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Design of Adaptive Finite-Time Fault-Tolerant
Controller for Stochastic Nonlinear

Systems With Multiple Faults
Ming-Xin Wang , Shan-Liang Zhu , Si-Min Liu, Yang Du, and Yu-Qun Han

Abstract— In this paper, the adaptive fault-tolerant control1

(FTC) problem is addressed for the stochastic nonlinear sys-2

tems with multiple faults. The multiple faults, including the3

actuator and abrupt system faults, are first discussed in the4

same theoretical framework. The unknown nonlinearities are5

approximated by multi-dimensional Taylor networks (MTNs).6

By taking advantage of backstepping technique and finite-time7

control, the actual control law and virtual control signals are8

constructed, and then a novel adaptive FTC scheme based on the9

finite-time control method is proposed. The proposed controller10

guarantees that the closed-loop system is semi-global finite-time11

stable in probability (SGFSP) and the tracking error converges12

to a small neighborhood around the origin in the finite-time.13

Lastly, three examples are given to illustrate the effectiveness of14

the proposed scheme.15

Note to Practitioners—This research is motivated by the fact16

that actuators faults exist widely in real applications, which often17

degrade the control accuracy of the system and even result in the18

system instability. So far, the actuator and abrupt system faults19

of the stochastic nonlinear system have not yet been considered20

under the same theoretical framework. Therefore, this study21

designs a new MTN-based adaptive finite-time FTC scheme,22

which can ensure that the closed-loop system is SGFSP. The23

proposed control scheme has excellent practical value.24

Index Terms— Adaptive control, fault-tolerant control, finite-25

time, stochastic nonlinear systems, MTN.26

I. INTRODUCTION27

IT IS well known that actual control systems are character-28

ized by nonlinearity, uncertainty and complexity, and also29

affected by external disturbances inevitably. For this reason,30

the research on the control of stochastic nonlinear systems31

has attracted great attention [1], [2], [3], [4]. So far, to deal32

with the unknown nonlinear functions in control systems,33

many approximation-based intelligent control methods have34

been successfully reported, such as the neural network (NN)35

control [5], [6], [7], [8], the fuzzy logic systems (FLSs)36

control [9], [10] and the multi-dimensional Taylor network37

(MTN) control [11], [12], [13], [14]. Among them, the MTN38

control method has obtained more and more attention because39
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of its simple structure and fast function approximation ability, 40

