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Abstract
In this article, the problem of adaptive multi-dimensional Taylor network control for strict-feedback nonlinear stochastic
systems with time-delay is investigated. To overcome the control degradation resulting from the delay terms, the appro-
priate integral-type Lyapunov–Krasovskii functions are introduced. A novel adaptive multi-dimensional Taylor network
control scheme is provided via backstepping technique. The proposed adaptive multi-dimensional Taylor network con-
troller can ensure that all signals in the closed-loop system are bounded in probability and the tracking error eventually
converges to a small neighborhood of the origin. Three simulation examples are given to demonstrate the effectiveness
of the proposed control scheme.
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Introduction

It is well-known that stochastic disturbance often exists
in many practical processes, such as economics, micro-
electronics, and biology.1,2 Therefore, the study on
nonlinear stochastic systems has attracted more and
more attention.3–6 Especially, the controller design of
stochastic systems has become a research hotspot due
to its important theoretical and practical values.6

Through the efforts of researchers, many control meth-
ods of nonlinear systems have been naturally applied to
nonlinear stochastic systems, such as fault tolerant con-
trol,7 adaptive control,8 backstepping technique,9 and
sliding mode control.10 Especially, backstepping tech-
nique has become a common control method for non-
linear stochastic systems.11,12 For example, this
technique was successfully applied to the stochastic
cases in Pan and Basar,9 where a backstepping-based
control scheme was proposed under a risk-sensitive cost
criterion. Deng and Krstić13 solve the stabilization
problem of nonlinear stochastic systems with the quar-
tic Lyapunov function via backstepping technique.
Afterwards, many hybrid methods based on backstep-
ping technique were extensively applied to the control
problem of nonlinear stochastic systems.14,15 Although
the control of nonlinear stochastic systems has been
obtained great progress, it is difficult to solve the

problems such as unknown functions and uncertainties
only by the aforementioned control methods.

In consideration of the influence of uncertainty and
nonlinearity, the approximation-based control meth-
ods, such as fuzzy logic systems (FLSs) control meth-
ods and neural networks (NNs) control methods, have
been widely used.16–18 Because of the complexity of the
control problems, many hybrid control methods have
been proposed for stochastic systems, such as NN-
based adaptive control19–21 and FLS-based adaptive
control.22–24 Despite that many meaningful achieve-
ments have been obtained for nonlinear stochastic sys-
tems, these approximation-based control methods have
some innate shortcomings.25,26 For the NNs, the long
training time leads to the poor real-time performance,
and the selection of the NN structure is considered as a
fuzzy and experiential process. For the FLSs, no
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applicable general techniques are available for stability
analysis. In recent years, a novel multi-dimensional
Taylor network (MTN)-based control method27 has
drawn wide attention.

The MTN is a special three-layer topological struc-
ture network and has excellent approximation ability
to unknown functions.28 Using the MTN-based control
method, some excellent results have been obtained.29–34

In Yan and Kang,27 the asymptotic tracking and
dynamic regulation were considered for single input
single output (SISO) nonlinear systems with the help of
the discrete MTN. In Yan et al.,29 an optimal control
problem was discussed for SISO nonlinear systems,
and the proposed optimal MTN controller had excel-
lent dynamic performance. After that, this control
method had been naturally extended to nonlinear sto-
chastic systems. For example, the MTN-based control
approach was successfully applied to SISO nonlinear
stochastic systems in Yan et al.,31 where an optimal
MTN control scheme was developed for the systems.
An adaptive MTN controller was designed in Han
et al.30 for a class of nonlinear stochastic systems, and
the real-time performance of the controller had been
improved. Although many important MTN-based
results have been obtained in the study of nonlinear
stochastic systems, the research results of time-delay
systems were still insufficient.

However, time-delay exist widely in practical sys-
tems, such as economical systems,35 telerobotic sys-
tems,36 and hydraulic systems.37 And time-delay often
reduces the control effect and even destroys the stabi-
lity of the systems.38 Therefore, more attentions have
been paid to the control problem of nonlinear stochas-
tic systems with time-delay, and some valuable results
have been reported.39–43 An adaptive NN-based
controller was developed in Li et al.40 for nonlinear sto-
chastic systems with time-delay, and the exponential-
type Lyapunov–Krasovskii functions were used to
compensate the delay terms in the systems. However,
the real-time performances of adaptive NN-based con-
trollers were unsatisfactory due to the long parameter
training time.25 Si41 proposed an adaptive observer-
based control scheme for the uncertain interconnected
nonlinear stochastic system with input time-delay.
However, the above results neglected the time-delay of
system state variables. Therefore, it is worth noting that
the approximate-based MTN control method is rarely
used in the control problem of nonlinear stochastic sys-
tems with time-delay, which motivates our research.

