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Abstract

In this article, the problem of event-triggered adaptive asymptotic tracking
control (ATC) for stochastic nonlinear systems with unknown control direc-
tions (UCDs) and full state constraints is concerned. It must be said that the
controller design and system analysis is more complex and difficult since the
existence of stochastic disturbances, UCDs and full state constraints simulta-
neously. By introducing the lower bound of the UCDs into the barrier Lya-
punov functions, an event-triggered adaptive MTN ATC scheme is proposed
based on the boundary estimation method and a new event-triggered con-
trol (ETC) strategy, which can achieve satisfactory asymptotic tracking perfor-

mance and control performance of the system, while reduce the occupation
of network resources. The simulation results not only verify the effectiveness
of the proposed control scheme, but also present different tracking perfor-
mances between three ETC strategies for comparison, further confirming the
superiority of the proposed ETC strategy in achieving asymptotic tracking
performance.
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1 | INTRODUCTION

It is widely known that stochastic disturbances are important factor affecting system instability. Therefore, the research
of stochastic nonlinear systems has become a hot topic in recent years, and many effective methods have been reported,
such as adaptive backstepping control,!? robust control,® fault-tolerant control,* and sliding mode control.> However, it is
very difficult to achieve the tracking control purpose only by relying on the above methods when the nonlinear structure
in the systems has strong nonlinearity and uncertainty. As some alternative methods, the approximation-based adaptive
control methods have been reported, such as neural networks (NNs) control,®® fuzzy logic systems (FLSs) control!*!! and
multi-dimensional Taylor network (MTN) control.'>* Among them, the MTN is taken as a new type of NN, which has
received a growing number of attention, and many MTN-based adaptive tracking control schemes have been proposed.!'>!®
However, the above research results only ensure that the tracking error bounded near the origin rather than asymptotic
tracking. In addition, the resources limitation is another difficulty to be overcome when the network as most control
systems transmission medium.
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The traditional time-triggered control methods may lead to unnecessary occupation of network resources including
communication channel bandwidth and computing abilities due to frequent transmission and execution of control sig-
nals. In order to avoid the above situation, the event-triggered control (ETC) was proposed.!”?! The underlying idea of
ETC is to optimize the control input of the systems. Specifically, the control signals will be transmitted and acted on
the system only when the pre-given trigger condition is reached, thus achieving the balance between saving network
resources and maintaining the system performance. By using the approach of ETC, many interesting research has been
conducted for different systems, such as multi-agent nonlinear systems,?*** Markov jump systems,?*> and multiple-input
multiple-output nonlinear systems.?®?” More recently, many asymptotic tracking control (ATC) approaches based on
ETC for nonlinear systems with unknown control directions (UCDs) have been proposed.?®2° On this basis, the ATC has
become a major research topic due to its unique advantages in the field of tracking control. For example, by introducing
an ETC strategy based on relative threshold strategy (RTS), authors in Reference 30 investigated an adaptive fuzzy ATC
method for pure-feedback nonlinear systems with uncertain external disturbances. Based on FLSs, authors in References
31 and 32 proposed some novel event-triggered adaptive ATC strategies for nonlinear systems with UCDs and uncertain
external disturbances.

Despite that many ETC strategies have been obtained for stochastic nonlinear systems, the mentioned results ignore
the issue of state constraints. Recently, an increasing attention has been focused on state constraints due to the fact that
state constraints exist in most actual systems. The existence of those constraints may reduce the system performance, and
even lead to the system instability. In fact, the problem of state constraints has been solved well by constructing barrier
Lyapunov functions (BLFs), and different types of BLFs have been proposed, including tangent-BLFs,*® integral-BLFs>*
and logarithmic-BLFs.3>¢ Furthermore, by combining BLFs and FLSs or NNs, many adaptive tracking control methods
have been researched for different nonlinear systems with full-state constraints, such as nonlinear systems,3” switched
nonlinear systems,*’ nonlinear time-delay systems,* high-order nonlinear time-delay systems*? and stochastic nonlinear
systems.*? It is worth pointing out that authors in Reference 44 and 45 investigated the tracking control issues of stochastic
nonlinear systems with full-state constraints, and proposed a novel MTN-based adaptive control scheme with the help
of the BLFs method. However, the ETC, the ATC, the UCDs and the full state constraints of the stochastic nonlinear
systems have not yet been studied within the same theoretical framework, which was the motivation for our current
research.

On the basis of the above investigation, this article dedicates to developing a novel MTN-based event-triggered adaptive
ATC approach for stochastic nonlinear systems with full-state constraints, which can simultaneously overcome the mul-
tiple difficulties of implementing ATC under stochastic disturbances, state constraints, and network resources limitation.
Compared to the existing results, the main innovations of this article are highlighted as follows:

(1) This article is devoted to investigating the event-triggered adaptive ATC problem for stochastic nonlinear sys-
tems with UCDs and full state constraints by using the MTN estimation method. By introducing ETC strategy,
boundary estimation method and BLFs, a new event-triggered adaptive control scheme is established to compen-
sate for the effects of UCDs, stochastic disturbances and state constraints, while ensuring the ATC performance
of the system under avoiding communication overload and computational ability limitations. In addition, differ-
ent from the traditional method of constructing Lyapunov functions in References 29 and 39, a novel Lyapunov
function with lower bound of UCDs is constructed in this article, so that the upper bound of UCDs is no longer
needed.