and many MTN-based control schemes have been gained [15], 41

[16], [17], [18], [19], [20]. For example, authors in [15] 42

constructed a new adaptive MTN control scheme for the 43

stochastic nonlinear systems, which improved the real-time 44

performance. For the stochastic nonlinear systems with input 45

saturation, author in [17] proposed a MTN-based control 46

strategy via the backstepping technology. However, it should 47

be noted that most of the above results focused on asymptotic 48

stability or exponential stability, and failed to consider the 49

convergence performance of the systems. In recent years, the 50

research hotspot has been transferred to the finite-time control 51

due to the fact that the finite-time control has the good quality 52

of finite-time convergence [21], [22], [23], [24]. 53

In view of practical application value, the control schemes 54

based on the finite-time stability theory have advantages of 55

high accuracy, fast convergence and good robustness [25], 56

[26], [27]. Therefore, the finite-time control problems of 57

stochastic systems have attracted more and more attention. 58

For instance, authors in [28] and [29] respectively proposed 59

a novel stability theory and a controller design algorithm 60

for the above problems. So far, many schemes based on the 61

finite-time control have been gained for different stochastic 62

systems, such as stochastic nonlinear systems [30], [31], 63

switched stochastic nonlinear systems [32], high-order sto- 64

chastic nonlinear systems [33], [34], non-triangular stochastic 65

nonlinear systems [35], full state constraints stochastic nonlin- 66

ear systems [36], quantized stochastic nonlinear systems [37] 67

and stochastic nonlinear systems with input quantization [38]. 68

Although a great of finite-time control schemes have been 69

proposed for stochastic systems, the research results on fault 70

tolerant control (FTC) based on finite-time stability theory are 71

relatively infrequent, and many valuable control problems have 72

not been investigated. 73

In fact, with the rapid development of modern industry, the 74

structure of industry systems is more and more complex, and 75

the function is more and more abundant. Due to the high 76

complexity of the systems, the probability of failure of system 77

components is also greatly increased [39], [40]. The occur- 78

rence of faults may degrade the control accuracy of the system 79

and even result in the system instability [41], [42]. Therefore, 80

the FTC problem has gained a wide concern, and a lot of 81

meaningful schemes have been proposed for different systems 82

with actuators faults, for instance, nonlinear systems [43], 83

multi-input multi-output nonlinear systems [44], [45], and 84

stochastic nonlinear systems [46], [47]. Specially, due to the 85
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importance of application background, the FTC problems of86