Based on the above observations, this article focuses
on the adaptive control problem of nonlinear stochastic
systems with time-delay. First, the time-delay terms are
handled by the novel integral-type Lyapunov–
Krasovskii functions. Second, the MTNs are used to
estimate the input signal and the unknown functions.
Then, based on the adaptive backstepping control
method, a novel adaptive MTN control scheme is pro-
posed. Finally, the simulation results show that the
proposed control scheme can guarantee that all the

signals in the closed-loop system remain bounded in
probability and the tracking error eventually converges
to a small neighborhood of the origin. Compared with
the existing works, the main contributions of this arti-
cle are as follows:

1. The MTN method is successfully used to deal with
the control problem of nonlinear stochastic sys-
tems with time-delay. In the current MTN-based
research results,30,31,34,44 the control scheme based
on the MTN for time-delay nonlinear systems44

cannot be directly utilized to dispose of the prob-
lem of nonlinear stochastic systems with time-
delay. In this article, we extend the MTN control
method to nonlinear stochastic systems with time-
delay.

2. The novel integral-type Lyapunov–Krasovskii
functions are applied to handle the time-delay
terms. Compared with the nonlinear stochastic sys-
tem with time-delay,41 time-delays that exist in the
state variables are investigated in this article, which
makes the developed results more applicable.

3. The unknown functions and the input signal are
approximated by the MTNs. The real-time perfor-
mance of the proposed control scheme has
improved greatly owing to that the MTN has a
pretty straightforward structure. Compared with
the NN-based adaptive control schemes on non-
linear stochastic systems,18,45,46 we may conclude
that the proposed adaptive MTN control scheme
has a good real-time performance.

The rest of this article is organized as follows.
System descriptions and preliminaries are described in
section ‘‘System descriptions and preliminaries.’’ The
MTN-based adaptive tracking control scheme and sta-
bility analysis are developed in section ‘‘Main results.’’
Three simulation examples to validate the proposed
theoretic results are provided in section ‘‘Simulation
examples.’’ This article is concluded in section
‘‘Conclusion.’’

System descriptions and preliminaries

Correlation theory

In order to introduce the definition and theorems of the
stochastic system, consider the general nonlinear sto-
chastic system as follows

dx tð Þ= f x tð Þð Þdt+ g x tð Þð Þdv ð1Þ

where x 2 Rn is the system state, f : Rn ! Rn and
g : Rn ! Rn3 r denote the unknown continuous non-
linear functions and satisfy f(0)= 0, g(0)= 0, and v is
an r-dimensional independent standard Wiener process.

Definition 1. Consider the system equation (1), for
8V(x) 2 C2, the differential operator L is defined by47
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LV xð Þ= ∂V

∂x
f+

1

2
Tr gT

∂2V

∂x2
g

� �
ð2Þ

where C2 denotes the set of all functions with continu-
ous second partial derivatives.

Lemma 1. Associated with system equation (1), if there
exists a positive definite, radially unbounded, twice
continuously differentiable Lyapunov function
V(x) : Rn ! R, such that48

LV xð Þł� aV xð Þ+ b

then the system is bounded in probability and has a
unique solution almost surely, where a. 0, b. 0 are
the design constants.

System descriptions

In this article, consider the nonlinear stochastic system
with time-delay as follows

dxi tð Þ= xi+1 tð Þ+ fi �xi tð Þð Þ+ hi �xi t� gið Þð Þð Þdt+ gi yð ÞTdv

dxn tð Þ= u+ fn �xn tð Þð Þ+ hn �xn t� gnð Þð Þð Þdt+ gn yð ÞTdv

y tð Þ= x1 tð Þ

8><
>:

ð3Þ

where �xn = ½x1, x2, . . . , xn�
T 2 Rn denotes the state

vectors, and �xi = ½x1, x2, . . . , xi�
T 2 Ri. fi(�) : Rn

! R(1ł ił n) denote the unknown continuous func-
tions and satisfy fi(0)=0, hi(�)(1ł ił n) denote the
unknown continuous time-delay functions, gi(1ł ił n)
are the unknown constant delays, and gi(�) :
R! Rr(1ł ił n) are the unknown continuous func-
tions and satisfy gi(0)=0. u 2 R is the system input,
and y(t) 2 R is the system output. v is an r-dimensional
independent standard Wiener process.

The purpose of this article is to realize the control of
the system equation (3), such that the system output y
tracks the given reference signal yd, and all the signals
in the closed-loop system remain bounded in
probability.

Remark 1. The time-delay systems were discussed
widely.39–42 However, the problems such as complex
structure and poor real-time performance still exist in
the current control schemes. Therefore, developing an
MTN control algorithm with simple structure for non-
linear stochastic systems with time-delay has great the-
oretical and practical significances.

Remark 2. gi(y)(1ł ił n) are the continuous functions
and satisfy gi(0)=0, there exist unknown smooth func-
tions �gi(y), such that

gi yð Þ= y�gi yð Þ ð4Þ

To introduce the design of the controller, define the
coordinate transformation as follows

zi = xi � ai�1 1ł ił nð Þ ð5Þ

where a0 = yd(t), and ai�1(2ł ił n) are the virtual
control signals and will be designed later.