(2) 1t is worth pointing out that the event-triggered adaptive MTN asymptotic controller designed in this article has
the following two advantages. First, the proposed controller based on switching threshold strategy (STS) has better
asymptotic tracking performance than the fixed threshold strategy (FTS) used in Reference 21 and the RTS used
in References 30-32. Second, due to the simple structure of MTN, the controller designed has lower computational
complexity, and has stronger applicability especially when the computing abilities are limited.

(3) It is the first time that the adaptive ATC, the MTN estimation method and the ETC are considered for stochastic
nonlinear systems with full-state constraints and UCDs. Although the event-triggered adaptive ATC strategies for
different nonlinear systems with full state constraints were studied in References 39 and 41, the stochastic distur-
bances, the control directions, and the MTN estimation method were not considered. In addition, despite the adaptive
MTN tracking control of stochastic nonlinear systems with full-state constraints have been studied in References 44
and 45, but these studies cannot be directly used for handling the ATC problem for stochastic nonlinear systems, let
alone in the case where network resources are limited and the control directions are unknown. Therefore, the issue
and systems studied in this article are more general.

95UddIT suUoww o)) aAneas) aqedijdde ayy Aq pausanob aie sapi1e YO 9sn Jo sojnJ 104 A1eiqr] auljuQ A9JIp\ Uo (suonipuod-pue
-suual/wodAs|imAseigiauljuo//:sdiy) suonipuo) pue swidl 3y 39S "[9202/€0/70] uo Ateiqry sunuo Asjipm ‘winajoiad 3O Ausianun eulyd Ag "€0892u4/Z00L 0L/10p/wodAsimAeigijauljuo//:sdiy wouy papeojumoq ‘€l ‘€202 '6£2L660L



7910 Wl LEY DU ET AL.

2 | PROBLEM DESCRIPTION AND PRELIMINARY
21 | Problem description

Considering the stochastic nonlinear system with UCDs, which can be described as follows

dx; = ( i (.7_61) + gi (J_ci)xm) dt+ ]’l;r (fl) do
i=1,2,...,n—-1

. _ . 1)
dx, = ( n (xn) + &n (xn) M) dt + ]’l;{ (xn) do
y =X,
where x = [x1, X2, ... ,X:]T € R" denotes the state vector of the system with X; = [x1, X3, ... ,x;]]T € R, u€Randy € R

represent the system input and output, respectively. g; (-) denotes the control direction of the system, f; (-) and h; (-) are
the unknown and smooth nonlinear functions, @ is a standard Wiener process. All states in the system are restricted to
set gox, = {X; € R|Ix| < ki }, where k.; > 0 is designed as a constant.

The aim of this article is to design a BLFs-based event-triggered adaptive MTN asymptotic controller for stochastic
nonlinear system (1) such that

(i) The tracking error asymptotically converges to zero while ensuring that the specified state constraints of the system
are not violated.
(i) All closed-loop signals are bounded on [0, +c0).
(iii) The controller excludes Zeno phenomenon.

In order to achieve the above purpose, the following lemmas and assumptions are needed in the control strategy
process.

Assumption 1. The reference signal y4 and its ith order time derivatives yg),i =1, ... ,nsatisfy [yg] < A; <
(i)

k.1 and 'y ’

| < B;, where A; and B;,i = 1,2, ... ,n are positive constants.

Assumption 2. The sign of g; (-) in system (1) is known and that there exists an unknown positive constant
g such that 0 < g < |gi (-)|. In this article, we assume that g; (-) > 0 without losing its generality.
—_r -1

Remark 1. It must be said that the Assumption 1 is one of the necessary assumptions for solving the full
state constraints problem, which also can be seen in References 36,37, and 43. In addition, compared with
References 10,20, and 43, the stochastic nonlinear systems studied in this article have the characteristic of
UCDs. Therefore, the controlled system of this article is more representative.

Lemma 1 (38). Forany 9 € R and any positive bounded and continuous function o (t), the following inequality
holds
192
9] € ———=+0(0) (2

V92 + 62 (1)

with o (t) satisfies

t
t1n+n / 6 (8)ds <G < +oo, (3)
——+00 t()

where ¢ > 0 is a positive constant.

Lemma 2 (Young’s inequality'®). ForV (x,y) € R? and ¥z > 0, the following inequality must hold

Ly, @)

TV

P i
Xy < —|x|” +
p

where p > 1, v > 1 are constants and satisfy (p — 1) (v —1) = 1.

