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The finite-time control of switched nonlinear systems subject to multiple objective constraints is
investigated in this article. Firstly, with the aim of dealing with the major challenge brought by
multiple objective constraints, the time-varying and asymmetric barrier function is designed, which
transforms multiple objective constrained systems into unconstrained systems. Secondly, the dynamic
surface control technique is introduced into the backstepping design process, and the error generated
in the filtering process is reduced by constructing the error compensation systems. Then, an adaptive
finite-time controller based on multi-dimensional Taylor network (MTN) is proposed. The controller
proposed in this article can avoid the “singularity” problem and ensure that the objective functions
never violate constraints. Finally, the effectiveness of the finite-time control strategy proposed in this
article is verified by the aircraft system simulation.
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1. Introduction

As is known to all, the parameters or structures of practical
industrial systems are likely to jump due to various factors.
Therefore, the concept of hybrid systems was introduced [1]. As
one of the most essential branches of hybrid systems, switched
systems have been made a profound study by scholars because
of its simple mathematical description [2-4]. Meanwhile, the
tracking control is the key issue of switched nonlinear systems re-
search, which is also the emphasis and difficulty of research. In an
effort to solve the tracking control problem of switched nonlinear
systems, Hoo control [5,6], robust control [7], adaptive control [8],
sliding mode control [9] and backstepping technique [10] have
been adopted. Significantly, as an effective control method, the
combination of backstepping technique and adaptive control was
extensively used to cope with the control problems of various
switched nonlinear systems [11-13]. What is more, as a funda-
mental issue in the study of switched nonlinear systems, stability
analysis has received focused attention. With the aim of ensuring
the stability of the controlled systems in case of arbitrary switch-
ing, the common Lyapunov function (CLF) was introduced into the
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control process [14]. For uncertain switched nonlinear systems,
an adaptive CLF-based control strategy was developed in [15],
which guaranteed the stability of the controlled systems under
arbitrary switching. Up to now, the CLF-based adaptive backstep-
ping control has acquired quite a few meaningful achievements
on switched nonlinear systems [16-18]. On the other hand, there
exist complex uncertainty and nonlinearity in the practical sys-
tems due to the modeling accuracy or parameter variation, which
is a necessary issue in the controller design and stability analysis.
However, the above research results cannot cope with the con-
trol and stability problems of switched nonlinear systems with
complex and uncertain nonlinear structures.

As two kinds of estimators, neural networks (NNs) and fuzzy
logic systems (FLSs) can effectively approximate complex and
uncertain nonlinear structures in the systems. Up to now, a host
of adaptive control strategies based on NNs or FLSs have been
reported [19-23]. In recent years, as a kind of NN with spe-
cial structures, multi-dimensional Taylor network (MTN) paves a
new approach for the control issues of various systems, such as
nonlinear systems [24,25], large-scale nonlinear systems [26,27],
stochastic nonlinear systems [28,29], discrete-time nonlinear sys-
tems [30,31] and switched nonlinear systems [32]. Until now,
however, few results have been devoted to MTN control achieve-
ments of switched nonlinear systems, which need to be further
explored. In particular, it should be noted that the aforemen-
tioned researches are unacceptable in engineering applications,
which require limited convergence time. Finite-time control can
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not only accelerate the convergence speed, but also reduce the
convergence time, and even improve the convergence accuracy,
and also has strong anti disturbance ability. Therefore, the finite-
time control has been successfully applied to solve the control
design issues of a sea of systems, such as nonlinear systems
[33], switched nonlinear systems [34], large-scale nonlinear sys-
tems [35] and stochastic nonlinear systems [36,37]. Nevertheless,
according to the current knowledge, there are few works on
the finite-time control of switched nonlinear systems via MTN
technique.

In practical industrial production, the controlled systems need
to be constrained for the purpose of ensuring efficiency and
security. For the control problem of constrained systems, a large
number of control approaches were put forward, such as ref-
erence governor approach [38], extremum-seeking control ap-
proach [39], prescribed performance control approach [40], the
data-driven model approach [41] and barrier Lyapunov function
(BLF) approach [42]. Among them, BLF-based control is the most
widely accepted method for switched constrained systems [43-
45]. For switched nonlinear systems, most of the existing BLF
control methods focus on working out the issues of input con-
straints, state constraints or output constraints, rather than mul-
tiple objective constraints. For most process and manufacturing
systems, multiple objective constraints are unavoidable, such as
lowest risk and highest return in venture capital projects [46],
lowest transportation cost and shortest distance in vehicle driv-
ing [47], lowest energy consumption and highest productivity
in manufacturing systems [48], speed and position of joints and
end-effectors in the robot manipulators [49]. Therefore, it is of
important practical significance to realize the control of multi-
ple objective constrained systems. Significantly, the control issue
of nonlinear systems with multiple objective constraints was
discussed in [50], and an adaptive NN-based finite-time con-
trol strategy was proposed. However, in the case of arbitrary
switching, there are almost no researches on switched nonlinear
systems with multiple objective constraints. Therefore, it can
be concluded that the finite-time control of switched nonlinear
systems subject to multiple objective constraints is confronted
with great challenge, which is a meaningful topic.

