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Abstract
In this paper, the problem of adaptive finite-time multi-dimensional Taylor network (MTN) control for a class of stochastic nonlinear systems is investi-

gated. By combining the MTN-based approximate method and adaptive backstepping technique, a novel adaptive finite-time MTN control scheme is

proposed. In this scheme, the MTNs are used to approximate the unknown nonlinear functions of the systems. The finite-time Lyapunov stability the-

ory is utilized to prove the stability of the close-loop system. The proposed scheme can ensure that all signals in the closed-loop system are bounded

in probability and the tracking error converges to a small neighborhood of the origin in a finite time. Three simulation examples are presented to show

the effectiveness of the control scheme. It should be pointed that the adaptive MTN controller proposed in this paper has the advantages of fast com-

putational speed and good real-time performance thanks to the simple structure of the MTN.

Keywords
Adaptive control, finite-time control, multi-dimensional Taylor network, stochastic nonlinear systems

Introduction

It is well known that stochastic disturbances exist widely in

many practical systems and they are usually one of the factors

of instability and complexity of the systems. Therefore, the

controller design and performance analysis of stochastic sys-

tems are more difficult than that of general deterministic sys-

tems (Liu et al., 2016; Wang et al., 2014; Zhao et al., 2015).

Driven by these problems, more and more attentions have

been paid to the study of stochastic nonlinear systems (Deng

and Krstic, 1997, 1999; Deng et al., 2001; Feng and Shi, 2017;

Ji and Xi, 2006; Li et al., 2017; Pan and Basar, 1999; Wang

et al., 2013; Wei et al., 2019; Wu et al., 2010; Yao et al., 2019;

Zhong et al., 2015). So far, many control methods of determi-

nistic systems are successfully extended to stochastic systems,

such as adaptive control (Ji and Xi, 2006; Wei et al., 2019;

Wu et al., 2010), fault tolerant control (Yao et al., 2019),

approximation-based control (Li et al., 2017; Wang et al.,

2013; Zhong et al., 2015), sliding mode control (Feng and

Shi, 2017) and backstepping technique (Deng and Krstic,

1997, 1999; Deng et al., 2001; Pan and Basar, 1999). In partic-

ular, due to the existence of unknown functions and uncer-

tainty of systems, the approximation-based adaptive control

methods, such as neural network (NN)-based control (Hua

et al., 2015; Li et al., 2009; Zhou et al., 2012) and fuzzy-based

control (Li and Yue, 2015; Ma et al., 2019; Zhou et al., 2017),

have become a research hotspot in recent years. For example,

Hua et al. (2015) proposed an adaptive decentralized NN

control scheme for a class of time-delay stochastic nonlinear

systems. Ma et al. (2019) designed an adaptive fault-tolerant

controller based on fuzzy logic systems for a class of

nonstrict-feedback stochastic nonlinear systems. However,

the above approximation-based control methods have their

limitations (Han, 2018). For instance, NNs control methods

have the disadvantages of uncertain structure and slow con-

vergence speed. The design of fuzzy control is lack of system-

aticness and it is difficult to establish a systematic fuzzy

control theory. Therefore, it is still a meaningful topic to con-

struct a class of simple but effective adaptive control methods

for stochastic nonlinear systems. Fortunately, the multi-

dimensional Taylor network (MTN) has emerged, which can

overcome the aforementioned shortcomings.
The MTN is a three-layer network structure including

information input layer, middle layer composed of polyno-

mials and output layer (Han, 2018). The MTN model has the

advantages of strong learning ability and low computational

cost due to simple structure (Han and Yan, 2020). Up to

now, the model has been applied in many aspects such as

nonlinear system identification (Zhou and Yan, 2014a,

2014b) and traffic flow prediction (Zhu et al., 2021). The

MTN has been applied to the control problems of nonlinear
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systems due to its excellent approximation ability and many
valuable results have been obtained in recent years (Han
et al., 2021a, 2021b; Yan et al., 2018b; Zhu et al., 2020). Base
on the above researches, the method was also generalized to
the control problem of stochastic nonlinear systems (Han,

2020a, 2020b; Han and Yan, 2018, 2020; Han et al., 2018;
Yan et al., 2018a). For example, for a class of stochastic non-
linear systems with input dead-zone, Han et al. (2018) pro-
posed a MTN control method via backstepping technique.
Han (2020a, 2020b) also studied the control problems of a
class of stochastic nonlinear systems with input saturation
constraints and input delay, respectively. Some novel MTN-
based adaptive control strategies were proposed. However,
although many meaningful achievements based on the MTN
have been obtained, the MTN-based control method has not
yet been applied to the field of finite-time control. One of the
main goals of this paper is to extend this method to finite-
time control of stochastic systems.