95UddIT sUowwWo)) anneas) aqedijdde ay1 Aq pausanob aie sapi1e YO 9sn Jo sojnJ 104 Aseiqr] auljuQ A9JIp\ Uo (suonipuod-pue
-suudl/wodAs|imAseigiauljuo//:sdiy) suonipuo) pue swidl 3y 39S "[9202/€0/70] uo Ateiqry sunuo Asjim ‘winajoiad 3O Ausianun eulyd Ag "€0893u4/Z00L 0L/10p/wodAsimAeiqijaujuo//:sdiy wouy papeojumoq ‘€l ‘€202 '6£2L660L



DU g 7911
T WILEY—2
Lemma 3 (19). For YY € R and any positive continuous function y (t) with t > 0, one can get the following
inequality
Y

2.2 | Stochastic systems theory
For convenience, considering the following stochastic nonlinear system of general form
dx = f (x)dt + h (x) do, (6)

where x € R" stands for the system state vector; f (x) : R* - R" and h (x) : R" — R™ satisfying conditions f (0) = 0 and
h (0) = 0 are locally Lipschitz functions; w is a standard Wiener process.

Definition 1 (20). For systems (6), for any second-order continuously differentiable function V (x), defining
the differential operator L as follows

v, 1 0%V
LV(x)= =—f+ =T 4
(x) dxf+2 r{h pe } @)
where Tr{o} denotes the trace of o.
2.3 | Multi-dimensional Taylor network

In order to overcome the difficulty of adaptive controller design caused by unknown nonlinear functions in system (1),
the estimation property of MTN is used to design the controller. The relevant lemma is described as follows.

Lemma 4 (44). If f (Z) is a continuous and unknown function defined on the compact set M C R", for Ve > 0,
there always exists an MTN WTS,,," (Z) that is used to estimate f (Z). The estimate rule for MTN is formulated as
follows

f@=w'S, (2)+52), (®)

where Z = [zy, ... ,2n]' EM C R, W= [Wy, ... ,W|]" € Rl and Sm, (2) = [z, ... ,Zn, 22,2122, ... ,21Zn, Z2%35
,zﬁ,zi", ,z,,m]T € R! are the input vector of MTN, the weight vector of MTN and the intermediate input layer
of MTN, respectively. 6 (Z) represents the error generated in the estimation with |6 (Z) | < €.

24 | Event-triggered control strategy based on switching threshold

It is worth noting that the network resources in the actual systems are limited. In order to reduce the occupation of
network resources, the following ETC strategy based on switching threshold is adopted in the co-design with the adaptive
controller.

u® = (t),Vt € [t, 1), )

s = {inf{teRHe(t)I2M}|u(t)|>Q 21

inf {teR|[le®] = x [u®O]+M}u® <Q,

where Q is a known design parameter and t, 0 < y < 1,k € z*, M, M; are some positive design parameters. u (t) denotes
a constant refers to the input of the system when the event is triggered; # is the event trigger moment; e (t) = w (t) — u(t)
stands for the measurement error.
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In the process ETC based on STS, constructing € as follows

e=max{yQ+M;,M}. 11

Remark 2. 1t can be seen from (9) that the control value u keeps the previous value w (f;) unchanged during
the time ¢t € [, tk+1). From (10), when e (¢) satisfies the pre-given conditions, the time ¢ will be marked as ti41
and the control input value of the system will be change to u (tx+1).

u(t) = (t),Vt € [k, ty1)
fkpr =Inf {t e R||e(D)] = y [u(®)| + M}

designed in References 30-32, when the value of |u ()| is too large, a great measurement error e (¢) is
inevitable. In this case, if the event is suddenly triggered, then the control signal u will suddenly change caus-
ing a large pulse to act on the system. It will lead to performance degradation of the system, especially in
ATC. In order to avoid such problem, the STS designed in this article combines the advantages of the FTS

u(t) = w(te), vVt € [tx, tky1)
tesr = inf {t € R| e ()] > M}

such that the measurement error e (¢) keeps bounded to ensure asymptotic tracking performance of the sys-
tem; otherwise when u satisfies |u (t)] < Q, the RTS is adopted so that the system can obtain more precise
control.

Remark 3. 1t is worth noting that the ETC strategy based on RTS {

used in Reference 21 and the RTS. When |u (¢)] is too large, the FTS is adopted

Remark 4. Parameters M and M, can determine the lower bound of the time intervals to ensure that the
controller excludes Zeno phenomenon, which will be demonstrated in the following theory and simulations.

3 | CONTROLLER DESIGN AND STABILITY ANALYSIS

In this section, a new BLFs-based event-triggered adaptive MTN asymptotic controller is designed by introducing bound-
ary estimation method and ETC strategy. To implement the controller design, defining the coordinate transformation
with the following form

{Z1=x1—yd 12)

Zi=Xi—i_1,i=2, ...,01,

where z; is error variable and «;_; is virtual control signal will be designed later. Given a compact set ®, =
{zl- € R|lzi| < ks, } ,i=1,2, ... ,n,with kp; = k.; — A, is specified as positive constant in subsequent simulations.

