

FIGURE 5 The trajectories of system

output y and the reference signal yd [Color

figure can be viewed at wileyonlinelibrary.com]

FIGURE 6 The trajectory of system control

input u

WANG ET AL. 11
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where j¼ 1,2, 1≤ i≤ 3, z1 ¼ z1½ �T, z2 ¼ z1,z2½ �T,
z3 ¼ z1,z2,z3½ �T, z1 ¼ x1� yd, z2 ¼ x2�α1, and z3 ¼ x3�α2.
The FTPF is chosen in the following form

v tð Þ¼ v0� t
Tf

� �
e
1� Tf

Tf �t þ vTf , t � 0,Tf
� �

vTf , t� Tf ,þ∞
� �

8><>:

where v0 ¼ 2, vTf ¼ 0:1, Tf ¼ 3, and v 0ð Þ¼ v0þTf ¼ 2:1.
The design parameters are taken as follows: k1 ¼ 80,

k2 ¼ 100, k3 ¼ 100, Γ1 ¼ 5I5, Γ2 ¼ 10I9, Γ3 ¼ 10I9. The
simulation results of Example 2 are shown in Figures 5–9,
9, respectively. The results show that the tracking control
performance is still fairly satisfactory, which further ver-
ifies the effectiveness of the proposed control method in
this paper.

FIGURE 7 The trajectories of system state

variables x2 and constraint conditions [Color

figure can be viewed at wileyonlinelibrary.com]

FIGURE 8 The trajectories of system state

variables x3 and constraint conditions [Color

figure can be viewed at wileyonlinelibrary.com]
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Remark 3. In order to obtain good tracking
performance, design parameters should be
selected appropriately. In general, the track-
ing error converges to a small residual set
near the origin by properly adjusting the
parameters ki and matrix Γi.

6 | CONCLUSION

In this paper, a new adaptive MTN backstepping control
scheme is developed to solve the problem of tracking con-
trol for nonlinear stochastic systems with full state time-
varying constraints and the finite-time output constraint.
The MTNs are applied to handle the unknown functions,
which greatly reduces the computation complexity of the
proposed control scheme. The FTPF and the TVBLFs are
introduced to achieve the finite-time output constraint
and full state time-varying constraints, respectively. Dif-
ferent from the existing finite-time results, the proposed
scheme can guarantee that the tracking error converges
to an arbitrarily small region at a settling time. Finally,
the simulation results of two examples demonstrate the
effectiveness of the proposed control scheme in this
paper.

In our future research, we could further focus on the
problem of globally uniformly ultimately bounded

(GUUB) in probability of the nonlinear stochastic system
of this paper and the adaptive finite-time MTN control
problems for the other nonlinear stochastic systems such
as switch systems and input dead-zone systems.
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