In fact, finite-time control problems are frequently
encountered in engineering systems such as robot operating
systems and aircraft control systems (Ding and Li, 2011). As
a kind of time-optimal control, the main characteristic of
finite-time control is that it can make the closed-loop system
converges to equilibrium point in finite time and then remains
there. Compared with the control systems in infinite time
domain, the finite time control systems have better robust
and anti-interference performance (Ding and Li, 2011; Hong
et al., 2001). Therefore, finite-time control problems have
attracted extensive attention during the past decades. For the
first time, the finite-time Lyapunov stability theory was estab-
lished to deal with the flutter problems caused by the sliding
mode controller (Bhat and Bernstein,1998, 2000). On the base
of the theory, the finite-time control problems of determinis-
tic nonlinear systems have been studied by many authors
(Hong, 2002; Kamalamiri et al., 2020; Wang et al., 2018;
Yang et al., 2017). Subsequently, with the development of the
study, the finite-time control for deterministic nonlinear sys-
tems has been generalized to stochastic nonlinear control sys-

tems and many significant achievements have been obtained
(Chen and Jiao, 2010; Khoo et al., 2013; Liu and Zhu, 2020;
Song and Zhai, 2017; Wang et al., 2019; Zhang et al., 2018).
For example, Khoo et al. (2013) developed a systematic
design algorithm for the stochastic nonlinear systems finite-
time controller. Liu and Zhu (2020) studied the finite-time
tracking control problems for uncertain pure feedback sto-
chastic nonlinear systems with state constraints and estab-
lished a novel adaptive finite-time neural network controller
by utilizing backstepping technique. Wang et al. (2019) pro-
posed a new adaptive finite-time fuzzy control strategy for a
class of switched stochastic nonlinear systems. Zhang et al.
(2018) constructed an adaptive finite-time controller for a
class of stochastic nonlinear constraints systems with full state
constraints. Although many adaptive finite-time fuzzy/NNs
control methods for stochastic systems have been proposed,
these methods have shortcoming of complex controller struc-
ture and poor real-time performance. Therefore, there is still
much room for improvement of the existing research, which
motivates our research.

Based on the above observations, this paper concentrates
on the issue of adaptive finite-time control for a class of

stochastic nonlinear systems. The MTNs are used to approxi-

mate the unknown functions. Based on the MTN-based

approximate method and adaptive backstepping control tech-
nique, a new adaptive finite-time MTN control scheme is

developed. Three simulation examples are presented to show

the effectiveness of the provided control scheme. Compared

with the existing works, the main contributions of this paper
are as follows:

(1) In this paper, the MTN method is successfully used
to deal with the finite-time control problems for sto-
chastic nonlinear systems. A novel adaptive finite-
time MTN controller is provided via the MTN-based
approximate method and backstepping technique. In
the current MTN-based research results, the control
scheme based on the MTN for stochastic nonlinear
systems (Han and Yan, 2018, 2020; Han et al., 2018)
cannot be directly applied to the field of the finite-
time control of stochastic systems.

(2) The unknown nonlinear functions of the systems are
estimated with the help of approximate characteristic
of the MTN. The computation burden of the control
scheme is greatly alleviated thanks to the simple
structure of the MTN. Therefore, the proposed
MTN-based control scheme has a good real-time
performance.

The rest of this paper is organized as follows. Section 2

presents some preliminaries, including the system descrip-

tions, definitions and correlation theories. The main results of
this paper are presented in Section 3. Three simulation exam-

ples are given in Sections 4 to show the effectiveness of the

proposed scheme. Finally, the conclusions of the paper and
suggestions for further research works are given in Section 5.

System description and preliminaries

The following notations are used throughout this paper. R

denotes the set of all real numbers. For a given vector or
matrix x, Tr xð Þ denotes its trace when x is square matrix and

xk k denotes the Euclidean norm for a vector x. C2 denotes

the set of all functions with continuous 2-th partial derivative.

System descriptions

In this paper, the following stochastic nonlinear systems are

considered

dxi = xi+ 1 + fi(�xi)ð Þdt+ gT
i (�xi)dv

i= 1, 2, . . . , n� 1

dxn = u+ fn �xnð Þð Þdt+ gT
n (�xn)dv

y= x1

8>><
>>: ð1Þ

where �xi = ½x1, x2, . . . , xi�T 2 Ri and x= ½x1, x2, . . . , xn�T 2 Rn

are the state variables, y 2 R is the system output, u 2 R is the

system input, fi( � ) : Ri ! R are the unknown continuous

nonlinear functions with fi(0)= 0, gi( � ) : Ri ! Ri 3 r are the

unknown continuous functions with gi(0)= 0, and v is an
independent r-dimensional standard Wiener process.