Assumption 1. The reference trajectory yd(t) and its up
to nth order derivatives are bounded and continuous.6

Assumption 2. For hi(�xi), 1ł ił n, there exist positive
unknown continuous functions -ik(�), k=1, . . . , i,
such that49

hi �xið Þj jł
Xi
k=1

zij j-ik �zk + �ak�1ð Þ ð6Þ

Remark 3. Assumptions 1 and 2 are both normal
assumptions for nonlinear stochastic systems which can
be found in previous works.6,21,26,49 These assumptions
do not pose a strong restriction upon nonlinear sto-
chastic systems.

MTN

The MTN is composed of a large number of polyno-
mials, which includes the input, hidden, and output
layers,25 and the MTN approximation theorem has
been proved in Yan and Kang.27 In this article, the
MTNs are used to estimate the unknown functions.
The topology structure is shown in Figure 1.

Lemma 2. On a compact set OZ, consider continuous
nonlinear function f(Z), for 8e . 0, there exists an
MTN, such that25

f Zð Þ=u�TSmn
Zð Þ+ d Zð Þ ð7Þ

where Z= ½z1, z2, . . . , zn� and d(Z) is the approxima-
tion error with jd(Z)jł e. u�= ½u1,u2, . . . ,un�T is the
optimal weight vector and defined by

u� :¼ arg min
u2RN

sup
Z2OZ

f Zð Þ � uTSmn
Zð Þ

�� ��( )
ð8Þ

Remark 4. As shown in Figure 1 and equation (7), the
advantages of MTN can be summarized as follows: (1)
the structure of MTN is simple, and the hidden layer is
composed of addition and multiplication of polyno-
mials, which is easy to compute and be applied in
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engineering; (2) the structure of MTN can be confirmed
by the number of inputs and the highest power of poly-
nomials of the hidden layer; (3) the input–output char-
acteristic of the MTN is complex and dynamic, which
makes the MTN be suitable for actual dynastic systems.

Main results

This section contributes to develop an adaptive MTN
control scheme.

Substituting equation (5) into equation (3), we
obtain

dzi = xi+1 tð Þ+ fi + hi �xi t� gið Þð Þ � Dai�1ð Þdt+ gi yð Þ �
Pi�1
j=1

∂ai�1
∂xj

gj yð Þ
 !T

dv

i=1, . . . , n� 1

dzn = u+ fn + hn �xn t� gnð Þð Þ � Dan�1ð Þdt+ gn yð Þ �
Pn�1
j=1

∂an�1
∂xj

gj yð Þ
 !T

dv

8>>>>>><
>>>>>>:

ð9Þ

where

Dai�1 =
Xi�1
j=1

∂ai�1
∂xj

xj+1 tð Þ+ fj + hj �xj t� gj

� �� �� �

+
Xi�1
j=1

∂ai�1
∂ûj

_̂uj +
Xi�1
j=1

∂ai�1

∂y
jð Þ
d

y
j+1ð Þ
d

+
1

2

Xi�1
p, q=1

∂2ai�1
∂yp∂yq

gTp yð ÞgTq yð Þ

Next, an adaptive MTN controller design procedure
will be developed via backstepping technique.

Backstepping design based on MTN

Step 1: consider the stochastic Lyapunov function can-
didate as

V1 =
1

2
~uT
1 G�11 ~u1 +

1

4
z41 +

n

4ðt
t�g1

z41 tð Þ-4
11 �z1 gð Þ+ �a0 gð Þð Þdg

ð10Þ

where ~u1 =u1 � û1 is the parameter error,
G1 =GT

1 . 0 is the symmetric positive definite matrix,
and n is the order of the system.

According to equations (2), (4), (9), and (10), we
have

LV1 = z31 x2 + f1 + h1 �xg1

� �
� _yd

� �
+

3

2
z41�g1 z1ð ÞT�g1 z1ð Þ � ~uT

1 G�11
_̂u1

+
n

4
z41 tð Þ-4

11 �z1 tð Þ+ �a0 tð Þð Þ

� n

4
z41 t� g1ð Þ-4

11 �z1 t� g1ð Þ+ �a0 t� g1ð Þð Þ

ð11Þ

By Young’s inequality, we obtain

z31h1 �xg1

� �
ł

1

4
z41 t� g1ð Þ-4

11 �z1 t� g1ð Þ+ �a0 t� g1ð Þð Þ+ 3

4
z41

ð12Þ

Substituting equation (12) into equation (11), the fol-
lowing inequality holds

LV1 ł z31 x2 +
�f1

� �
� n� 1

4
z41 t� g1ð Þ-4

11 �z1 t� g1ð Þ+ �a0 t� g1ð Þð Þ

� ~uT
1 G�11

_̂u1 �
3

2
z41

ð13Þ

Figure 1. The structure of MTN.
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where �f1 = f1 � _yd +(n=4 -4
11(z1)+3=2 g1(z1)

Tg1(z1)
+9=4)z1.

�f1 is obviously an unknown function, and we can use
an MTN to estimate �f1. By Lemma 2, for 8e1 . 0, an
MTN uT

1Sm1
(z1) is applied to estimate �f1, such that

�f1 =uT
1Sm1

z1ð Þ+ d1 z1ð Þ, d1 z1ð Þj jł e1 ð14Þ

where z1 = ½z1�T is the input of MTN, and d1(z1) is the
approximation error.