The boundary estimation method is applied to dispose the unknown parameters designed in this article. Therefore,
the following definitions are introduced

1
W e+ - gl
=||gl“77r-i= : g2 lvi=172:---vn7 (13)

=i —i

Aj

and
di=Ai—diti=1n—-1, (14)

where ¢; will be defined in Lemma 5, 4; and 7#; represent the parameter errors 4; and t;, respectively.
To facilitate the subsequent ATC design process, the following Lemma 5 is given by applying Lemma 1:

E3LS,
Lemma 5. For every i=1,2,...,n, the nonlinear functions ¢;= ? and ¢ =
\/ Ei m; mi+6i
a(me) T () . .
@ / @ + o satisfy the following properties
j E— -
—E;W; Sm, < AiEi@;i + Aioi, (15)

=i
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3 (3, +2) T
,— S Eigi + Ui, (16)
(kﬁ,i - Z? )?
where E; and T'; will be defined later.
Proof. See Appendix. n

3.1 | Event-triggered adaptive asymptotic controller design

QU
=3
Step 1: According to z; = x1 — Y4, the derivative of z; with respect to ¢ can be calculated as follows iy
o
=3
o
dz; = (g1X2 +f1 —yd) dt + ]’l{d&) (17) g’:
=3
To remove the constraint on the upper bound of the UCDs, constructing the first BLF as follows §
g
ki 2
V= % log ﬁ + %/ﬁ + %ff, 18) o
gl b1 %1 g
where J; and #; can be referred in (14) and ky; = k1 — A;. In addition, V; is continuous on a compact set &, = ,,:','
{21 €R|lzil < ks }. B
According to Definition 1, the following equation can be obtained as follows s
)
2 2 o
m=l_4 [81 @2+ @0) +fi = 9] = Tudy - F1Ey + 1 4 (38, +) Il 5
1=——7F— 2 [&1ikk+n 1= YVa| — MM —T1T1 + —— = e
8 k=21 2, (kyy =21 g
Q
2 4 =
Al._[ @ +a) +f; ] Zi ~A+1z1<3k§,1+z1>1”1 (19) %
=—5 |51 @t+tu 1= Ya| —MM —T1T1 + — 7 @
gl Zgl (k;)‘,l - Zl)z %
Q
o
= Z 2 3
where 5, = i and T = . 2
Then, according to Lemma 5, the following inequalities can be obtained with the help of Young’s inequality g
o
- §13_% &1, o
O s £ 2LEHT g Shot 20) 3
- 1Zz_g41 g422 (20) 3
21 21 21 8
=
4 )
1 4 (K +a)n 1l 1 @y £
y? < —&x161 + —o1. 3
2&1 (kgl 4 )? 2&1 2_ 3
0
E
Substituting (20) and (21) into (19) yields 3
=3
1 - 3 ,.,% 1 : gl 1 4 1 > A er R c
Lv: < g = <81(11 i % 2851 + 561 _yd> + g—IZZZ + 2—g10'1 — A1AL — 171 %
A 1 ( 1 ) 811 4 1 7 A ~ A
£ = +Hi+=¢)+=-2,+—01— Qi — ; 22
2 1811 1 2€1 g, 4Z2 2g10'1 141 — 7171 (22)

1
where H; = f1 + %glEf - ¥
Since H; is an unknown smooth function, by applying Lemma 4, it can be estimated by an MTN with the following
form

Hy = W|Sp, (Z))+6(Z1), (23)

where Z; = [z;]7 is the input vector of MTN and 6, (Z;) is the estimation error and satisfies |61 (Z)| < ;.
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According to Lemma 5, the following inequality can be deduced from (13) and (23)
1. 1 1. 5 1
1z (1 +1 )=—: <WS Z)+6(Z) + = >
2 1(1 2€1 g 1 1Sm, (Z1) (Zy) 2€1
. _at % 61
< ME1¢1 + Aio1 + B ————
g
= MhE1¢1 + Aio1 + |E1| 1. (24)
Then, according to Lemma 1, the following inequality holds
- nE;
|Z1] 71 £ —— +n101. (25)
El+02
In light of (25), the (24) can be rewritten as
1. 1 _ 113%
—H (Hl + §€1> < ME1p1 + ————— + Ai01 + 1101 (26)
gl Ef + O'f

Substituting (26) into (22), we have

—
.

81 - 1= 7 (4 o
LV, < g—-=1011 +hEo+ ———1 (11 — —1<P1>

21 E'.%+0'f
2 1 g1

-7 %1_—1 + 01 /11+T1+— +——Z3. (27)
=2 2 28 g 4
2 +o0y = =1

Then, designing the virtual control signal «; and the adaptive laws 21, #1 as follows

A

o = -z — 21(/)1 — L > (282)
E; + o7
M =Eip1 — o1, (28b)
=2
‘2.\'1 =—1 o171, (28C)
5 +0?

where r; is designed as a positive constant.
According to (28), the (27) can be simplified as
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Z - 1 1
LV; S—r1—1+0'1/11/11+0'1f1‘?'1+61 M+7+— +g—l—Zg, (29)
ki, =2 4

2g 8,

where the term z—liz‘z‘ will be removed in the next step.