458 Transactions of the Institute of Measurement and Control 44(2)



The objective of this paper is to design a control strategy

for system (1) and achieve the following goals: (i) the output y

of the system (1) can track the given reference signal yd and
tracking errors eventually converge to a small neighborhood
of the origin in the finite-time; (ii) the systems (1) are semi-
global finite-time stable in probability (SGFTSP).

In order to achieve the above objectives, the following

assumption is introduced.

Assumption 1: The reference signal yd and its up to n-th order
derivatives are bounded and continuous.

Correlation theories

In order to introduce the related definitions and theorems of
the stochastic nonlinear systems, we consider the stochastic
nonlinear system in the following form

dx(t)= f (x(t))dt+ g(x(t))dv ð2Þ

where x 2 Rn is the system state, f : Rn ! Rn and
g : Rn ! Rn 3 r stand for unknown smooth nonlinear func-

tions and satisfy f (0)= 0 and g(0)= 0. v is an independent
r-dimensional standard Wiener process.

Definition 1: (Han and Yan, 2020; Han et al., 2018): Consider

the stochastic nonlinear system (2), for any C2 function
V (x, t), the differential operator L is defined as

LV (x, t)= ∂V
∂x f + 1

2
Tr gT ∂2V

∂x2 g
n o

ð3Þ

Definition 2: (Wang et al., 2019): The solution x of the system

(2) is SGFTSP if for all x t0ð Þ= x0, there is e . 0 and a setting
time T e, x0ð Þ\‘ to make x(t)k k\e, for all t ø t0 +T , where
x0 is the system initial state.

Lemma 1: (Wang et al., 2019): For li 2 R, i= 1, . . . , n, the
following inequality holds

Pn
i= 1

lij j
� �g

ł
Pn

i= 1

lij jg ð4Þ

where 0\g ł 1.

Lemma 2: (Wang et al., 2019): For real variables a, b, we
have the following inequality

aj jp bj jq ł
p

p+ q
1 aj jp+ q + q

p+ q
1�

p

q bj jp+ q ð5Þ

where q, p, 1 are any positive constants.

Lemma 3: (Wang et al., 2019): The trajectory of the system

(2) is SGFTSP, if there exists a C2 function V xð Þ : Rn ! R

with V 0ð Þ= 0, such that the following inequality holds

LV xð Þł� aV g xð Þ+ r ð6Þ

In addition, V xð Þ has the following feature

V g xð Þł r

1�mð Þa , 8t ø Treach

where a . 0, 0\r\‘, 0\m\1 and Treach is defined by

Treach =
1

1�gð Þma
V 1�g x 0ð Þð Þ � r

1�mð Þa

� �1�g

g

� �

MTN

In this paper, the MTNs are used to estimate unknown

smooth nonlinear functions of the systems (1). We recall the

correlation theory of the MTN. See Han (2018) and Zhu

et al. (2020) for details.

Lemma 4: (Yan et al., 2018a; Zhu et al., 2020): On a compact

set OZ , for 8e . 0, consider continuous nonlinear function

f (Z), there exists a MTN u�TSmn
(Z), such that

f (Z)=u�TSmn
(Z)+ d(Z) ð7Þ

where Z= ½z1, z1, . . . , zn�T 2 OZ, and d(Z) is the approxima-

tion error with jd(Z)jł e, u�= ½u1,u2, . . . ,un�T is the opti-

mal weight vector and defined by

u� : = arg min
u2RN

sup
Z2OZ

f (Z)� uTS(Z)
�� ��( )

Remark 1: Even though the MTN and NNs are all three-layer

network structure in form, their principles are different. The

NNs introduce basic function such as exponential functions,

partial fractions and step to achieve nonlinear transforma-

tion, which have shortcomings of the long training time and

high computational complexity. However, the MTN approxi-

mates the nonlinear functions by making full use of orthogo-

nal polynomials. Compared with the NNs, the MTN has a

simpler structure and better real-time performance (Han,

2018; Han and Yan, 2020; Han et al., 2021; Yan et al., 2018a;

Zhou and Yan, 2014a, 2014b; Zhu et al., 2020; Zhu et al.,

2021). Therefore, the MTN has better approximation capabil-

ity in nonlinear system identification.