In summary, the finite-time control problem of switched non-
linear systems with multiple objective constraints is discussed in
this article. Firstly, in order to cope with the multiple objective
constraints problem, the time-varying and asymmetric barrier
function is introduced. Secondly, the dynamic surface control
(DSC) technique is led into the backstepping control process
to avoid the “differential explosion” problem and “singularity”
problem. Thirdly, the error compensation systems are constructed
to reduce the error caused by the filter. Finally, based on the MTN
estimation technique, an adaptive finite-time control strategy is
proposed. By comparing with the existing literatures, the main
contributions of this article are as follows:

(1) This article is the first remarkable work to investigate finite-
time tracking control of switched systems using MTN tech-
nique. Although the MTN technique has been extended to
switched nonlinear systems by [32,51], finite-time control
cannot be realized. Unlike the existing MTN-based finite-
time control results, such as [35,37], the controlled object
of this article is switched nonlinear systems under arbi-
trary switching. Even though the authors of [52,53] dis-
cussed the finite-time control of switched nonlinear sys-
tems, MTN technique and multiple objective constraints
were not considered.

(2) In order to serve the aim of transforming the multiple ob-
jective constrained systems into the unconstrained systems,
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a novel time-varying and asymmetric barrier function is de-
signed. The barrier function constructed in [54] to cope with
output constraints is extended to multiple objective con-
straints, which allows this article to generalize and extend
the existing achievements based on special cases. Different
from [55], a new DSC-based finite-time control framework is
provided, which introduces the error compensation systems
to reduce the error caused by the filter.

(3) This article appears to be the first work dedicated to the
finite-time-based constrained control of switched nonlin-
ear systems, which gives a new way to balance multiple
objective constraints and the system performance. In each
step of backstepping design process, all unknown nonlin-
earities are composed into an unknown nonlinear function,
which is approximated by one MTN. Moreover, based on
DSC, the proposed controller does not require the derivative
knowledge of the virtual control signals, which makes its
implementation much easier.

Notation: R" indicates n-dimensional real space. For a vector
or matrix x, X' defines its transpose, |¥| means its absolute value,
and ||x|| denotes its 2-norm. For the sake of brevity, the variables
in the function will be omitted, such as A; (t, ¥;) is simplified as
Aj k.

2. Problem formulation and preliminaries

The switched nonlinear system is considered, whose mathe-
matical model is shown below

Xi = Xip1 + i) X)) + Ajgr (£, X))

)'{n =u-+ ln,a(t) (in) + An,a([) (t’ ?_‘n) (1)
y=x1
where i = 1,2,...,n — 1. y and u represent the output and

control input of the controlled system, respectively. o (t) : Rt —
Q = {1,2,...,q} means the switching signal and q expresses
the number of subsystem. For i = 1,2,...,n, k € Q, ¥ =
[x1,...,x]" € R' denotes the state variable in the system, li 1 (%))
indicates unknown and smooth nonlinear function, A; (t, X;) is
defined as the unknown time-varying disturbance.

For the switched nonlinear system (1), the control objectives
of this article can be described as the following three points:

(1) All signals in the controlled system are bounded;

(2) It is expected that the desired signal y; can be well tracked
by the system output y, and the tracking error y — y; can be
adjusted to a small neighborhood of origin;

(3) Multiple objective constraints, i.e. —b,; (t) < Ei(x1) <
b (t),i = 1,...,m, are not violated. b, (t), b, (t) indicate
asymmetric and time-varying constraint functions, and satisfy
—by1 (t) < by (). E; = q1x1+q2x§+- . ~+q,~xi1 means ith objective
function. g; denotes the weighting coefficient. The selection of
gi; needs to ensure that the objective functions are within the
constraint range.