Substituting equations (5) and (14) into equation
(13), one has

LV1 ł z31 z2 +a1 +uT
1Sm1

z1ð Þ+ d1

� �
� 3

2
z41

� n� 1

4
z41 t� g1ð Þ-4

11 �z1 t� g1ð Þð

+ �a0 t� g1ð ÞÞ � ~uT
1 G�11

_̂u1

ð15Þ

By Young’s inequality, we obtain

z31z2 ł
1

4
z42 +

3

4
z41 ð16Þ

z31d1 ł
3

4
z41 +

1

4
e41 ð17Þ

Then, substituting equations (16) and (17) into equa-
tion (15), we have

LV1 ł z31 a1 +uT
1Sm1

z1ð Þ
� �

+
1

4
z42 +

3

4
z41

+
3

4
z41 +

1

4
e41 �

n� 1

4
z41 t� g1ð Þ-4

11 �z1 t� g1ð Þð

+ �a0 t� g1ð ÞÞ � ~uT
1 G�11

_̂u1 �
3

2
z41

ð18Þ

Based on equation (18), design the intermediate con-
trol signal a1 as

a1 =� k1z1 � ûT
1Sm1

z1ð Þ ð19Þ

where k1 . 0 is a design constant.
Substituting equation (19) into equation (18), one

has

LV1 ł� k1z
4
1 +

1

4
z42 + ~uT

1 z31Sm1
z1ð Þ � G�11

_̂u1

� �
+

1

4
e41 �

n� 1

4
z41 t� g1ð Þ

-4
11 �z1 t� g1ð Þ+ �a0 t� g1ð Þð Þ

ð20Þ

Step i (2ł ił n� 1): Consider the stochastic
Lyapunov function candidate as

Vi =Vi�1 +
1

2
~uT
i G�1i ~ui +

1

4
z4i +

n� i+1

4ðt
t�gi

Xi
k=1

z4i gð Þ-4
ik �zk gð Þ+ �ak�1 gð Þð Þdg

ð21Þ

where ~ui =ui � ûi is the parameter error, Gi =GT
i . 0

is the symmetric positive definite matrix.
Similar to Step 1, we obtain

LVi łLVi�1 + z3i xi+1 + fi + hi �xgi

� �
� Dai�1

� �

+
3

2
z4i �gi yð Þ �

Xi�1
j=1

∂ai�1
∂xj

�gj yð ÞÞT
 

�gi yð Þ �
Xi�1
j=1

∂ai�1
∂xj

�gj yð Þ
 !

� ~uT
i G�1i

_̂ui

+
n� i+1

4

Xi
k=1

z4i tð Þ-4
ik �zk tð Þ+ �ak�1 tð Þð Þ

� n� i+1

4

Xi
k=1

z4i t� gið Þ-4
ik �zk t� gið Þ+ �ak�1 t� gið Þð Þ

ð22Þ

By Young’s inequality, we obtain

z3i hi �xgi

� �
ł

1

4

Xi
k=1

z4i t� gið Þ

-4
ik �zk t� gið Þ+ �ak�1 t� gið Þð Þ+ 3

4
z4i

ð23Þ

� z3i

Xi�1
j=1

∂ai�1
∂xj

hj �xgj

� �
ł
Xi�1
j=1

3

4
z4i

∂ai�1
∂xj

 !4
3

+
1

4

Xi�1
j=1

Xj
k=1

z4j t� gj

� �
-4

jk �zk t� gj

� �
+ �ak�1 t� gj

� �� �� �� �
ð24Þ

Substituting equations (20), (23), and (24) into equa-
tion (22), the following inequality holds

LVi ł� k1z
4
1 �

Xi�1
j=2

kj �
1

4

	 

z4j +

1

4
z4i � ~uT

i G�1i
_̂ui �

3

2
z4i

+
Xi�1
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �
+

1

4

Xi�1
j=1

e4j + z3i xi+1 +
�fi

� �

� n� i

4

Xi�1
j=1

Xj
k=1

z4j t� gj

� �
-4

jk �zk t� gj

� �
+ �ak�1 t� gj

� �� �

� n� i

4

Xi
k=1

z4i t� gið Þ-4
ik �zk t� gið Þ+ �ak�1 t� gið Þð Þ

ð25Þ
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where

�fi = fi �
Xi�1
j=1

∂ai�1
∂xj

xj+1 + fj
� �

+
Xi�1
j=1

∂ai�1
∂ûj

_̂uj +
Xi�1
j=1

∂ai�1

∂y
jð Þ
d

y
j+1ð Þ
d +

1

2

Xi�1
p, q=1

∂2ai�1
∂yp∂yq

gTp yð ÞgTq yð Þ
 !

+
n� i+1

4

Xi
k=1

-4
ik �zk gð Þ+ �ak�1 gð Þð Þ+ 3

2
gi yð Þ �

Xi�1
j=1

∂ai�1
∂xj

gj yð Þ
 !T

gi yð Þ �
Xi�1
j=1

∂ai�1
∂xj

gj yð Þ
 !