Main results

The process of designing adaptive MTN controller is divided

into n steps. Firstly, the following change of coordinates is

employed

z1 = x1 � yd

zi = xi � ai�1, i= 2, . . . , n
ð8Þ

where ai�1 is a virtual control signal, which will be determined

in (i� 1)-th step.
Combining (1) and (8), one has

dz1 = ½x2 + f1(x1)� _yd �dt+ gT
1 (x1)dv

dzi = ½xi+ 1 + fi(�xi)� Dai�1�dt+(gi�Pi�1

j= 1

∂ai�1

∂xj
gj)

Tdv 2 ł i ł n� 1

dzn = ½u+ fn(�xn)� Dan�1�dt+(gn�Pn�1

j= 1

∂an�1

∂xj
gj)

Tdv

8>>>>>>>>><
>>>>>>>>>:

ð9Þ
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with Dai�1 =
Pi�1

j= 1

∂ai�1

∂xj
(fj + xj+ 1)+

Pi�1

j= 0

∂ai�1

∂y
(j)
d

y
(j+ 1)
d +

Pi�1

j= 1

∂ai�1

∂ûj

_̂
uj + 1

2

Pi�1

j, k = 1

∂2ai�1

∂xj∂xk
gT

j gk , where ûj is the parameter vector

of the MTN approximation and
_̂
uj is the adaptive law that

will be defined later.

MTN-based backstepping design

Step 1: Consider the stochastic Lyapunov function candidate
as follows

V1 =
1
4

z4
1 +

1
2

~uT
1 G�1

1
~u1 ð10Þ

where G1 =GT
1 . 0 is a symmetric positive definite matrix,

~u1 =u1 � û1 is the parameter error vector.
According to Definition 1 and (10), we obtain

LV1 = z3
1 x2 + f1 � _ydð Þ+ 3

2
z2

1gT
1 g1 � ~uT

1 G�1
1

_̂
u1 ð11Þ

By using Young’s inequality, we have

3

2
z2

1gT
1 g1 ł

3

4j2
1

z4
1 g1k k4 +

3

4
j2

1 ð12Þ

where j1 is a design parameter.
Substituting (12) into (11), we can obtain

LV1 ł z3
1 x2 + �f 1

	 

� 3

2
z4

1 +
3

4
j2

1 � ~uT
1 G�1

1
_̂
u1 ð13Þ

where �f1 = f1 � _yd +
3

4j2
1

z4
1 g1k k4 +

3

2
z1.

�f1 is obviously an unknown function, and it cannot be
directly used to construct virtual control signal a1. According

to Lemma 4, we can use a MTN to estimate �f1. In other word,
for 8e1 . 0, there exists a MTN uT

1 Sm1
(z1), such that

�f 1 =uT
1 Sm1

(z1)+ d1(z1), d1(z1)j jł e1 ð14Þ

where z1 = ½z1�T is the input of MTN and d1(z1) is the approx-

imation error.
By using Young’s inequality, we have

z3
1z2 ł 3

4
z4

1 +
1
4

z4
2 ð15Þ

z3
1d1 ł 3

4
z4

1 +
1
4
e4

1 ð16Þ

Substituting (8) and (14), (15) and (16) into (13) yields

LV1 ł z3
1 a1 +uT

1 Sm1
(z1)

	 

+

1

4
e4

1 +
1

4
z4

2

+
3

4
j2

1 � ~uT
1 G�1

1
_̂
u1

ð17Þ

Based on (17), taking the following intermediate virtual
control signal a1 as

a1 =� k1z
4g�3
1 � û

T

1 Sm1
(z1) ð18Þ

where k1 . 0 and 0\g\1 are design parameters.

Substituting (18) into (17), we have

LV1 ł� k1z
4g
1 +

1

4
z4

2 +
1

4
e4

1 +
3

4
j2

1

+ ~uT
1 z3

1Sm1
(z1)� G�1

1
_̂
u1

� � ð19Þ

Step 2: Consider the stochastic Lyapunov function candidate
as follows

V2 =V1 +
1
4

z4
2 +

1
2

~uT
2 G�1

2
~u2 ð20Þ

where G2 =GT
2 . 0 is a symmetric positive definite matrix,

~u2 =u2 � û2 is the parameter error vector.
According to Definition 1 and (20), we can obtain

LV2 =LV1 + z3
2 x3 + f2 � Da1ð Þ

+
3

2
z2

2~gT
2 ~g2 � ~uT

2 G�1
2

_̂
u2

ð21Þ

where ~g2 = g2 �
P1

j= 1

∂a1

∂xj

gj.