Assumption 1 ([32]). When t > 0, for positive constants Y%]’ Y2,
Y1, ..., Yy, the desired signal y; and its time derivative yg =
1,2,...,n satisfy the conditions as =Y} < yq < YZ, |yal <
Yi, ..., "] < Ya

Assumption 2 ([56]). The time-varying disturbance A; (t, X;) in
system (1) satisfies the following condition

Ajr (t, %) < ¢i X)) + di g (2)
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where i = 1,2,...,n, k € Q, ¢ (X;) indicates the unknown
and continuous nonlinear function, and d;  denotes the unknown
constant.

Lemma 1 ([53]). On the basis of full consideration of the nonlinear
system x = f (x, u), if x (0) € xo, there exist a positive constant o
and a settling time T (o, Xg) < 0o, such that ||x (t)|| < o, forVt € T.
Meanwhile, there exist0 <s <1, h > 0,f > 0,0 < g < oo, the
time derivative of the continuous Lyapunov function V satisfies the
following condition

V<—hV—fV+4+g 3)

Then, the trajectory of the nonlinear system x = f (x,u) is
practical finite-time stable.

Lemma 2 ([26]). For any e > 0, there exists one MIN of the form
6’TP,,,n that can be adopted to estimate the continuous function L (w)
on a compact set §2,,, whose expression is given below

L(@) = 0"Py, (@) + ¢ (@), e (@) <e (4)

A T

where Pp, (0) = [a)l,...,wn,w%,...,w%,w’ln,...,wgq] e R
. A

means the middle layer vector of MIN. ® = [w1, wa, ..., ws]" € R

indicates the input vector of MIN. ¢ (@) is the approximate error
between 0TPmn (w) and L (w). @ is the weight vector of MTN, 0 :=
arg min, gt {Sup,cg, |L (@) — 0"Pn, ()|} € R.

Remark 1. As a network structure similar to radial basis function
neural network (RBFNN), MTN is composed of three layers: input
layer, middle layer and output layer. Unlike RBFNN, in the middle
layer of MTN, polynomials are adopted instead of radial basis
functions. In other words, MTN can be considered as the RBFNN
with special structures.

3. Adaptive MTN tracking controller design

Firstly, with the aim of achieving multiple objective con-
straints, the time-varying and asymmetric barrier function is
introduced, and its expression takes the form

_ E+by E —bey
"~ E+byi(t)  bp(t)—E

where b1, b, are designed constants, which satisfy the condi-
tions of by < by (t) and b, < by, (t), respectively. E is a
function of x;, whose initial state E (0) is in its open region. If E —
(=by1)* or E — b, the barrier function & approaches infinity.
When the barrier function & is determined to be bounded, E
also satisfies the constraints. Therefore, the problem of multiple
objective functions satisfying constraints is transformed into the
problem of guaranteeing the boundedness of &.

§ (5)

Remark 2. The multiple objective constraints considered in this
article is to ensure that the objective functions E about x; evolve
within the prescribed boundary. Significantly, the output con-
straint is a special case of multiple objective constraints, namely
E = x1, which is commonly found in existing constraint works.
The barrier function considered in this article is a composite
function of the objective functions and the constraint functions.
Through mathematical derivation, it can be seen that if the
boundedness of the barrier function is guaranteed, then multiple
objective functions satisfy the constraint conditions. With full
consideration of the influence of multiple possible conflicting
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objectives, it is a challenging research topic to transform the
multiple objective constrained systems into the unconstrained
systems.

Remark 3. Compared with [35,37,44,54], the novel asymmetric
and time-varying barrier function considered in this article can
deal with not only the issue of asymmetric output constraints,
but also the issue of multiple objective constraints. In addition,
it is worth noting that positive and negative constraint functions
can be handled. Therefore, the proposed approach has a wider
application scope for constrained systems.

The time derivative of the barrier function & can be written as

£ =KiE +12 = knki + 12 (6)
by1()=be1 | bya()=bey (E+be1)by1 () _ (E=bep)bya (6)
where k = —tL=——x Ky = — _ i
13 [E+by1 @1 " [buo(0—EP 2 Etb 1 OF  [bya()—EP
K11 :K1ﬁ and ﬁ 7’:0
Secondly, the coordinate transformation is proposed

Z1 = ‘i: — Yd.c (7)

Zi=Xi—Xic,i=2,...,n
where y; . = ydyitlf‘;[) % ;. means the output of the first-
order command dter, which associates with the virtual control
signal Oli_1.