+
9

4

0
@

1
Az1

�fi is also an unknown function, and we can use an
MTN to estimate �fi. In other words, for 8ei . 0, an
MTN uT

i Smi
(zi) is applied to estimate �fi, such that

�fi =uT
i Smi

(zi)+ di(zi), di(zi)j jł ei ð26Þ

where zi = ½z1, z2, . . . , zi�T is the input of MTN, and
di(zi) is the approximation error.

Substituting equations (5) and (26) into equation
(25), one has

LVi ł� k1z
4
1 �

Xi�1
j=2

kj �
1

4

	 

z4j

+
Xi�1
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �
+

1

4
z4i

+ z3i zi+1 +ai +uT
i Smi

zið Þ+ di
� �

� n� i

4
�
Xi�1
j=1

Xj
k=1

z4j t� gj

� �
-4

jk �zk t� gj

� �
+ �ak�1 t� gj

� �� �

� n� i

4

Xi
k=1

z4i t� gið Þ-4
ik �zk t� gið Þ+ �ak�1 t� gið Þð Þ

� ~uT
i G�1i

_̂ui +
1

4

Xi�1
j=1

e4j �
3

2
z4i

ð27Þ
By Young’s inequality, we obtain

z3i zi+1 ł
1

4
z4i+1 +

3

4
z4i ð28Þ

z3i di ł
3

4
z4i +

1

4
e4i ð29Þ

Then, substituting equations (28) and (29) into equa-
tion (27), we have

LVi ł� k1z
4
1 �

Xi�1
j=2

kj �
1

4

	 

z4j

+
Xi�1
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �
+

1

4
z4i +

1

4

Xi�1
j=1

e4j

+ z3i ai +uT
i Smi

zið Þ
� �

� ~uT
i G�1i

_̂ui +
1

4
z4i+1

� n� i

4

Xi
k=1

z4i t� gið Þ-4
ik �zk t� gið Þ+ �ak�1 t� gið Þð Þ

� n� i

4

Xi�1
j=1

Xj
k=1

z4j t� gj

� �
-4

jk �zk t� gj

� ��

+ �ak�1 t� gj

� �
Þ+ 3

4
z4i +

3

4
z4i +

1

4
e4i �

3

2
z4i ð30Þ

Based on equation (30), design the intermediate con-
trol signal ai as

ai =� kizi � ûT
i Smi

zið Þ ð31Þ

where ki . 0 is a design constant.
Substituting equation (31) into equation (30), one

has

LVi ł� k1z
4
1 �

Xi
j=2

kj �
1

4

	 

z4j +

1

4
z4i+1

+
1

4

Xi
j=1

e4j +
Xi
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �

� n� i

4

Xi
j=1

Xj
k=1

z4j t� gj

� �
-4

jk

�zk t� gj

� �
+ �ak�1 t� gj

� �� �

ð32Þ

Step n: consider the stochastic Lyapunov function can-
didate as

Vn =Vn�1 +
1

2
~uT
n G�1n ~un +

1

4
z4n +

1

4ðt
t�gn

Xn
k=1

z4n gð Þ-4
nk �zk gð Þ+ �ak�1ð Þdg

ð33Þ

where ~un=un � ûn is the parameter error, and
Gn =GT

n . 0 is the symmetric positive definite matrix.
According to equations (2), (4), (9), and (33), we

have

LVn łLVn�1 + z3n u+ fn + hn �xgn

� �
� Dan�1

� �

+
3

2
z4n � �gn yð Þ �

Xn�1
j=1

∂an�1
∂xj

�gj yð Þ
 !T

�gi yð Þ �
Xn�1
j=1

∂an�1
∂xj

�gj yð Þ
 !

� ~uT
n G�1n

_̂un +
1

4

Xn
k=1

z4n tð Þ-4
nk �zk tð Þ+ �ak�1 tð Þð Þ

� 1

4

Xn
k=1

z4n t� tnð Þ-4
nk �zk t� gnð Þ+ �ak�1 t� gnð Þð Þ

ð34Þ
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By Young’s inequality, we obtain

z3nhn �xgn

� �
ł

1

4

Xn
k=1

z4n t� gnð Þ

-4
nk �zk t� gnð Þ+ �ak�1 t� gnð Þð Þ+ 3

4
z4n

ð35Þ

� z3n

Xn�1
j=1

∂an�1
∂xj

hj �xgj

� �
ł

3

4
z4n

Xn�1
j=1

∂an�1
∂xj

 !4
3

+
1

4

Xn�1
j=1

Xj
k=1

z4j (t� tj) � -4
jk �zk t� gj

� ���
+ �ak�1 t� gj

� �
ÞÞ

ð36Þ

Substituting equations (32), (35), and (36) into equa-
tion (34), the following inequality holds