By using Young’s inequality, we have

3

2
z2

2~gT
2 ~g2 ł

3

4j2
2

z4
1 ~g2k k

4 +
3

4
j2

2 ð22Þ

where j2 is a design parameter.
Substituting (22) into (21), we have

LV2 łLV1 + z3
2 x3 + �f 2

	 

� 7

4
z4

2

+
3

4
j2

2 � ~uT
2 G�1

2
_̂
u2

ð23Þ

where �f2 = f2 �
P1

j= 1

∂a1

∂xj
(f1 + x2)+

P1
j= 0

∂a1

∂y
(j)
d

y
(j+ 1)
d +

P1
j= 1

∂a1

∂ûj

_̂
uj

+ 1
2

P1
j, k = 1

∂2a1

∂xj∂xk
gT

j gk +
3

4j2
2

z4
2 ~g2k k4 + 7

4
z2.

�f2 is also an unknown function. When constructing virtual

control signal a2, a MTN can be used to approximate �f2.
Namely, for 8e2 . 0, there exists a MTN uT

2 Sm2
(z2), such that

�f 2 =uT
2 Sm2

(z2)+ d2(z2), d2(z2)j jł e2 ð24Þ

where z2 = ½z1, z2�T is the input of MTN and d2(z2) is the

approximation error.
By using Young’s inequality, one has

z3
2z3 ł 3

4
z4

2 +
1
4

z4
3 ð25Þ

z3
2d2 ł 3

4
z4

2 +
1
4
e4

2 ð26Þ

Substituting (8), and (24), (25) and (26) into (23), we can
get

LV2 łLV1 + z3
2 a2 +uT

2 Sm2
(z2)

	 

+

1

4
e4

2 +
1

4
z4

3

� 1

4
z4

2 +
3

4
j2

2 � ~uT
2 G�1

2
_̂
u2

ð27Þ

According to (27), designing the following intermediate
virtual control signal a2 as

460 Transactions of the Institute of Measurement and Control 44(2)



a2 =� k2z
4g�3
2 � û

T

2 Sm2
(z2) ð28Þ

where k2 . 0 and 0\g\1 are design parameters.
Substituting (19) and (28) into (27), we have

LV2 ł
X2

j= 1

�kjz
4g
j +

1

4
z4

3 +
1

4

X2

j= 1

e4
j +

3

4

X2

j= 1

j2
j

+
X2

j= 1

~uT
j z3

j Smj
(zj)� G�1

j
_̂
uj

� � ð29Þ

Step i(i= 3, . . . , n� 1): Consider the stochastic Lyapunov

function candidate as follows

Vi =Vi�1 +
1
4

z4
i +

1
2

~uT
i G�1

i
~ui ð30Þ

where Gi =GT
i . 0 is a symmetric positive definite matrix,

~ui =ui � ûi is the parameter error vector.
According to Definition 1 and (30), we can obtain that

LVi =LVi�1 + z3
i xi+ 1 + fi � Dai�1ð Þ

� ~uT
i G�1

i
_̂
ui +

3

2
z2

i ~gT
i ~gi

ð31Þ

where ~gi = gi �
Pi�1

j= 1

∂ai�1

∂xj
gj.

By using Young’s inequality, we have

3

2
z2

i ~gT
i ~gi ł

3

4j2
i

z4
i ~gik k

4 +
3

4
j2

i ð32Þ

where ji is a design parameter.
Substituting (32) into (31) yields

LVi łLVi�1 + z3
i xi+ 1 + �f i

	 

� 7

4
z4

i

+
3

4
j2

i � ~uT
i G�1

i
_̂
ui

ð33Þ

where �fi = fi �
Pi�1

j= 1

∂ai�1

∂xj
(fj + xj+ 1)+

Pi�1

j= 0

∂ai�1

∂y
(j)
d

y
(j+ 1)
d +

Pi�1

j= 1

∂ai�1

∂ûj

_̂
uj +

1
2

Pi�1

j, k = 1

∂2ai�1

∂xj∂xk
gT

j gk +
3

4j2
i

z4
i ~gik k

4 + 7
4

zi.

Similar to functions �f1 and �f2, �fi can be approximated by

using a MTN in the design of virtual control signal ai.

Namely, for 8ei . 0, there exists a MTN uT
i Smi

(zi), such that

�f i =uT
i Smi

(zi)+ di(zi), di(zi)j jł ei ð34Þ

where zi = ½z1, � � � , zi�T is the input of MTN and di(zi) is the

approximation error.
By using Young’s inequality, one has

z3
i zi+ 1 ł 3

4
z4

i +
1
4

z4
i+ 1 ð35Þ

z3
i di ł 3

4
z4

i +
1
4
e4

i ð36Þ

Substituting (8), and (34), (35) and (36) into (33) yields

LVi łLVi�1 + z3
i ai +uT

i Smi
(zi)

	 