stochastic nonlinear systems have become a research focus,87

and many meaningful achievements have been obtained [48],88

[49], [50], [51], [52], [53]. However, the finite-time control, the89

actuator faults and the abrupt system faults of the stochastic90

nonlinear systems have not yet been considered under the91

same theoretical framework, which have an important role in92

promoting our current research.93

Motivated by the above discussion, for the stochastic non-94

linear systems with actuator and abrupt system faults, the95

adaptive MTN finite-time FTC problem is considered in96

this study. By using the finite-time stability theory and the97

adaptive MTN method, a new adaptive finite-time MTN FTC98

scheme is designed. The provided scheme can ensure that99

the closed-loop system is semi-global finite-time stable in100

probability (SGFSP). Compared with the existing results, the101

main innovation points of this paper are listed as follows:102

(1) For the first time, this paper simultaneously considers the103

issues of finite-time control and FTC of stochastic nonlinear104

systems subject to multiple faults, and presentes an adaptive105

MTN finite-time FTC scheme. Although several MTN-based106

control schemes for stochastic nonlinear systems have been107

developed in [14], [15], [16], [17], [18], [19], and [20], most108

of the results can not be directly used to solve the finite-time109

control problem of stochastic nonlinear systems with multiple110

faults.111

(2) For stochastic nonlinear systems, the abrupt system112

faults and the actuator faults are considered at the same time in113

this paper. It should be noted that the multiple faults problem114

has been studied in [43], [44], and [51]. However, their control115

plants are nonlinear systems rather than stochastic nonlinear116

systems. In addition, although [47], [48], [50], [52] also117

addressed the fault problem of stochastic nonlinear systems,118

they only focus on actuator faults and forget the abrupt system119

faults. Therefore, the issue and the systems studied in this120

paper is more general.121

(3) Different from the FTC schemes proposed in [46]122

and [49], a novel adaptive MTN FTC scheme is proposed to123

realize the tracking control of the systems, which can not only124

achieve the tracking error converges to a small neighborhood125

around the origin in the finite-time, but also guarantee the126

closed-loop control system is SGFSP.127

The rest of this paper is organized as follows. Section II128

provides the problem formulation and preliminaries. The main129

results of this paper are developed in Section III. To validate130

the proposed theoretic results, the simulations are made in131

Section IV. Finally, the conclusion of this paper is given in132

Section V.133

II. PROBLEM FORMULATION AND PRELIMINARIES134

A. System Descriptions135

Considering the stochastic nonlinear system with λ inputs136

as follows137 ⎧⎨⎨⎨⎨
⎨⎨⎨⎩

dxi = (xi+1 + ζi(x̄i ))dt + ςT
i (x̄i)dω

i = 1, 2, . . . , n − 1

dxn = (aTv + ζn(x̄n) + H (t)F(x))dt + ςT
n (x̄n)dω

y = x1

(1)138

where x1, x2, . . . , xn are the state variables with x̄i = 139

[x1, x2, . . . , xi ]T ∈ Ri . a = [a1, a2, . . . , aλ]T ∈ Rλ
140

with a j( j = 1, 2, . . . , λ) are known constants, v = 141

[v1, v2, . . . vλ]T ∈ Rλ is the system input vector, whose com- 142

ponents may breakdown, ζi(·) : Ri → R and ςi (·) : Ri → R 143

denote nonlinear continuous functions and satisfy ζi(0) = 0, 144

ςi(0) = 0, y ∈ R denotes the system output, ω is a standard 145

Wiener process. Function F(x) denotes the system external 146