As the order of the command filter increases, the filtering
error will increase. Therefore, the composite tracking error is
introduced as follows

w,»=zi—§,-,i=l,2,...,n

(8)

The command filter has a certain impact on the tracking
performance, so the composite signal ¢; is defined as

1 = k11 (—migy + Xa.c — o1 + £2) — Asign (£1)
$o = —Maf + X3 — oa + &3 — Aasign ($2)

. ) 9)

G = —Mi&i + Xiy1,c — & — Gio1 + Lipr — Asign (&)

Cn = —Mpln — La—1 — AnSign (&n)
wherei=3,...,n— 1 Forj=1,2,...,n m; > 0 indicates the

constant, A; is the design parameter.

Assumption 3 ([50]). |Xi11.c — ;| < B; can be achieved in the
fixed time T, where B; > 0 is the known constant.

Remark 4. With the purpose of solving the finite-time tracking
control issue of the switched nonlinear system (1), Assumptions 1
and 3 are commonly adopted in the existing works [19,33,34,50].
In order to deal with unknown and discontinuous time-varying
disturbance, a more general approach is introduced by Assump-
tion 2. Significantly, Assumptions 1-3 are the basic assumptions
of backstepping-based adaptive finite-time control design and the
necessary conditions for controllability of the switched nonlinear
system (1).

Combining with the above mentioned research content, the
time derivative of the composite tracking error w; can be indi-
cated as

Wy = k11 (w2 + h + Avk + Mgy + @) + k2 — 119
+ o + Agsign (¢1)

Wy = w3 + b + Az +M2e + o — Xz 0 + ASign (£2)
Wi = Wit1 + lig + Ajx + Mg + o — Xic + &im1 + Aisign (&)
lbn =u-+ ln,k + An,k + mn;‘n - kn,c + gn—l + )LnSign (;n)

(10)
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wherei = 3,...,n— 1,4 = [s"r;)’(%}z [2“222’56?2, b =
. . d )1 2 L) —=Yd

0atbeby1(© | Ga=be)bp® ’ !

a+by1 (D] [by2 (D —yql?

Thirdly, fork € Q,i=1,2,...

the unknown constant. ; ; defines the weight vector of MTN. @,
means the estimated value of 6;. 6; represents the estimated error
of 6;, and 6; = 6; — 9,

. n, 6; = max { [ Oi,kHz} denotes

Step 1: The candidate Lyapunov function is designed as

1, 1
Vlziwl —"-59] (11)
In combination with the above equation, the time derivative

of Lyapunov function V; is indicated as

Vi =knwr (w2 + i+ Ave + migy + o) (12)
+ w1 [k2 — tYa + 12 + Aisign (§1)] — 616,

On the basis of Assumption 2 and Young’s inequality, the
following inequalities are true

1
Kiwi Ak < knpwq (rx + dig) < a3
2
1 (13)
+ 2a anw] (¢1 K+ dl k)
. 1,15
wikisign (§1) < Swi + A7 (14)

where a; > 0 is a constant.
Substituting (13) and (14) into (12), a new form of the time
derivative of Lyapunov function V; can be expressed as

Vi < kpqwy (wy +migy +ar) + wilig — 616,

1 1, 1, (15)
+ 5% 1+ 5)“1 3"
where Ly = 1 —sitwy (P1x+ di, k) +rnli K —uya+i+w

1 . .
is a combmatlon of nonlinear functions. According to the MTN
technique in Lemma 2, for any eq x > 0, L1 x can be estimated by
a MTN, and its expression is indicated as

Lik =07 (P, + &1 (16)

where ¢, represents the error between the combination of non-
linear functions L, x and the term 01 Py -

According to the form (16) of the nonlinear function estimated
by MTN and Young's inequality, the following inequality can be
obtained

1 1 1
2+ gt 10l PP, + 5

51,k| = ek

wily, <

1

w% + Ee%k
1, 1 29 pT p 1,, 1, (a7
St Trﬁwl 1Py Py + Sy + €1
where 7; > 0 is a constant.