LVn ł� k1z
4
1 �

Xn�1
j=2

kj �
1

4

	 

z4j

+
Xn�1
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �
+

1

4

Xn�1
j=1

e4j

+ z3n u+ �fn
� �

� ~uT
n G�1n

_̂un

� n� n

4

Xn�1
j=1

Xj
k=1

z4j t� gj

� �
-4

jk �zk t� gj

� �
+ �ak�1 t� gj

� �� �
� 3

4
z4n �

n� n

4

Xn
k=1

z4n t� gnð Þ

-4
nk �zk t� gnð Þ+ �ak�1 t� gnð Þð Þ

=� k1z
4
1 �

Xn�1
j=2

kj �
1

4

	 

z4j

+
Xn�1
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �

+
1

4

Xn�1
j=1

e4j + z3n u+ �fn
� �

� ~uT
n G�1n

_̂un �
3

4
z4n

ð37Þ

where

�fn = fn �
Xn�1
j=1

∂an�1
∂xj

xj+1 + fj
� �

+
Xn�1
j=1

∂an�1
∂ûj

_̂uj +
Xn�1
j=1

∂an�1

∂y
(j)
d

y
j+1ð Þ
d +

1

2

Xn�1
p, q=1

∂2an�1
∂yp∂yq

gTp yð ÞgTq yð Þ
 !

+
7

4
+

1

4

Xn
k=1

-4
nk �zk gð Þ+ �ak�1 gð Þð Þ+ 3

2
gn yð Þ �

Xn�1
j=1

∂an�1
∂xj

gj yð Þ
 !T

gi yð Þ �
Xn�1
j=1

∂an�1
∂xj

gj yð Þ
 !0

@
1
Azn

Similar to functions �f1 and �fi, �fn is an unknown func-
tion, and we can use an MTN to estimate �fn. Namely,
for 8en . 0, an MTN uT

n Smn
(zn) is applied to estimate

�fn, such that

�fn =uT
n Smn

znð Þ+ dn znð Þ, dn znð Þj jł en ð38Þ

where zn = ½z1, z2, . . . , zn�T is the input of MTN, and
dn(zn) is the approximation error.

Substituting equation (38) into equation (37), one
has

LVn ł� k1z
4
1 �

Xn�1
j=2

kj �
1

4

	 

z4j � ~uT

n G�1n
_̂un

+
Xn�1
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �

+
1

4

Xn�1
j=1

e4j + z3n u+uT
n Smn

+ dn

� �
� 3

4
z4n

ð39Þ

By Young’s inequality, we obtain

z3ndn ł
3

4
z4n +

1

4
e4n ð40Þ

Then, substituting equation (40) into equation (39)

LVn ł� k1z
4
1 �

Xn�1
j=2

kj �
1

4

	 

z4j � ~uT

n G�1n
_̂un

+
Xn�1
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �

+
1

4

Xn�1
j=1

e4j + z3n u+uT
n Smn

� �
+

1

4
e4n

ð41Þ

The control law u is defined as

u=� knzn � ûT
n Smn

znð Þ ð42Þ

where kn . 0 is a design constant.
Substituting equation (42) into equation (41), the fol-

lowing inequality holds
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LVn ł� k1z
4
1 �

Xn
j=2

kj �
1

4

	 

z4j +

1

4

Xn
j=1

e4j

+
Xn
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� � ð43Þ

Stability analysis

The main results of this article can be summarized by
the following theorem.

Theorem 1. Consider the nonlinear stochastic system
equation (3), the MTN-based control algorithm is con-
structed as follows

u=� knzn � ûT
n Smn

znð Þ ð44Þ

ai =� kizi � ûT
i Smi

zið Þ, 1ł ił n� 1 ð45Þ

_̂ui =GiSmi
zið Þz3i � Gihiûi, 1ł ił n ð46Þ

where ki . (1=4), and hi . 0 are the design para-
meters. Then, for any bounded initial condition, all the
signals in the closed-loop system are bounded in prob-
ability, and the tracking error converges to a small
neighborhood around the origin.

Proof. Consider the following stochastic Lyapunov
function for the nonlinear stochastic system with time-
delay

V=Vn =
1

4

Xn
i=1

z4i +
1

2

Xn
i=1

~uT
i G�1i ~ui +

Xn
i=1

n� i+1

4
�
ðt

t�gi

Xi
k=1

z4i gð Þ-4
ik �zk gð Þ+ �ak�1 gð Þð Þdg

0
B@

1
CA
ð47Þ

According to equations (33) and (43), we can obtain

LVł� k1z
4
1 �

Xn
j=2

kj �
1

4

	 

z4j

+
Xn
j=1

~uT
j z3j Smj

zj
� �
� G�1j

_̂uj

� �
+

1

4

Xn
j=1

e4j

ð48Þ

Substituting equation (46) into equation (48), the fol-
lowing inequality holds

LVł� k1z
4
1 �

Xn
j=2

kj �
1

4

	 

z4j +

1

4

Xn
j=1

e4j +
Xn
j=1

hi~u
T
j ûi

ð49Þ

According to the definition of ûi, we have

hj~u
T
j ûi =hj~u

T
j uj � ~uj

� �
ł�

hj

2
~uT
j ~uj +

hj

2
uj

�� ��2
ð50Þ

with

� hi

2
~uT
j ~uj ł� hi

2lmax G�1j

� � ~uT
j G�1j ~uj ð51Þ

Substituting equations (50) and (51) into equation
(49), the following inequality holds

LVł� k1z
4
1 �

Xn
j=2

kj �
1

4

	 

z4j +

1

4

Xn
j=1

e4j

�
�hj

2

Xn
j=1

~uT
j G�1j ~uj +

1

2

Xn
j=1

hj uj

�� ��2 ð52Þ

where �hj = minf(hj=(lmax(G
�1
j ))) j=1, 2, . . . , nj g.