+

1

4
e4

i

+
1

4
z4

i+ 1 �
1

4
z4

i +
3

4
j2

i � ~uT
i G�1

i
_̂
ui

ð37Þ

Based on (37), designing the following intermediate virtual

control signal ai as

ai =� kiz
4g�3
i � û

T

i Smi
(zi) ð38Þ

where ki . 0 and 0\g\1 are design parameters.
Substituting (29) and (38) into (37), we have

LVi ł
Xi

j= 1

�kjz
4g
j +

1

4
z4

i+ 1 +
1

4

Xi

j= 1

e4
j +

3

4

Xi

j= 1

j2
j

+
Xi

j= 1

~uT
j z3

j Smj
(zj)� G�1

j
_̂
uj

� � ð39Þ

Step n: Consider the stochastic Lyapunov function candi-

date as follows

Vn =Vn�1 +
1
4

z4
n +

1
2

~uT
n G�1

n
~un ð40Þ

where Gn =GT
n . 0 is a symmetric positive definite matrix,

~un =un � ûn is the parameter error vector.
According to Definition 1 and (40), we can obtain

LVn =LVn�1 + z3
n u+ fn � Dan�1ð Þ

� ~uT
n G�1

n

_̂
un +

3

2
z2

n~gT
n ~gn

ð41Þ

where ~gn = gn �
Pn�1

j= 1

∂an�1

∂xj
gj.

By using Young’s inequality, we have

3

2
z2

n~gT
n ~gn ł

3

4j2
n

z4
n ~gnk k

4 +
3

4
j2

n ð42Þ

where jn is a design parameter.
Substituting (42) into (41), we have

LVn łLVn�1 + z3
n u+ �f n

	 

� 7

4
z4

n

+
3

4
j2

n � ~uT
n G�1

n
_̂
un

ð43Þ

where �fn = fn �
Pn�1

j= 1

∂an�1

∂xj
(fj + xj+ 1)+

Pn�1

j= 0

∂an�1

∂y
(j)
d

y
(j+ 1)
d +

Pn�1

j= 1

∂an�1

∂ûj

_̂
uj +

1
2

Pn�1

j, k = 1

∂2an�1

∂xj∂xk
gT

j gk +
3

4j2
n

z4
n ~gnk k

4 + zn.

Clearly, �fn also needs to be estimated by using a MTN
when constructing actual control signal u. In other word, for

8en . 0, there exists a MTN uT
n Smn

(zn), such that

�f n =uT
n Smn

(zn)+ dn(zn), dn(zn)j jł en ð44Þ

where zn = ½z1, � � � , zn�T is the input of MTN and dn(zn) is the

approximation error.
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By using Young’s inequality, we have

z3
ndn ł 3

4
z4

n +
1
4
e4

n ð45Þ

Substituting (8), (44) and (45) into (43), we can obtain that

LVn łLVn�1 + z3
n u+uT

n Smn
(zn)

	 

+

1

4
e4

n

� 1

4
z4

n +
3

4
j2

n � ~uT
n G�1

n
_̂
un

ð46Þ

According to (46), taking the following control input u as

u=� knz4g�3
n � û

T

n Smn
(zn) ð47Þ

where kn . 0 and 0\g\1 are design parameters.
Substituting (39) and (47) into (46) results in

LVn ł
Xn

j= 1

�kjz
4g
j +

1

4

Xn

j= 1

e4
j +

3

4

Xn

j= 1

j2
j

+
Xn

j= 1

~uT
j z3

j Smj
(zj)� G�1

j
_̂
uj

� � ð48Þ

Based on the foregoing analysis and (48), the adaptive laws
_̂
uj can be designed as