=1
Stepi(2 <i<n-1):Forz =X; — a;_1, the derivative of z; with respect to t can be calculated as follows

dZi = (gixi+l +ﬁ — Aai_l) dt -+ Ijlle(x), (30)
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— Yi-1 9a, 1 9e 4 G+ 110 10%1'\ i,y T h.—h.
where Aaiy = Zj:l ax; (gjxj+1 +f]‘) £ ZJ =0 5y (]) yd + 2 Zj 1 7 Z} k=1 %x;0%, h’ hie and hi = h; -
i1 0a;_y
Zj:l ox; h’J'

To remove the constraint on the upper bound of the UCDs, constructing the ith BLF as follows

=, (31)

where /; and #; can refer to the definitions in (14) and ky; = kc; — A; with |;_1| < A;. V; is continuous on a compact set
@, = {z €R||zi| <k, }.
According to Definition 1, the following equation can be obtained as follows

1 7 g L % (342
LVi =LVioy + =5 [g (@ip1 + ) + fi = Aai_y| — AiAi — 7%+ — ; 32
1 gi [g (Zis1 ) +fi 1] 2g (kg,i —Z?)z (32)
where 5; = k4 -and T = “h “
b.i i
Then, according to Lemma 5, the following inequalities can be obtained with the help of Young’s inequality
8 8i3-: &1l 4
2Bz S ZoBS + -7 33
EiZH §4l+§4 (33)
4
_M < L’:‘.g. =E LG. (34)
A .
Substituting (33) and (34) into (32) yields
1 1 gi 11 4, &1l 4 1 5 A s A
i SLVi+ =B (gai+Hi+ =g + —0i — Aidi — 1115,
LVI_LVl_l+g l(gla1+H+2g> g 4Zl g4l+1 2g.6 (77 (35)

=i —1—

where H; = f; + 3 gl_ Aall+gg'1 (k“.—z‘.‘).

b.i i
—1 1
Similarly, since H; is an unknown smooth function, by applying Lemma 4, it can be estimated by an MTN with the
following form

H; = W]Sw, (Z) + 6 (Z), (36)

where Z; = [zy, ... ,z]" is the input vector and §; (Z;) is the estimation error and satisfies |5; (Z;)| < &;.
According to Lemma 5, the following inequality can be deduced from (15), (36)

1., 1 1 1
Pl <Hi * 5@) = (WiTSmi (Z) +6(Z) + EGi)
p==3 -1
_ _ 2 lail
< ABigi + Aioi + |Ei|
o
= AiEigi + Aioi + |Bi| 7. (37)
Then, according to Lemma 1, the following inequality holds
- niE;
|Ei| 77 £ ——= + 7i0:. (38)

[1]
Ll 5
+
Q
Sl 5 3
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In light of (38), the (37) can be rewritten as

2
1_ _ Ti=;
—&i <H + 5 Gz) < LEipi + ———
§ B! + 0?2
+ Aio; + 0. (39)
Substituting (39) into (37), we have
A= =2
8i - ey Tl:‘? 2 o ~ | & =
LVi < LVia + =Biai + AiBigi + ——— - Ai(4i— Bigi ) — 7i| 7i -
& 22 + o2 240
1 L L
81l 4 1 8l 4
. 4l+61</1i+7i+2—g>+g4l+1 (40)
i1 —i
with
i-1 7 i-1 g1 i-1 1
LV, , < _erﬁ +20'j/1jij+ i- 14Z4+ ZO'JTJT]+ZO'J </1 + 7+ 2—) (41)
P R 8, =1 1 8,
Then, designing the virtual control signal «; and the adaptive laws /Tl z; as follows
A Ti&i
o = —1iZ — Ligj — ——, (42a)
=2 2
E' +0;
hi =Eipi — oidi, (42b)
=2
%i =—1 O'ﬂ?i, (42C)

where r; is designed as a positive constant.
According to (42), the (40) can be simplified as

8il
LV; < ]erk4 +Zajii +20]T,TJ+ZGJ(1 + 7+ g_>+g_z Z 4 (43)

Step n: For z,, = x,, — a,,_1, the derivative of z,, with respect to ¢ can be calculated as follows

~T
dzn = (guU + fr — Aap_1) df + hpdo, (44)
1 da, 1 0a,_; . (j+1) 1an 1 0a 5 1 o,
where Ay = Y5 “X L (g +1i) + X (;’Ufyg ¥, == 3 + + 20 ";jl ”k_l axaaxl h'hy and hy, = h, —
n-1 oda,_;
Z] L oy h

To remove the constraint on the upper bound of the UCDs, constructing the nth BLF as follows

k*
_ b,n 12 1.,
Vie=V,_ 1+§10gk4—_z4+zin+§‘5n, (45)
—n

n

where 1, and %, can refer to the definitions in (14) and ky, = ke, — A, With |a,_1| < A,,. V,, is continuous on a compact
set @, = {2 € R||znl < kon}-.
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According to Definition 1,the following equation holds

i . g 20k, )T
LV, =LV, + g_-:'n @nu + fn — Attno1) — Andn — TnTp + Tgn (k;,‘n _ Zi)z > (46)

—n

_ z ~ 12

where £, = 7=~ and T, = | ha||
bn “n

Referring to Lemma 5, the following inequality is holds

1 Zﬁ<3k§,n+zﬁ)r"< 1 g 1 )
= < —EuGn+ —on.
zgn (kg,n - Z;t)z zgn "t Zg !

—-n

Substituting (47) into (46), it is easy to get the following inequality

gn—l 1 1

1 1 o 2 -
LV, <LV, 1+ g—dn (gnu +H, + 5@}1) — g ZZﬁ + EGH — Andn — Tnlh, (48)
—n —n-1 —-n
£,8n1 4 4
where H, = f, — Aay,_1 + g <kb,n — zn>.