fault, and H (t) ∈ Rn denotes a diagonal matrix, which is 147

designed as 148

H (t) =
�

0, t < Tfault

1, t ≥ Tfault
(2) 149

where Tfault denotes the system external fault occurrence time. 150

For the system (1), the aim of this paper is to propose 151

a MTN-based adaptive finite-time FTC scheme such that: 152

(i) The closed-loop system is SGFSP; (ii) In the finite-time, 153

the tracking error y − yd eventually converges to a small 154

neighborhood of the origin. 155

With the exception of the system external fault, two types of 156

actuator faults are considered in this paper, namely, the lock- 157

in-place faults and the loss of effectiveness faults. According 158

to [49], [54], the above actuator faults can be described as 159

follows, respectively 160

Lock-in-place faults model: 161

vi (t) = v̄i , t ≥ ti (3) 162

where i ∈ �
i1, i2, · · · , iq

� ⊂ {1, 2, · · · , λ}, v̄i is a constant 163

and ti denotes the time when the actuator seizes up. 164

Loss of effectiveness faults model: 165

v j (t) = σ j u j (t), t ≥ t j (4) 166

where j ∈ �
i1, i2, · · · , iq

� ∩ {1, 2, · · · , λ}, σ j ∈ [σ j , 1] is 167

the still effective ratio when the loss of effectiveness fault 168

happens, σ j denotes the minimum of σ j , t j is the time instant 169

at which the loss of effectiveness fault occurs, u j(t) is the 170

control framework, which will be determined later. 171

Based on (3) and (4), the j th control input v j (t) can be 172

expressed as v j (t) = 	
1 − ρ j



σ j u j(t) + ρ j v̄ j , where j = 173

1, 2, . . . , λ and ρ j is defined as 174

ρ j =
�

1, if the j th actuator seizes up

0, the other situation.
(5) 175

Therefore, the input vector v(t) of system (1) can be 176

expressed as follows 177

v(t) = σ u(t) + ρ(v̄ − σ u(t)) (6) 178

where u(t) = [u1(t), . . . , uλ(t)]T is the control vector, 179

v̄ = [v̄1, . . . v̄λ]T is the constant vector, and ρ = diag 180

{ρ1, ρ2, . . . , ρλ}, σ = diag{σ1, σ2, . . . , σλ}. 181

Remark 1: The actuator faults considered in this paper, 182

as shown as (3) and (4), which exist widely in practical indus- 183

trial systems, such as manipulator systems, aircraft systems, 184

and so on. The considered faults can be abrupt appearance 185

and enter into the systems without fault diagnosis information. 186

Consequently, it is more universal and has a wider range of 187

applications. 188
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Assumption 1 [17]: The reference signal yd and its time189

derivatives up to the nth order are bounded and continuous.190

Assumption 2 [55]: The system (1) can achieve the control191

goal when some actuators seize up and the others may lose192

effectiveness.193

For the stochastic nonlinear system (1), all inputs are con-194

ducive to achieve the control aim and the control framework195

u j can be designed as follows196

u j = b j(x)v0 (7)197

where j = 1, 2, . . . , λ, x ∈ �n ⊂ Rn , the function b j(x)198

satisfies 0 ≤ b j ≤ b j(x) ≤ b̄ j , b j is the minimum of b j , b̄ j199

is the maximum of b j , v0 stands for the actual control law,200

which will be designed later.201

B. Correlation Theory202

To introduce the definition and theorem of the stochastic203

nonlinear system, considering the following general stochastic204

system205

d x(t) = ζ(x(t))dt + ς(x(t))dω (8)206

where x ∈ Rn is the system state, ζ : Rn → Rn and ς :207

Rn → Rn×r stand for unknown smooth nonlinear functions208

and satisfy ζ(0) = 0, ς(0) = 0, and ω is a standard Wiener209

process.210

Definition 1 [15]: Considering the system (8), for any211

function V (x) ∈ C2, the differential operator L is defined212

as:213

LV (x) = ∂V (x)