In an effort to ensure the effectiveness of the proposed control
strategy, the virtual control signal « is designed in the following
form

25—1

o1 = —MmMz21 — riwj (18)

w161P Pml
KH"]

where r; > 0isaconstantand 0 <s < 1.
With the help of the virtual control signal a1 and (17), the time
derivative of V; can be described as

2
—a
21

wiPy, P, — é1>

. 1
2 2 2
Vi Sknwiwy — kpimwy — kpiniwy + 57 +

+ iz le yg (2
1 1, 1
271 T T g2
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Step 2: On the basis of the Step 1, the candidate Lyapunov
function is designed as
1 1-
With the help of (20), the time derivative of the Lyapunov
function V, can be further obtained in the form shown below
Vo =w, (w3 + bk + Agie + Mals + 2 — Xoc)

+ wzkzsign (Cz) — ézéz + V]

1% (20)

(21)

In the light of Assumption 2 and Young’s inequality, the fol-
lowing inequalities are correct

1 1 2
wr Az < wy (Pox + da) < EaZ + o2 V2 (p2.k + da.x) (22)
2
, 1, 1,
wakasign (&2) < Swy + 54 (23)

where a, > 0 is a constant.
According to (21), (22) and (23), a new form of the time
derivative of Lyapunov function V, can be indicated as

Vo <wy (w3 + mass + ) + waly — 626,

2, 1., 15 ¢ (24)
+ 5(12 + 5)\2 — K11wiwy — sz + V1

. 2 .

where Lk = Lk — %20 + ﬁwz (2 + dok)” + k11wy + wy is
a combination of nonlinear functions. With the help of the MTN
technique in Lemma 2, for e x > 0, L, x can be estimated by MTN,
and its expression as follows

L= 9;,;{sz + &2k,

e2k| < ea (25)

where ¢, indicates the error between the combination of non-
linear functions L, ; and the term 0;,,(Pm2.

According to the form (25) of the nonlinear function estimated
by MTN and Young's inequality, the following inequality can be
acquired

1

1 1 2 1
wala < = + 771)% “02,I<|| P,}; P, + *wg + *e%,k
2 27]% 2 2 2
(26)
< 177% + nggsz P, + lwﬁ + -3,
-2 217% ) 2~

where 1, > 0 is a constant.
In order to ensure that the proposed control scheme is effec-
tive, the virtual control signal «; is designed in the following form

25—1

1 ~
T
Oy = —MyZy — 277721029213"121)”12 rw,

2

(27)

where r, > 0 is a constant.
On the basis of (19), (26) and the virtual control signal a5, the
time derivative of V, can be expressed as

mzwg — /cnrlu)%s — r2w§5 =+ wows

2

A 1

JZP;]ij—@)Jrz E (@ +27+17 +¢))
j=1

y 2
V, <— K11m1w1 —

+ 29] (
(28)

Step i (3 <i<n— 1): With the help of the above research
content and mathematical derivation, the candidate Lyapunov
function is designed as

1 1~
Vi= Swi + 207 + Vi

5 (29)
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With the help of (29), the time derivative of the Lyapunov
function V; can be further attained in the form shown below
Vi =wi (wit1 + lige + Aige + migi + o — Xie + i)
+ wikisign (&) — G + Vi

In the light of Young’s inequality and Assumption 2, the fol-
lowing inequalities hold

(30)

1
u)Azl<<wz(¢zk+dlk) a

_21+—w

24 2 (¢zk+dl k) (31)

1
wikisign (&) < Ew,? + 5# (32)
where a; > 0 is the constant.
With the help of (31) and (32), a new form of the time
derivative of the Lyapunov function V; can be indicated as

— Wwi—1 + Mg + o) + wilik

1 1, 1., . (33)
+ Za’ + A = wi Vi

lik_kic‘i‘ 2w1(¢lk+dlk) 4+ w; + zi_q is
the combination of nonlinear functlons In the light of the MTN
technique in Lemma 2, for any e;; > 0, L;x can be estimated by
MTN, and its expression as follows

Vi Sw; (wip

- é,»e,

where L;

Lix = 0] (P, + ik (34)

where ¢; ; means the error between the combination of nonlinear
functions L; x and the term 6] ,Py,.

According to the form (34) of the nonlinear function estimated
by MTN and Young's inequality, the following inequality can be
gained

8i,l<| =€k

1 1 : 1
wiljx < 577, + 27211) H01 k” P Pml + Zw + - ) ,k
1, 1 , . 1 1 (35)
Sini +272wi0ipmipmx+2w +261k

i
where 7; > 0 is the constant.

So as to ensure that the proposed control scheme is effective,
the virtual control signal «; can be designed in the following form

1 A
— e a0 PT — a1
= —m;z; 2 Zw,O,PmiPmi riw;

1

(041 (36)
where r; > 0 is the constant.