n—1

Similarly, since H,, is an unknown smooth function, by applying Lemma 4, it can be estimated by an MTN with the
following form

Hy, = Wi Sm, (Z,) + 6 (Zy), (49)

where Z,, = [z1, ... ,z.]" is the input vector and §, (Z,) is the estimation error and satisfies |5, (Z,)| < en.
According to Lemma 5, the following inequality can be deduced from (13) and (49)

1 1 1 1
—Zn (Hn + _€n> =& (Wgsmn (Zn) +0(Zy) + _Gn>
g 2 g 2
—-n —-n
_ _  ¢En + % [Snl
< An-:'nfpn + Anon + |:'n| -
—n
= }bnEn(PrL + Anon + |En| Tn. (50)
Then, according to Lemma 1, we can get the following inequality
- TnE%
|Bn| 7n £ ——— + 0on. (51)
Bl 402
In light of (51), the (50) can be rewritten as
—2
1 1 TpH
—=, (Hn + zgn> <€ B + ———2— o+ 4505 + TiO% (52)
grL \/ Ef, + O'%

Substituting (52) into (48) and simplify to get

n—1 Z4 n—1 n—1 n—1 1
LVHS_ZGH 2 4+ZGijij-FZO'jfjfj-l-ZGj(ij'l‘Tj'FE)
=1 Tby j

—% = j=1 j=1 5;

&n A FnB 7 [ % ; By
+ =Eu+ ApEnpn + ——— — Ay (in - .:n(pn> — Tl Th —

S O (R e
By \/E2 + o2 /B2 + o2 g,

Through the above analysis, designing the event-triggered controller w, the virtual control signal a, and the adaptive
laws A,, 7, as follows
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2,M
w(t)=ay, — Mtanh< . > , (54a)
n
N T
Oy = —T'nZn — An®n — > (54b)
Es + o2
2n =Enpn — O'ninv (54C)
EZ
Tn = i — onthn, (54d)
B +o2

where r, and M > € are designed as positive constants.

Remark 5. Itis worth noting that the controller (54a) is designed based on ETC, which can ensure the realiza-
tion of the control objectives of the system, and has the advantages of saving the communication resources and
alleviating the computational burden. In addition, to ensure that the system (1) achieves ATC performance,
in (54a), a positive integral function o, is introduced into the design of the event-triggered controller.

Remark 6. According to (10), it concluded that |w (£) — u ()] < M or |w (t) — u (t)] < yQ + M, is established
in time interval t € [y, tx,1). This together with (11), it can be further obtained that |w (f) — u (t)| < €. There-
fore, there exists a continuous time-varying parameter 7 (¢), satisfying |2 (¢)] < 1, Vt € [t, tx+1), such that
u®=w® —-ne.

Remark 7. From (13) and (14), 4, and %, are estimates of 4, and z,, respectively, so they are also greater
than zero. And according to the definition of ¢, in Lemma 5, we can get E,¢, > 0. Therefore, we can further
deduce that &2 nnan < 0, and thus the inequality & —":nan < E,a; holds.

Then, substltutmg (54) into (53), the following 1nequahty is holds

n Z4 — n o n
Lvns—Zr, F__bng Mtanh( M) O, Y oididi + ) it
Jj=1 Z4 gn gn Jj=1 J=1

On
J

n—1
1 1
+;q<ij+q+2—g>+0n<ﬂn+rn+§>.
= —j —-n

According to applying Lemma 3, the following inequality is easily obtained

n-1
1 1 gn
Zr; ‘ +Za,/1/1 +Zo—jrjr,+zfy,</1 +r,+£>+o—n</1 +rn+£+02785g—>

j Jj=1 J=1 2j 2n 2n

In addition, the following two inequalities hold

/12
A 4 ( NJ)=_~J2+~J"{]SI]7
T2
7t = 7 (Tj—fj)——fjhrfjfjﬁf

Substituting (57) and (58) into (56), we have
n /12 +7T 2 n-1
J 1 1 &n
T + Lo+ oildi+7+— |+ou| An+1,+— +02785=—
JZ ]k4 ' Z ! ]Zl ! ( ! 2§J> ( zgn gn)
E-yr—— + i,
Z J k4 . Z ﬁ] J

A+ 1 . 22472 1 g
where §; = <~ +Aj+rj+£,]=2,...,n—1,ﬂn= "4"+/1n+rn+£+0.2785g—".

2j —n =n

(55)

(56)

(57)

(58)

(59)
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3.2

Remark 8. It can be seen from References 12 and 13 that the MTN has the characteristics of simple structure
and small calculation amount, so the event-triggered adaptive MTN asymptotic controller constructed in this
article has the advantage of low computational complexity, and is more suitable for microprocessors with low
computing abilities.