∂x
ζ + 1

2
Tr

�
ςT ∂2V (x)

∂x2
ς

�
(9)214

where C2 represents the set of all functions with continuous215

2-th partial derivative.216

Definition 2 [35]: The equilibrium x = 0 of the system (8)217

is said to be SGFSP, if for any ε > 0, there exists a setting218

time T (ε, x0) < ∞, such that E[	x(t)	] < ε when t ≥ t0 +T ,219

for all x(t0,ω) = x0.220

Lemma 1 [43]: For any li ∈ R and 0 < γ ≤ 1, we have221 

n�

i=1
|li |

�γ

≤
n�

i=1
|li |γ .222

Lemma 2 [43]: If α and β are real variables, the following223

inequality holds:224

|α|τ |β|o ≤ τ

τ + o
s|α|τ+o + o

τ + o
s− τ

o |β|τ+o (10)225

where τ , o and s are any positive constants.226

Lemma 3 [35]: The system (8) is SGFSP, if there exist227

V (x) ∈ C2 and �̄1(·), �̄2(·) ∈ κ∞ for all x ∈ Rn and t > t0,228

such that229 �
�̄1(|x|) ≤ V (x) ≤ �̄2(|x|)
LV (x) ≤ −aV γ (x) + b

(11)230

where a > 0, b > 0 and 0 < γ < 1 are constants.231

In this paper, the unknown smooth nonlinear function is232

approached by MTN. More details of the MTN are available at233

the research results [15], [16], [17], [18], and the approximate234

theory of MTN can be summarized as follows:235

Lemma 4 [17]: Supposing ζ(Z) is a continuous function 236

defined on a compact set �Z ⊂ Rn , which can be approxi- 237

mated by MTN with any precision. That is to say, for ∀ε > 0, 238

there exists a MTN θ∗T Smn (Z), such that 239

ζ(Z) = θ∗TSmn (Z) + δ(Z), |δ(Z)| ≤ ε (12) 240

with Z = [z1, z1, . . . , zn]T ∈ �Z, Smn (Z) = 241

[z1, . . . , zn, z2
1, z1z2, . . . , z2

n, zm
1 , zm−1

1 z2, . . . , zm
n ]T, and 242

δ(Z) is the approximation error. θ∗ = [θ1, θ2, . . . , θl]T
243

is the optimal weight vector and defined as θ∗ := 244

arg min
θ∈Rl

�
sup

Z∈�Z

��ζ(Z) − θT Smn (Z)
���. 245

Remark 2: The structure of MTN has been given 246

in [11], [15], and [16]. It is worth pointing out that MTN 247

is a three-layer feed-forward NN, which can be applied to the 248

control issue of nonlinear systems. In fact, MTN can be seen 249

as radial basis function neural network (RBFNN) with special 250

architecture, The major difference between the MTN and 251

RBFNN is the way of processing information of the middle- 252

layer. Specifically, MTN uses the polynomial combination of 253

inputs instead of the traditional radial basis function in the 254

middle layer, which can realize the approximation of nonlinear 255

function with less computation. 256

III. MAIN RESULTS 257

This section focuses on developing a MTN-based adaptive 258

finite-time FTC scheme, and analysing the stability of the 259

closed-loop system. 260

First of all, the following coordinate transformation is 261

employed 262

z1 = x1 − yd 263

zi = xi − αi−1, i = 2, . . . , n (13) 264

where αi−1 denote the virtual control signals, which will be 265

constructed later. 266

According to (1) and (13), we obtain 267⎧⎨⎨⎨⎨
⎨⎨⎨⎩

dz1 = (x2 + ζ1 − ẏd)dt + ςT
1 dω

dzi = (xi+1 + ζi − �αi−1)dt + ς̄T
i dω

i = 2, · · · , n − 1

dzn = (aTv + ζn + H (t)F(x) − �αn−1)dt + ς̄T
n dω

(14) 268

where ς̄i = ςi −
i−1�
j=1

∂αi−1

∂x j
ς j , and �αi−1 denotes the derivative 269

of αi−1, which will be determined later. 270

A. MTN-Based Backstepping Design 271

Step 1: Choosing the first Lyapunov function as follows 272

V1 = 1

4
z4

1 + 1

2
θ̃

T
1 �−1

1 θ̃1 (15) 273

where �1 ∈ M and M denotes the set of symmetric positive 274

definite matrices, θ̃1 = θ1 − θ̂1 denotes the parameter error 275

vector. 276

From (14) and (15), and using the Definition 1, we have 277

LV1 = z3
1(x2 + ζ1 − ẏd) + 3

2
z2

1	ς1	2 − θ̃
T
1 �−1

1
˙̂θ1 (16) 278
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According to Young’s Inequality, we can get279