In the light of mathematical derivation, (28), (35), the virtual
control signal «; and Young's inequality, the time derivative of V;
can be expressed as

E m]w — K]]T]U)l

E r]w S 4+ wiwig
j=2

)+ Z 0; (wa;]Pm} - e-)

]

V < - K11m1w]

1 i 2 2
+ EZ(aj + A2+t
j=1
(37)

Step n: On the basis of Step i, the candidate Lyapunov function
is designed as

1, 1.
Vn=§wn + 56,1 +Vn,]

With the help of (38), the time derivative of the Lyapunov
function V,, can be further attained in the form shown below

Vn =Wp (u + ok + Ang + Mply — Xnc + {n—l)
+ WnAnSign (&n) — 06 + Vi1

(38)

(39)
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Combining Young’s inequality with Assumption 2, the follow-
ing inequalities can be gained
2
wﬁ (¢n,k + dn,k)

a+ (40)

1
WnAnk < wp (¢n,k + dn,k) = 5

2
2a2

1
WnAgSign (&n) < w + AZ (41)
where a, > 0 is a constant.
With the help of (40) and (41), a new form of the time
derivative of Lyapunov function V, can be expressed as

1 1
Vn<wn(u+mn§n_wn 1)+wnLnk+2‘1 +2 n
(42)

WheTELnk —lnk knc+22wn(¢nk+dnk) +wn+znli5
the combination of nonlinear f’{lnCtIODS On the basis of the MTN
technique in Lemma 2, for any e, x > 0, L, x can be estimated by
MTN, and its expression as follows

Ly = 9;k1’mn + &nk,

8n,k| =< en,k (43)

where ¢, x means the error between the combination of nonlinear
functions L, x and the term 0n P+

According to the form (43) of the nonlinear function estimated
by MTN and Young's inequality, the following inequality can be
attained

1 1 1
wpln ke < = 2 +7w2 ||0nk|| PTann“‘sz‘l‘ieﬁk
(44)
1 ] PP 1 1
Znn+27w91) Pmn+2w+2 nk

where 5, > 0 is a constant.

In an effort to ensure that the proposed control scheme is
effective, the actual control u can be designed in the following
form

1 ) Zs 1
—anQnP Pp, — qw
n

U= —myz, — (45)

where r,, > 0 is a constant.
According to (37), (44), the actual control u and Young's in-
equality, the time derivative of V,, can be expressed as

n n
ijwf — K]]ﬁll)%s — erwjzs
= =
2 1 n
+ Ze <w2PT J—ej)+22(a + A7+l +el)
j=1

(46)

y 2
Vi <— K1imwy —

Remark 5. The backstepping control method can not only realize
the systematic and structured controller design process, but also
design the control strategy for the nonlinear systems with relative
order n. According to the adaptive backstepping technique, it can
be ensured that all subsystems have a CLF through a series of
mathematical derivations.

Remark 6. In the backstepping design process, if 2s — 1 < 0,
the “singularity” problem may arise from the term r;w?*~" due
to repeated differentiation of the virtual control signal «;. With
the aim of addressing this challenge, DSC technique is employed,
which utilizes the command filter to approximate the derivative
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of «;. Therefore, the calculation of the first derivative of «; is
unnecessary. As a result, the issues of “singularity” is avoided.

Remark 7. It should be noted that the MTN-based finite-time
control issue of switched nonlinear systems subject to multiple
objective constraints is studied for the first time. Although the
tracking control of nonlinear systems with multiple objective
constraints has been studied in [50], unknown time-varying dis-
turbance is not considered, and the controlled objective is not
the switched nonlinear systems. In addition, different from [50],
although more complex systems are considered in this article, the
proposed controller structure is simpler.

4. Stability analysis

Theorem 1. With regard to the switched nonlinear system (1), if the
virtual control signals are designed in the forms of (18), (27), (36),
and the actual control input is constructed in the form of (45), and
the adaptive law is fully considered and its form can be expressed as

X ~ 1
j

where j = 1,2,...,n, pj > 0 is the constant. Then, the control

objectives of this article can be achieved.

w]?P;ijj (47)

Proof. With the help of the above analysis, the Lyapunov function
is constructed in the following form

1
V=Va=2 ) wy
j=1

(48)

In the light of (46) and adaptive law (47), the time derivative
of Lyapunov function V can be acquired as follows

E m]w — I(]]T]wl

1 n
+ 52 (@ 0 0] e
=1

25
Zn

V < Zpﬂj@j — Knmlw]
Jj=1

(49)