Remark 9. During the design process of control strategies, the é term is added to construct Lyapunov func-

tion to remove the upper bound of the UCDs. By constructing smooth functions @i, ¢i and introducing the
positive integrable function o;, the controller (54a) can ensure the ATC performance of stochastic nonlinear
system (1). In addition, the effect of stochastic disturbances is eliminated by introducing boundary estimation
method and defining adaptive variable ;.

| Stability analysis

Theorem 1. Under the Assumptions 1 and 2, consider the stochastic nonlinear system (1) with state constraints.
For any bounded initial condition, the proposed the BLFs-based event-triggered adaptive MTN asymptotic con-
troller in (54a), the virtual control signals in (28a), (42a), (54b) with the adaptive laws in (28b), (28c), (42b),
(42¢), (54c), (54d) can ensure that

(1) All closed-loop signals are bounded on [0, +0).

(2) The specified state constraints of the system are not violated.
(3) The tracking error asymptotically converges to zero.

(4) The proposed controller excludes Zeno phenomenon.

Proof. According to Lemma 4 and inequality (3), integrating (59) with respect to time ¢ from ¢, to ¢ yields

0 <EVn(x(0xAD))

oAt T WYL Z;“
< Vi (x(fo)) + ioj(s)ds — E T ds
(x (t0)) / ;ﬂja,() / ijz‘d-—z;‘

0 Jj=1

<Va (o) + Y B, (60)
j=1

where o, A t represents the minimum of o, and ¢, and o, = inf {t > f5,k > 0 : |x ()] > «}.
First, from the definition of V,, in (45), we have

|;ic}l>§e V,(X) = c0 as R = co. (61)

Then, by applying Lemma 2 in Reference 46, so one can get that the system (1) has a bounded and unique
solution on [0, +o0). Therefore, according to the above analysis, we know that zj, 4; and #,j = 1,2, ... ,n are
bounded on [0, +0).

Second, inview of 4; = 4; — A; and #; = 7; — #,, it can be seen that 4; and #; are bounded on [0, +c0) because
of 4; and 7; are both constants. From z; = x; — Yy and |y4| < Ay, we have |x1| < |z1| + [Va| < ke1 — A1+ AL =
kei.Since 7, = x; — a7 and || < Ay, we have [x;] < |z2] + |a| < ke2 — Az + Ay = ke,. Similarly, we can fur-
ther infer that |xi| < |zi| + |ai—1]| < kei — Ai + Aj = ke, i =3, ... ,n. Finally, the boundedness of controller
w (t) and system input u can be ensured are bounded on [0,+o0) through (54a) and (9). Therefore, all
closed-loop signals are bounded on [0, + o0) and all the specified state constraints of the system are not violated.

Third, according to (60), the following inequality can be obtained

o AL I 7 -
E/[ erk4 j_Zf;dSSV"(x(tO))'i'j:ZlﬂjEj. (62)

o =L Ty T
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Note that lim,_,, lim;~ (0x A t) = o0, by applying Fatou’s lemma, the following inequality holds

oo I Z
E/ Zr,k4 ds<V(x(t0))+Zﬁja]
L,

0 j=1 b,j ] Jj=1
< +o00. (63)

4

From (63), it can be seen that 3, 1+~ ) z4

is continuous and bounded. Besides, since |z;| < kp;, we know

z
that Z Tl - - > 0. Then, according to stochastic Barbalat lemma in Reference 46, we can get

P (lim |z (0] =0) =1. (64)

Therefore, the tracking error asymptotically converges to zero.

Finally, we need to prove that the event-triggered controller (54a) excludes Zeno phenomenon. Therefore,
we need to prove that for Vk € z*, there exists a time constant t* > 0 such that {tx,1 — t} > t*. Based on
e(t) = () —u(r), we can get

LD el =1w 0. (65)
dt

From (54a), @ (t) is a continuous function composed of a,, Z,, and ¢y,. Since ay, zZ,, and o, are both
bounded, so there is a constant 4 > 0 such that | (£)| < u. Besides, from e (f) = 0 and lim,_,,,, e () = M or
lim,,; e (t) = y lu(®)| + M, thus we can further infer that the lower bound of execution intervals * must
satisfy t* > ) Mort > M > Y™ Thus, the controller excludes Zeno phenomenon.

To sum up, Theorem {'is proved u

Remark 10. The Zeno phenomenon refers to the infinite number of triggers occurring within a finite time
in the ETC, which not only leads to the inability to guarantee convergence of the system but also defeats the
purpose of reducing the number of triggers.

4 | SIMULATION RESULTS

Three simulation examples of stochastic nonlinear systems are given in this section to verify the feasibility of the developed
control scheme.

Example 1 (Numerical example). Consider a numerical example of a second-order stochastic nonlinear
system, which is described as follows

dx; = (xp — 0.2x7) dt + 0.1x; cos(x) dw
dx, = (U — 2x,) dt + (1 — cos(x;)) do (66)

y=Xi.

According to Theorem 1, the control strategy of the system (66) can be designed as follows

a = 1z — Ligi — ,i=1,2, (67)
B! + o7
A= —oidii=1,2, (68)
B2
ti= ——— —oifi=1,2, (69)
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FIGURE 1 Thecurvesofy;andy.
— E;M
T = —Mtanh( 2 ) : (70)
02

ESL Sm, .
—\Wl =1,2.