_̂
uj =GjSmj

(zj)z
3
j � Gjhjûj, 1 ł j ł n ð49Þ

Substituting (49) into (48) yields

LVn ł
Xn

j= 1

�kjz
4g
j +

1

4

Xn

j= 1

e4
j +

1

4
e4

+
3

4

Xn

j= 1

j2
j +

Xn

j= 1

~uT
j hjûj

ð50Þ

According to the definition of ûj, we have

hj
~uT

j ûj =hj
~uT

j (uj � ~uj)ł� hj

2
~uT

j
~uj +

hj

2
uj

�� ��2 ð51Þ

Substituting (51) into (50), we have

LVn ł
Xn

j= 1

�kjz
4g
j +

1

4

Xn

j= 1

e4
j +

3

4

Xn

j= 1

j2
j

+
Xn

j= 1

�
hj

2
~uT

j
~uj +

hj

2
uj

�� ��2
� � ð52Þ

Then, subtracting and adding the term 1
2

Pn
j= 1

~uT
j G�1

j
~uj

 !g

in (52), we can get

LVn ł
Xn

j= 1

�kjz
4g
j �

1

2

Xn

j= 1

~uT
j G�1

j
~uj

 !g

+
3

4

Xn

j= 1

j2
j +

Xn

j= 1

hj

2
uj

�� ��2 �
Xn

j= 1

hj

2
~uT

j
~uj

+
1

2

Xn

j= 1

~uT
j G�1

j
~uj

 !g

+
1

4

Xn

j= 1

e4
j

ð53Þ

Applying Lemma 2, we have

1

2

Xn

j= 1

~uT
j G�1

j
~uj

 !g

ł (1� g)e
glng

1�g

+
1

2

Xn

j= 1

~uT
j G�1

j
~uj

ð54Þ

Substituting (54) into (53) yields

LVn ł
Xn

j= 1

�kjz
4g
j �

1

2

Xn

j= 1

~uT
j G�1

j
~uj

 !g

+
3

4

Xn

j= 1

j2
j +

Xn

j= 1

hj

2
uj

�� ��2
+(1� g)e

glng

1�g

�
Xn

j= 1

hj

2
~uT

j
~uj +

1

2

Xn

j= 1

~uT
j G�1

j
~uj +

1

4

Xn

j= 1

e4
j

ð55Þ

According to (55), we can obtain

LVn ł
Xn

j= 1

�kjz
4g
j �

1

2

Xn

j= 1

~uT
j G�1

j
~uj

 !g

+
1

4

Xn

j= 1

e4
j +

3

4

Xn

j= 1

j2
j +

Xn

j= 1

hj

2
uj

�� ��2

+(1� g)e
glng

1�g

ð56Þ

From Lemma 1, we have

�
Pn

j= 1

kjz
4g
j ł� k

Pn
j= 1

z4
j

 !g

ð57Þ

where k = min kj j= 1, . . . , nj
� 


.
Substituting (57) into (56) yields

LVn ł� k
Xn

j= 1

z4
j

 !g

� 1

2

Xn

j= 1

~uT
j G�1

j
~uj

 !g

+
1

4

Xn

j= 1

e4
j +

3

4

Xn

j= 1

j2
j +

Xn

j= 1

hj

2
uj

�� ��2

+(1� g)e
glng

1�g

Let a= min 4k, 2gf g and r= 1
4

Pn
j= 1

e4
j +

3
4

Pn
j= 1

j2
j

+
Pn

j= 1

hj

2
uj

�� ��2
+(1� g)e

glng

1�g , we have

LVn ł� aV g
n + r ð58Þ

Result analysis

Based on the above design scheme and analysis process, we
can summarize the main results of this paper as the following

theorem.

Theorem 1: Under Assumption 1, for the stochastic nonlinear
systems (1), the intermediate control signals (18), (28) and
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(38), the control input (47) and the adaptive laws (49) can

ensure that all the signals in the closed-loop systems are

bounded in probability, and the tracking error remains in a

small neighborhood of the origin in a finite time.

Proof: Consider the following stochastic Lyapunov function

for the stochastic nonlinear systems (1)

V =Vn =
1
4

Pn
i= 1

z4
i +

1
2

Pn
i= 1

~uT
i G�1

i
~ui ð59Þ

According to Lemma 3, (58) and (59), we have

Treach =
1

1�gð Þma
V 1�g x 0ð Þð Þ � r

1�mð Þa

� �1�g

g

� �

with 0\m\1.
Then, it follows from Lemma 3 that for 8t . Treach,

V g x 0ð Þð Þ\ r

1�mð Þa, which implies that any signal of the closed-

loop systems (1) is SGFTSP.
In addition, from (59), one has

y� ydj jł 2 r

1�mð Þa

� � 1
4g

, 8t . Treach ð60Þ

This theorem completes the proof.

Simulation

In this section, three simulation examples are given to show

the effectiveness of the proposed control scheme in this paper.

Example 1 (Numerical example): Consider the third-order sto-

chastic nonlinear system

dx1 = x2 � 0:2x1 sin (x1)ð Þdt+ x1dv
dx2 = x3 � x1 cos (x

2
2)

	 

dt+ sin (x1)x2dv

dx3 = u+ x2x2
3

	 

dt+ sin (x3)dv

y= x1

8>><
>>: ð61Þ

with the initial state ½x1(0) , x2(0), x3(0)�T = ½0, 0, 0�T.
Consider the reference signal yd = 0:5 sin (t). Based on the