According to Young’s inequality, the term Z}; pjéjéj in (49)
can be rewritten as

(50)

where p = min {p;li=1,2,...,n
On the basis of fully considering (50), a new form of time
derivative of Lyapunov function V is obtained

m] rj 25_ 7p 92
Z Z Z

S s

] n
n2
P20
j=1

V <—K11m1w1 K]]T]U)l

1 - N2 . 2 1 - N2
= PG+ p | 3P 0| +
j=1 j=1 j=1

_l n
IS @ )
j=1

where ej max

= max {ejz_klk eQ}.
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Based on 0 < s < 1, for the term (;p Y_1 éjz)s—%p Y67+
ZJ 1pﬂ considering the following two cases:
Case 1: On the basis of full consideration of 3p Y"1, 67 > 1, it
: 1 no52\5 _ 1 no 32 n 2
can be a(;hleved that (5p Y1, 07) —3p >0, 07 + XL pibf <
Z_} 1p10 ~
Case 2: When 0 < %p ZF:] 9]2 < 1 is considered, then it
7 .
fllows that (p 7, 7)' = 0 S0, 7 + X0

2p 2_1 92 + Z =1 p192
Consequently, through the analysis and synthesis of the above
two cases, the following inequality is true in all cases

< 1-

N

1 ¢ 52 1 ¢ 52 - 2 & 2
DI IR SUED SRS 3 A
j=1 j=1 Jj=1 j=1
In summary, based on the expression form of (52), (51) can be

indicated in the following form

>

s

25 n2
V < —K]1m1w1 K]]T]wl E Tj — 7p E 9

l n B n
W)+ Y
j=1 j=1
_l n
2 2 2 2
+ 3 Z (@ + 17+ 17 + el )
j=1
<-hV—-fV+g
(53)

2my, 3p}. f = min {251y,

where h = min {2k1mq, 2my, . ..,
1IN0 (2, 52
5 2 (@ + 22+

zsera . 2 k] 2Srn5 p}v g 1 + Z;:l p]9]2 +
]+ € ) . o .
Combining Lemma 1 with the analysis in the [50], it can be
obtained that w;,i = 1,2,...,n are bounded. V° < (]f’ can
. . . o)f .
be derived by introducing a new scale ¢. Then at a finite time
T <

1-s
< h(] L In (hv g;o)wf L lwil < &2 [(] ‘] holds.
With the aim of proving that z; is practlcal inite-time stable, it
is necessary to ensure that ¢; is convergent. First of all, a Lyapunov
function is constructed as

_l n
— EZ;.JZ
j=1

Through mathematical knowledge and Assumption 3, the time
derivative of the above Lyapunov function V; can be obtained as

(54)

n
Ve <kl — enmigi +inéils — ijé“jz
=2
n—1 n
+ D B5 =D k4|
j=2 =1

n

1
<= —«up)lal - Z (A — B) |C;| - (m1 - 5) kit

j—2
- (mz - *Kn)

Zmﬂj
Fv2

<—HV, —
(55)
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Casel: The reference signal y,;
— = = = Casel: The system output y ¢

0 AN
4
7
05F 4
1 1 1 1 1 1 1 1 1
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time (sec)
T T T T T T T T T
0.51 Case2: The reference signal y,

- = = = Case2: The system output y [*

0 7
4
/ 4
05F = == J

1 1 1 1 1 1 1 1 1

0 2 4 6 8 10 12 14 16 18 20

time (sec)
T T T T T T T T T
0.5 Case3: The reference signal y;

— — — = Case3: The system output y ¢

10

time (sec)

Fig. 2. System output y and reference signal y4 in three cases.

where H = 2min {My, My, mjlj =3, ..., n}, My = (my — 3) k11,
My =m; — %,F:ﬁmm{k] —Knﬂ],kj—ﬂj[j:l...,n}.

Combining with Lemma 1, it can be obtained that (i =
1, ..., n) can converge to the origin in a finite time. Based on the
above analysis, for i 1,...,nandj = 1,...,n — 1, it can be
concluded that &, E, x;, z;, w;, éi, u, oj are bounded. Therefore, we
can draw a conclusion that all signals in the closed-loop system
are bounded.

That completes the proof of Theorem 1.

5. Simulation result

On the basis of the above theoretical analysis, the effectiveness
of the proposed controller is further ensured through simulation.