Let

a= min 4k1, 4 ki �
1

4

	 

j2ł ił n, �hjj1ł jł n

� �
,

b=
1

2

Xn
j=1

hj uj

�� ��2 + 1

4

Xn
j=1

e4j

We can have

LVł� aV+ b

Thus, according to Lemma 1, we can obtain that all
signals in the close-loop system are bounded in prob-
ability, and the tracking error converges to a small
neighborhood around the origin.

In addition, the design procedure of the MTN-based
controller is shown in Figure 2.

Simulation examples

In this section, three simulation examples are given to
demonstrate the effectiveness of the proposed scheme
in this article.

Example 1. Numerical example. Consider the second-
order nonlinear stochastic system with time-delay
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dx1 = x2 +0:1x1e
�0:5x2

1 sin x1ð Þ+
x3
1 t� g1ð Þ

1+ x2
1 t� g1ð Þ

	 

dt+0:2x1dv

dx2 = u+ x2 sin
0:2

1+ x2
1

	 

+

x1 t� g2ð Þ sin x2ð Þ
1+ x2

1 t� g2ð Þ

	 

dt+0:3x1dv

y= x1

8>>>>>><
>>>>>>:

ð53Þ

with the initial state ½x1(0), x2(0)�
T = ½0, 0�T, and

yd =0:5 sin t is the given reference signal.
By Theorem 1, the actual control law, the intermedi-

ate control signal, and the adaptive laws are chosen,
respectively, as

u=� k2z2 � ûT
2Sm2

z2ð Þ
a1 =� k1z1 � ûT

1Sm1
z2ð Þ

_̂ui =GiSmi
zið Þz3i � Gihiûi, i=1, 2

where z1 = ½z1�T, z2 = ½z1, z2�T, z1 = x1 � yd, and
z2 = x2 � a1.

Through the continuous optimization of parameters,
a set of ideal parameters are empirically determined,
which ensure that a good tracking performance can be
achieved. The design parameters are taken as follows:
h1 =10, h2 =10, k1 =20, k2 =60, G1 =5I5,
G2 =10I9, and the time-delays are chosen as
g1 = g2 =0:05 s. The simulation results of Example 1
are shown in Figures 3–6, respectively. Figure 3 illus-
trates the trajectories of reference signal yd and output
y. Figure 4 displays the response of control signal u.
Figure 5 shows that the state variable x2 is bounded.

Figure 6 depicts that the tracking error y� yd con-
verges to a small neighborhood around the origin.

Example 2. Practical example. Considering a one-link
manipulator system with the influence of stochastic dis-
turbance and time-delay. According to Wang et al.,50

the system can be described as

dx1 = x2 + f1 x1ð Þð Þdt+0:1x1dv

dx2 = x3 + f2 �x2ð Þ+ x1 t� g2ð Þð Þdt+0:1x1dv

dx3 = u+ f3 �x3ð Þ+0:1x3 t� g3ð Þð Þdt+0:1x1dv

y= x1

8>><
>>:

ð54Þ

where x1 denotes the link angular position, x2 denotes
the velocity, and x3 denotes the acceleration, and the
initial state ½x1(0), x2(0), x3(0)�

T = ½0, 0, 0�T. f1(x1)=0,
f2(�x2)=�Nx2 sinx1, and f3(�x3)=� (Km=MD)x2.
N=0:1 is a positive constant related to the mass of the
load and the coefficient of gravity, Km is the back elec-
tromotive force coefficient, M is the armature induc-
tance, and D is the mechanical inertia, and their values
are selected as Km =10, M=10, and D=10.
yd =0:5 sin t is the given reference signal.

By Theorem 1, the actual control law, the intermedi-
ate control signals, and the adaptive laws are chosen,
respectively, as

Figure 2. Block diagram of control system.

Figure 3. The trajectories of system output y and the
reference signal yd.
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u=� k3z3 � ûT
3Sm3

z3ð Þ
aj =� kjzj � ûT

j Smj
zj
� �

, j=1, 2

_̂ui =GiSmi
zið Þz3i � Gihiûi, 1ł ił 3

where z1 = ½z1�T, z2 = ½z1, z2�T, z3 = ½z1, z2, z3�T,
z1 = x1 � yd, z2 = x2 � a1, and z3 = x3 � a2.