3

2
z2

1	ς1	2 ≤ 3

4ξ2
1

z4
1	ς1	4 + 3

4
ξ2

1 (17)280

where ξ1 > 0 is a constant.281

Substituting (17) into (16) yields282

LV1 ≤ z3
1

	
x2 + ζ̄1


 − 3

2
z4

1 + 3

4
ξ2

1 − θ̃
T
1 �−1

1
˙̂θ1 (18)283

where ζ̄1 = ζ1 + 3
2 z1 + 3

4ξ 2
1

z4
1	ς1	4 − ẏd .284

It’s easy to see that ζ̄1 is an unknown function. According285

to Lemma 4, a MTN can be used to estimate ζ̄1. Namely, for286

∀ε1 > 0, there exists a θT
1 Sm1(z1) satisfying287

ζ̄1 = θT
1 Sm1(z1) + δ1(z1), |δ1(z1)| ≤ ε1 (19)288

where z1 = [z1]T and δ1(z1) is the approximation error.289

With the help of Young’s Inequality, we obtain290

z3
1z2 ≤ 1

4
z4

2 + 3

4
z4

1 (20)291

z3
1δ1 ≤ 1

4
ε4

1 + 3

4
z4

1 (21)292

Substituting (13), (19), (20) and (21) into (18), we obtain293

LV1 ≤ z3
1(α1 + θT

1 Sm1) + 3

4
ξ2

1 + 1

4
ε4

1 + 1

4
z4

2 − θ̃
T
1 �−1

1
˙̂θ1294

(22)295

Designing the virtual control signal α1 as follows296

α1 = −k1z4γ−3
1 − θ̂

T
1 Sm1

(23)297

where 0 < γ < 1 and k1 > 0 are design parameters.298

Then, from (22) and (23), we have299

LV1 ≤ −k1z4γ
1 + 1

4
z4

2 + 3

4
ξ2

1 + 1

4
ε4

1 + θ̃
T
1

�
z3

1 Sm1 − �−1
1

˙̂θ1

�
300

(24)301

Based on (24), choosing the adaptive law ˙̂θ1 as302

˙̂θ1 = �1 Sm1(z1)z
3
1 − η1�1θ̂1 (25)303

where η1 > 0 is a design parameter.304

Substituting (25) into (24) yields305

LV1 ≤ −k1z4γ
1 + 1

4
z4

2 + 1

4
ε4

1 + 3

4
ξ2

1 + η1θ̃
T
1 θ̂1 (26)306

Step 2: Choosing the second Lyapunov function as follows307

V2 = V1 + 1

4
z4

2 + 1

2
θ̃

T
2 �−1

2 θ̃2 (27)308

where �2 ∈ M, θ̃2 = θ2 − θ̂2 denotes the parameter error309

vector.310

From (14) and (27), and using the Definition 1, we have311

LV2 = LV1 + z3
2(x3 + ζ2 − �α1) + 3

2
z2

2	ς̄2	2 − θ̃
T
2 �−1

2
˙̂θ2312

(28)313

where 314

�α1 =
1�

j=1

∂α1

∂x j
(ζ j + x j+1) 315

+
1�

j=0

∂α1

∂y( j)
d

y( j+1)
d +

1�
j=1

∂α1

∂ θ̂ j

˙̂θ j 316

+ 1

2

1�
j,k=1

∂2α1

∂x j∂xk
ςT

j ςk . 317

Using Young’s Inequality, we obtain 318

3

2
z2

2	ς̄2	2 ≤ 3

4ξ2
2

z4
2	ς̄2	4 + 3

4
ξ2

2 (29) 319

where ξ2 > 0 is a constant. 320

Substituting (29) into (28) yields 321

LV2 ≤ LV1 + z3
2

	
x3 + ζ̄2


 − 7

4
z4

2 + 3

4
ξ2

2 − θ̃
T
2 �−1

2
˙̂θ2 (30) 322

where ζ̄2 = ζ2 −
1�

j=1

∂α1
∂x j

(ζ j + x j+1) +
1�

j=0

∂α1

∂y( j )
d

y( j+1)
d + 323

1�
j=1

∂α1

∂ θ̂ j

˙̂θ j + 3
4ξ 2

2
z4

2	ς̄2	4 + 1
2

1�
j,k=1

∂2α1
∂x j ∂xk

ςT
j ςk + 7

4 z2. 324

Similarly, ζ̄2 also is an unknown function that can be 325

approximated by a MTN. In other words, for ∀ε2 > 0, there 326

is a θT
2 Sm2(z2) satisfying 327

ζ̄2 = θT
2 Sm2(z2) + δ2(z2), |δ2(z2)| ≤ ε2 (31) 328

where z2 = [z1, z2]T and δ2(z2) is the approximation error. 329

With the help of Young’s Inequality, we can get 330

z3
2z3 ≤ 3

4
z4

2 + 1

4
z4

3 (32) 331

z3
2δ2 ≤ 3

4
z4

2 + 1

4
ε4

2 (33) 332

Substituting (13), (31), (32) and (33) into (30), we have 333

LV2 ≤ LV1 + z3
2

	
α2 + θT

2 Sm2(z2)

 + 3

4
ξ2

2 334

+ z4
3

4
+ 1

4
ε4

2 − 1

4
z4

2 − θ̃
T
2 �−1

2
˙̂θ2 (34) 335

Designing the virtual control signal α2 as follows 336

α2 = −k2z4γ−3
2 − θ̂

T
2 Sm2

(35) 337

where k2 > 0 is a design parameter. 338

Then, from (34) and (35), we have 339

LV2 ≤ LV1 − k2z4γ
2 + 1

4
z4

3 + 3

4
ξ2

2 + 1

4
ε4

2 340

+ θ̃
T
2

�
z3

2 Sm2 − �−1
2

˙̂θ2

�
(36) 341

Based on (36), choosing the adaptive law ˙̂θ2 as 342

˙̂θ2 = �2 Sm2(z2)z3
2 − η2�2θ̂2 (37) 343

where η2 > 0 is a design parameter. 344
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Substituting (26) and (37) into (36) yields345