The simplified longitudinal model of the aircraft can be described
in the following form

. LoXo g COS X4 L, _

X = * — + Avo@) (L, X1)
MooV, Vi, MoVi,e

. g COS X1 L, Lyx: _

Xy = X3+ - - - + Az (L, X2)

VTn(t) Mo (1) VTn(t) mU(f)VTam
X3 = Msu + MoX2 + Mgxs + As o (£, X3)
Yy =X

(56)

with x (0) = [x1 (0), x, (0), x3 (0)]' = [0, 0, 0]%, & (t) : [0, 00] —
Q = {1,2}. M 1, M, = 0.1, M, = —0.02, ,fT“j = 200,
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Casel: The tracking error e
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Time (sec)
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l Case2: The tracking error e
o 4

0 2 4 6 8 10 12 14 16 18 20
Time (sec)
1 T T T T T T T T T
l Case3: The tracking error e
ok—m—m T T4

10
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Fig. 3. The tracking error in three cases.

50 1 1 1 1 1 1 1 1 1 i
0 2 4 6 8 10 12 14 16 18 20
Time (sec)
50 T T T T T T T T T
l Case2: The input u l
0 \/\/\/-
_50 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Time (sec)
50 T T T T T T T T T
l Case3: The input u l
0 [\/\M/W\NVV\NAW\/\/\/\W/\/
_50 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10 12 14 16 18 20
Time (sec)
Fig. 4. System control input in three cases.
r% = 100, rﬁ—"] = —20 and nLTDz = —10 indicate physical The initial state of the error compensation system is selected
o . T T
parameters. g = 9.8 m/s? means gravitational acceleration. ~ as ¢ (0) = [£1(0),£2(0),¢3(0)] = [0.01,0.01,0.01]. The

Vr, = 200 m/s and Vr, = 100 m/s express speed of air-
craft. The time-varying disturbance are described as Aj;
0.01sin2t, A1 = 0.1cos2t, A3; = 0.05sint cos2t, Ay
0.02sin2t, Ay 0.2cos2t, A3, = 0.1sintcos2t. The de-
sired signal is designed as y; = 0.4sint. The constraint func-
tions are chosen as b,; (t) = 0.7 + 0.1sint, b, (t) = 0.9 +
0.1sint. Three objective functions bounded on E € £
{E€R:—by (t) <E(x1) < by (t)} are constructed, which are
described as the following three cases:

Case 1: E; = Xxq;

Case 2: E = 0.95x; + 0.05x2;

Case 3: E3 = x; + 0.1x3 + 0.05x3.

330

parameters of the controller proposed in this article are designed
ass =05, m; =8 my =12, m3 =18,y = 0.01,, =r3 = 0.1,
pr=p2=p3=m=mn =n =17 =i = A3 = 0.5.The
simulation results obtained in these three cases are displayed in
Figs. 1-7.

The trajectories of the three objective functions and the asym-
metric together with time-varying constraint functions are dis-
played in Fig. 1. In the three cases, Fig. 2 gives the trajectories of
the system output y and the desired signal y,. Figs. 3-6 reveal the
tracking error, control input, state variable x, and state variable
x3 of the system (56), respectively. Fig. 7 depicts the switching
signal designed in this article. The following four points can be
concluded through Figs. 1-7:
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Fig. 5. State variable x, in three cases.
4 T T T T T T T T T
Casel: State variable x3
2 ~
0
2[ I I I I I I I I |
0 2 4 6 8 10 12 14 16 18 20
Time (sec)
0 2 4 6 8 10 12 14 16 18 20
Time (sec)
0 2 4 6 8 10 12 14 16 18 20
Time (sec)

Fig. 6. State variable x5 in three cases.

(1) The controller proposed in this article can ensure that the
multiple objective constraints are satisfied;

(2) All states in the system are bounded;

(3) The desired signal can be well tracked by the system
output;

(4) The tracking error can be adjusted small enough.

In a word, the finite-time control strategy proposed in this
article has the advantages of real-time tracking and fast conver-
gence in finite time, which can acquire satisfactory results.

6. Conclusion

This article discusses the finite-time control problem of
switched nonlinear systems subject to multiple objective
constraints. First of all, multiple objective constrained systems

are transformed into unconstrained systems by designing a time-
varying and asymmetric barrier function. Next, DSC technique
is introduced into the backstepping design process. Moreover,
the error compensation systems are constructed to mitigate the
effects of the filter. Then, an adaptive control strategy is proposed
by combining finite-time control with MTN technique. Finally,
a practical simulation is used to demonstrate that the control
strategy proposed in this article is available.

The future research direction is to consider a global control
scheme for switched nonlinear systems. With the premise of
overcoming the limitation of CLF, an adaptive MTN controller is
designed based on the multiple Lyapunov function (MLF) method.
It is a challenging problem to investigate an adaptive MLF-based
global control strategy.
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1.5

Switching signal o (¢) |

Time (sec)
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15 20

Fig. 7. Trajectory of switching signal.
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