The design parameters are taken as follows: h1 =8,
h2 =10, h3 =100, k1 =6, k2 =10, k3 =120,
G1 =0:5I5, G2 =10I9, G3 =5I9, and the time-delays
are chosen as g1 = g2 = g3 =0:025 s. The simulation
results are shown in Figures 7–10, respectively. Figure
7 illustrates the trajectories of reference signal yd and
output y. Figure 8 displays the response of control sig-
nal u. Figure 9 shows that the state variables x2 and x3

are bounded. Figure 10 illustrates the trajectory of the
tracking error y� yd. According to the simulation
results of the practical example, we conclude that the

Figure 4. The trajectory of the input u.

Figure 5. The trajectory of state variable x2.

Figure 6. The trajectory of tracking error y � yd.

Figure 7. The trajectories of system output y and the
reference signal yd.

Figure 8. The trajectory of the input u.
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proposed approach can realize the control objective of
the one-link manipulator stochastic system with time-
delay.

Example 3. Comparative example. To further demon-
strate the superiority of the proposed control scheme, a
comparative experiment between the adaptive MTN
and radial basis function neural network (RBFNN)
control methods was carried out on the basis of
Example 1. The simulation comparison results are illu-
strated in Figure 11.

As we can see in Figure 11, although both MTN-
based controller and RBFNN-based controller can
realize the tracking control, the former possesses lower
computational complexity and more satisfactory per-
formance than the latter, as shown in the local enlarged
diagram of Figure 11. The comparative experiment
results further verify the effectiveness of the proposed
control scheme.

Conclusion

In this article, a new adaptive MTN backstepping con-
trol scheme is developed to deal with the problem of
tracking control for nonlinear stochastic systems with
time-delay. The MTNs are applied to handle the
unknown functions, which greatly improve the real-
time performance of the controller because the MTN
has a pretty simple structure. The novel integral-type
Lyapunov–Krasovskii functions are successfully
applied to overcome the unknown time-delay func-
tions. It is shown that the proposed controller can
ensure that all signals of the closed-loop system are
bounded in probability and the tracking error con-
verges to a small neighborhood of the origin. Finally,
the simulation results of three examples demonstrate
the effectiveness of the proposed control approach in
this article.

In addition, in view of many signal processing and
control applications of simulation process are realized
by digital computers, sampled-data filtering problem
has attracted a lot of attention.1,2 Therefore, in our
future research, we will focus on generalizing the results
of this article to nonlinear systems with stochastic dis-
turbances under the sampling-data filtering framework.
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Figure 9. The trajectories of state variables x2 and x3.

Figure 10. The trajectory of tracking error y � yd.

Figure 11. The tracking performances of the MTN and
RBFNN.

Zhu et al. 589



ORCID iD

Yu-Qun Han https://orcid.org/0000-0002-9055-2954

References

1. Qiu JB, Ji WQ, Rudas IJ, et al. Asynchronous sampled-

data filtering design for fuzzy-affine-model-based sto-

chastic nonlinear systems. IEEE Trans Cybern 2021; 51:

3964–3974.
2. Qiu JB, Ji WQ, Lam HK, et al. Fuzzy-affine-model

based sampled-data filtering design for stochastic non-

linear systems. IEEE Trans Fuzz Syst. Epub ahead of

print 4 September 2020. DOI: 10.1109/

TFUZZ.2020.3021699.
3. Namadchian Z and Rouhani M. Observer-based adap-

tive neural control for switched stochastic pure-feedback

systems with input saturation. Neurocomputing 2020;

375: 80–90.
4. Komaee A and Barton PI. Potential canals for control of

nonlinear stochastic systems in the absence of state mea-

surements. IEEE Trans Control Syst Technol 2017; 25(1):

161–174.
5. Zhao XD, Shi P, Zheng XL, et al. Adaptive tracking

control for switched stochastic nonlinear systems with

unknown actuator dead-zone. Automatica 2015; 60: 193–

200.
6. Liu Z, Wang F, Zhang Y, et al. Fuzzy adaptive quan-

tized control for a class of stochastic nonlinear uncertain

systems. IEEE Trans Cybern 2016; 46(2): 524–534.
7. Yao LN, Li LF, Guan YC, et al. Fault diagnosis and

fault-tolerant control for non-Gaussian nonlinear sto-

chastic systems via entropy optimisation. Int J Syst Sci

2019; 50(13): 2552–2564.
8. Wei XJ, Dong LW, Zhang HF, et al. Adaptive distur-

bance observer-based control for stochastic systems with

multiple heterogeneous disturbances. Int J Robust Nonlin

Control 2019; 29(16): 5533–5549.
9. Pan ZG and Basar T. Backstepping controller design for

nonlinear stochastic systems under a risk-sensitive cost

criterion. SIAM J Control Optim 1999; 37(3): 957–995.
10. Feng ZG and Shi P. Sliding mode control of singular sto-

chastic Markov jump systems. IEEE Trans Autom Con-

trol 2017; 62(8): 4266–4273.
11. Ji HB and Xi HS. Adaptive output-feedback tracking of

stochastic nonlinear systems. IEEE Trans Autom Control

2006; 51(2): 355–360.
12. Wu ZJ, Yang J and Shi P. Adaptive tracking for stochas-

tic nonlinear systems with Markovian switching. IEEE

Trans Autom Control 2010; 55(9): 2135–2141.
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