LV2 ≤ −
2�

j=1

k j z
4γ
j + 1

4
z4

3 + 1

4

2�
j=1

ε4
j346

+ 3

4

2�
j=1

ξ2
j +

2�
j=1

η j θ̃
T
j θ̂ j (38)347

Step i(i = 3, . . . , n − 1): Choosing the i -th Lyapunov348

function as follows349

Vi = Vi−1 + 1

4
z4

i + 1

2
θ̃

T
i �−1

i θ̃ i (39)350

where �i ∈ M, θ̃ i = θ i −θ̂ i denotes the parameter error vector.351

From (14) and (39), and using the Definition 1, we have352

LVi = LVi−1 + z3
i (xi+1 + ζi − �αi−1)353

+ 3

2
z2

i 	ς̄i	2 − θ̃
T
i �−1

i
˙̂θ i (40)354

where �αi−1 =
i−1�
j=1

∂αi−1

∂x j
(ζ j + x j+1) +

i−1�
j=0

∂αi−1

∂y( j )
d

y( j+1)
d +355

i−1�
j=1

∂αi−1

∂ θ̂ j

˙̂θ j + 1
2

i−1�
j,k=1

∂2αi−1

∂x j ∂xk
ςT

j ςk .356

By Young’s Inequality, we obtain357

3

2
z2

i 	ς̄i	2 ≤ 3

4ξ2
i

z4
i 	ς̄i	4 + 3

4
ξ2

i (41)358

where ξi > 0 is a constant.359

Substituting (41) into (40) yields360

LVi ≤ LVi−1 + z3
i (xi+1 + ζ̄i) + 3

4
ξ2

i − 7

4
z4

i − θ̃
T
i �−1

i
˙̂θ i361

(42)362

where ζ̄i = ζi + 1
2

i−1�
j,k=1

∂2αi−1

∂x j ∂xk
ςT

j ςk +
i−1�
j=1

∂αi−1

∂ θ̂ j

˙̂θj + 3
4ξ 2

i
z4

i 	ς̄i	4 −363

i−1�
j=1

∂αi−1

∂x j
(ζ j + x j+1) +

i−1�
j=0

∂αi−1

∂y( j )
d

y( j+1)
d + 7

4 zi .364

Similarly, ζ̄i also is an unknown function. By using the365

Lemma 4, a MTN can be used to estimate ζ̄i . Namely, for366

∀εi > 0, there exists a MTN θT
i Smi (zi ), such that367

ζ̄i = θT
i Smi (zi ) + δi(zi ), |δi(zi)| ≤ εi (43)368

where δi(zi) is the approximation error and zi = [z1, · · · , zi ]T.369

According to Young’s Inequality, and combining (13)370

with (42) and (43) gives371

LVi ≤ LVi−1 + z3
i

	
αi + θT

i Smi


 + 3

4
ξ2

i372

+ 1

4
z4

i+1 + 1

4
ε4

i − 1

4
z4

i − θ̃
T
i �−1

i
˙̂θ i (44)373

Designing the virtual control signal αi as374

αi = −ki z
4γ−3
i − θ̂

T
i Smi

(45)375

where ki > 0 is the design parameter.376

Then, substituting (45) into (44), we have377

LVi ≤ LVi−1 − ki z
4γ
i + θ̃

T
i

�
z3

i Smi − �−1
i

˙̂θ i

�
378

− 1

4
z4

i + 1

4
z4

i+1 + 3

4
ξ2

i + 1

4
ε4

i (46)379

Based on (46), choosing the adaptive law ˙̂θ i as follows 380

˙̂θ i = �i Smi z
3
i − ηi�i θ̂ i (47) 381

where ηi > 0 is a design parameter. 382

Next, substituting (47) into (46) yields 383

LVi ≤ −
i�

j=1

k j z
4γ
j + 1

4
z4

i+1 +
i�

j=1

η j θ̃
T
j θ̂ j 384

+ 1

4

i�
j=1

ε4
j + 3

4

i�
j=1

ξ2
j (48) 385

Step n: According to (6) and (7), the following equation 386

holds 387

aTv = a�v0 +
iλ�

j=i1

a j v̄ j (49) 388

where a� = �
j 
=i1...iλ

σ j a j b j . 389

It follows from (14) and (49), we can obtain 390

dzn = [a�v0 +
iλ�

j=i1

a j v̄ j + ζn + H (t)F(x) 391

− �αn−1]dt + ς̄T
n dω (50) 392