above controller design process, the actual control law

u=� k3z
4g�3
3 � û

T

3 Sm3
(z3), the intermediate control signals

ai =� kiz
4g�3
i � û

T

i Smi
(zi), 1 ł i ł 2 and the adaptive laws

_̂
ui =GiSmi

(zi)z
3
i � Gihiûi, 1 ł i ł 3, where z1 = ½z1�T,

z2 = ½z1, z2�T, z3 = ½z1, z2, z3�T, z1 = x1 � yd , z2 = x2 � a1 and

z3 = x3 � a2. Moreover, the following design parameters are

applied to the simulation: h1 = 4, h2 = 10, h3 = 0:6,
k1 = 7:5, k2 = 20, k3 = 20, G1 = 0:2I5, G2 = 10I9, G3 = 0:1I9,

and g = 0:99.
The simulation results of Example 1 are given in Figures

1–4, respectively. Figure 1 illustrates the trajectories of the

reference signal yd and the system output y. Figure 2 displays

the response of control signal u. Figure 3 shows that the state

variables x2 and x3 are bounded. Figure 4 shows that the

tracking error y� yd converges to a small neighborhood

around the origin in the finite-time.

Example 2 (Practical example): Considering the one-link

manipulator system with the influence of stochastic distur-

bance (Wang et al., 2015). The system can be described as

dx1 = x2dt+ x1dv
dx2 = x3 � 2 cos (x1)� x2ð Þdt+ sin (x1)x2dv
dx3 = u� 2x2 � x3ð Þdt

y= x1

8>><
>>: ð62Þ

with the initial state ½x1(0) , x2(0), x3(0)�T = ½0, 0, 0�T.
Consider the reference signal yd = 0:8 sin (t). Based on the

above controller design process, the actual control law u, the

intermediate control signals ai and the adaptive laws
_̂
ui are

respectively chosen as

Figure 1. The trajectories of the system output y and the reference

signal yd of Example 1.

Figure 2. The trajectory of the system control input u of Example 1.
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u=� k3z
4g�3
3 � û

T

3 Sm3
(z3)

ai =� kiz
4g�3
i � û

T

i Smi
(zi), 1 ł i ł 2

_̂
ui =GiSmi

(zi)z
3
i � Gihiûi, 1 ł i ł 3

where z1 = ½z1�T, z2 = ½z1, z2�T, z3 = ½z1, z2, z3�T, z1 = x1 � yd ,

z2 = x2 � a1 and z3 = x3 � a2. The design parameters are cho-

sen as : h1 = 2, h2 = 10, h3 = 0:5, k1 = 12, k2 = 32, k3 = 26,

G1 = 0:4I5, G2 = 8I9, G3 = 0:4I9, and g = 0:99.
The simulation results of Example 2 are given in Figures

5–8, respectively. The results show that the system output y

can accurately track the reference signal yd , and the desired
tracking performance is achieved in finite time, which further

verifies the effectiveness of the proposed control scheme in

this paper.

Remark 2: Both numerical and practical examples show

that all signals in the closed-loop systems are bounded and

the tracking errors can converge to a small neighborhood
of zero in a finite time. The good tracking performance
can be achieved by choosing the proper design parameters
hi, ki, Gi.

Example 3 (Comparative example): To further demonstrate
the superiority of the proposed control scheme, a comparative
experiment between the adaptive finite-time MTN and RBF
neural network (RBFNN) control methods was carried out

on the basis of Example 1. The specific way is to replace the
MTNs with RBFNNs in the control strategy proposed in
Theorem 1, respectively. The simulation comparison results
are illustrated in Figure 9.

As we see from Figure 9, although both MTN-based con-
troller and RBFNN-based controller can realize the tracking
control, the former possesses lower computational complexity

and more satisfactory performance than the latter, as shown

Figure 3. The trajectories of the system state variables x2 and x3 of

Example 1.

Figure 4. The trajectory of the tracking error y � yd of Example 1.

Figure 5. The trajectories of the system output and the reference

signal yd of Example 2.

Figure 6. The trajectory of the system control input u of Example 2.
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in the local enlarged diagram of Figure 9. The comparative

experiment results further verify the effectiveness of the pro-

posed control scheme.

Conclusion

In this paper, a new adaptive finite-time MTN control scheme

is developed to solve the control problems of stochastic non-

linear systems. With the help of the MTN method and back-

stepping technique, an adaptive finite-time MTN control

scheme is proposed. In the controller design process, the

MTNs are used to handle the unknown functions, which

greatly reduce the computation complexity of the proposed

scheme. Based on finite-time Lyapunov stability theory, the

stability of the closed-loop systems can be proved. The pro-

posed scheme can ensure that the closed-loop systems are

SGFTSP, and tracking errors converge to a small neighbor-

hood of zero in a finite time. Finally, the simulation results of

three examples demonstrate the effectiveness of the proposed

control scheme in this paper. In our future research, we could

further focus on the adaptive finite-time MTN control prob-

lems for the other stochastic nonlinear systems, such as state

constraints systems and input delay systems.
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