The parameters are chosen as r; = 55, 1, = 50, kp1 = 1, kyy = 1.9, 01 = 47 %%, o, = 227025 M =13,
[x1(0),x2(0)]T = [0.01, 0.01]7, [A1(0), A,(0)]T = [5, 5]T, [1(0), 7,(0)]T = [4,4]", and y; = 0.6 sin(¢). The parame-
ters of the ETC strategy are designed as M = 10, M; = 1, y = 0.5, and Q = 20. Simulation results are shown
in Figures 1-5.

Figure 1 shows the curves of the reference signal y; and the system output y. Figure 2 depicts the state
curve x; and the tracking error y — y4. From Figures 1 and 2, it can be seen that the asymptotic tracking perfor-
mance of the system (66) is achieved and the state constraints are not violated. In addition, Figure 3 describes
the controller output w and control input u, which demonstrates that the FTS is adopted to maintain the
asymptotic tracking performance of the system when the input u > 20, otherwise switch to the RTS to obtain
more precise control. Figure 4 displays the boundedness of adaptive parameters 4;,i = 1,2 and #;,i = 1, 2. All
the trigger moments and time intervals are shown in Figure 5, which shows that the proposed controller can
avoid Zeno phenomenon. According to the above analysis of Figures 1-5, the control objectives are achieved
by the controller designed in this article.

where @; =

Example 2 (Practical example). A spring-mass-damper system is considered to further verify the effec-
tiveness of the proposed control scheme, which can be governed by the following stochastic nonlinear
system*’
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dx; = xdt + (1 — cos(xy)) do
dx, = (miu - - mixz) dt + sin(x) de (71)

y=x1

with the parameters of system are chosen as m; = 1 kg, K = 0.3 N/m, C = 0.5 Ns/m.

Similarly, the control strategy of the system (71) can be designed as (67)-(70).

In simulation, the parameters are chosen as r; = 30, 7, = 55, kp1 = 1, kpp = 1.5, 61 = 4793, 5, = 2e70%,
M = 10, [x1(0),x2(0)]" = [0.01, 0.01]", [41(0), A2(0)]" = [6,6]", [71(0), 72(0)]" = [3, 31", and y4 = 0.5sin(¢). The
parameters of the ETC strategy are designed as M = 8, M; =1, y = 0.5, and Q = 10.
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FIGURE 6 Thecurvesofy,andy.

The control results of the spring-mass-damper system (71) are shown in Figures 6-10, and they can prove that the
controller proposed in this article not only ensures that the state constraints are not violated but also realizes ATC perfor-
mance under the premise of saving communication resources. Therefore, the effectiveness of the event-triggered adaptive
ATC scheme proposed in this article is further demonstrated its value in actual applications.
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Remark 11. In theory, a satisfactory tracking performance can be achieved by arbitrarily increasing r; or
decreasing o;. In addition, it can be seen from (28a), (42a), and (54b) that increasing r; may increase the ampli-
tude of the control signals, which will lead to the decline of the system control performance. Therefore, the
design parameters should be chosen appropriate to achieve the balance between control performance and
tracking performance.

Example 3. To reveal more advantages of the proposed method, we compare it with the RTS-based ETC
strategy in References 30-32 and the FTS-based ETC strategy in Reference 21 for the system (66), respectively.
The comparison results are shown in Figures 11 and 12
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Figures 11 and 12 show the tracking performance and the tracking error of three ETC strategies, respectively.
The simulation results show that the proposed ETC method achieves a relatively better asymptotic tracking per-
formance, and the tracking error has a smaller amplitude. Therefore, we can conclude that the proposed ETC
method has significant advantages in protecting the system from large pulses while improving its asymptotic tracking
performance.

5 | CONCLUSION

This article is devoted to solving the event-triggered ATC problem for stochastic nonlinear systems with UCDs
and full-state constraints. By constructing the new BLFs and introducing the boundary estimation method, a novel
event-triggered adaptive MTN ATC scheme based on STS is proposed to handle the presence of UCDs and state constraints
arising in stochastic nonlinear systems, such that the perfect asymptotic tracking performance and control performance
are achieved, and the communication channel bandwidth and the computing abilities are successfully relieved. The sim-
ulation results not only prove the effectiveness of the proposed event-triggered adaptive controller based on STS, but also
show the superiority of the proposed controller in asymptotic tracking performance compared with those designed based
on FTS and RTS. The future work is to study the application of the proposed control scheme in stochastic nonlinear
systems with unknown hysteresis to achieve ATC performance.
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APPENDIX

Proof': According to (13), we have

1. 1
—E W[ Sm, < — 1Ei [W]]|[1Sm
g, g,
= 4 |Zi ||Sm, || - (A1)
By using Lemma 1, we have
Z2ST S
A 1l | || € ———— + Ao, (A2)

=2 T 2
E; Smism; +0;

=.QT
BiST, Sm;

= ————— then the above inequality is rewritten as
\/EIST, Sy, +0?
A Bl ||Sm, || € AiEii + Aioi. (A3)
Therefore, based on the above analysis, we can infer that

1 =
—._.iW;rSmi < ALiEZi@; + Aioi. (A4)

—i

Similarly, we can get

2 (3, +2) T

< Higi + 0;. A5
(kﬁ,i_z?)z Hre -

Thus, the proof of Lemma 5 is completed.
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