Choosing the n-th Lyapunov function as follows 393

Vn = Vn−1 + 1

4
z4

n + 1

2
θ̃

T
n �−1

n θ̃n + 1

2
ϑ̃

T
�−1ϑ̃ (51) 394

where �n ∈ M and � ∈ M, θ̃n = θn − θ̂n and ϑ̃ = ϑ − ϑ̂ are 395

the parameter error vectors. 396

From (50) and (51), and using the Definition 1, we have 397

LVn = LVn−1 − θ̃
T
n �−1

n
˙̂θn − ϑ̃

T
�−1 ˙̂ϑ 398

+ z3
n(−�αn−1 + ζn + H (t)F(x) 399

+ z3
n(a

�v0 +
iλ�

j=i1

a j v̄ j )) + 3

2
z2

n	ς̄n	2 (52) 400

where �αn−1 =
n−1�
j=1

∂αn−1

∂x j
(ζ j + x j+1) +

n−1�
j=0

∂αn−1

∂y( j )
d

y( j+1)
d + 401

n−1�
j=1

∂αn−1

∂ θ̂ j

˙̂θ j + 1
2

n−1�
j,k=1

∂2αn−1

∂x j ∂xk
ςT

j ςk . 402

By using the Young’s Inequality, we obtain 403

3

2
z2

n	ς̄n	2 ≤ 3

4ξ2
n

z4
n	ς̄n	4 + 3

4
ξ2

n (53) 404

where ξn > 0 is a constant. 405

Substituting (53) into (52), we can get 406

LVn ≤ LVn−1 − θ̃
T
n �−1

n
˙̂θn − ϑ̃

T
�−1 ˙̂ϑ + 3

4
ξ2

n − 7

4
z4

n 407

+ z3
n(a

�v0 +
iλ�

j=i1

a j v̄ j + H (t)F(x) + ζ̄n) (54) 408

where ζ̄n = ζn + 7
4 zn +

n−1�
j=0

∂αn−1

∂y( j )
d

y( j+1)
d +

n−1�
j=1

∂αn−1

∂ θ̂ j

˙̂θ j + 409

3
4ξ 2

n
z4

n	ς̄n	4 + 1
2

n−1�
j,k=1

∂2αn−1

∂x j ∂xk
ςT

j ςk −
n−1�
j=1

∂αn−1

∂x j
(ζ j + x j+1). 410
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Similarly, ζ̄n also is an unknown function. By using the411

Lemma 4, ζ̄n can be estimated by a MTN. Namely, for412

∀εn > 0, there exists a MTN θT
n Smn (zn) satisfying413

ζ̄n = θT
n Smn (zn) + δn(zn), |δn(zn)| ≤ εn (55)414

where zn = [z1, · · · , zn]T and δn(zn) denotes the approxima-415

tion error.416

By using the Young’s Inequality, we can obtain417

z3
nδn ≤ 1

4
ε4

n + 3

4
z4

n (56)418

Substituting (48), (55) and (56) into (54), we obtain419

LVn ≤ −
n−1�
j=1

k j z
4γ
j +

n−1�
j=1

θ̃
T
j (z

3
j S j − �−1

j
˙̂θ j ) − 3

4
z4

n420

+ z3
n(a

�v0 +
�

j=i1...i p

a j v̄ j + H (t)F(x) + θT
n Sn)421

− θ̃
T
n �−1

n
˙̂θn − ϑ̃

T
�−1 ˙̂ϑ + 1

4

n�
j=1

ε4
j + 3

4

n�
j=1

ξ2
j (57)422

where F(x) denotes the system external fault, which can be423

estimate by a MTN. According to Lemma 4, for ∀ε > 0 there424

exists a MTN ϑT S̄m̄n (x) satisfying425

F(x) = ϑT S̄m̄n (x) + δ(x), |δ(x)| ≤ ε (58)426

where δ(x) denotes the approximation error and x =427

[x1, · · · , xn]T.428

According to Young’s Inequality, and taking (58) into429

account, we have430

z3
n H (t)F(x) ≤ z3

nϑ
T S̄m̄n (x) + 3

4
z4

n + 1

4
ε4 (59)431

Substituting (58) and (59) into (57) yields432

LVn ≤ −
n−1�
j=1

k j z
4γ
j +

n�
j=1

ε4
j

4
− ϑ̃

T
�−1 ˙̂

ϑ − θ̃
T
n �−1

n
˙̂θn433

+ z3
n(a

�v0 +
iλ�

j=i1

a j v̄ j + θT
n Smn + ϑT S̄m̄n )434

+
n−1�
j=1

θ̃
T
j (z

3
j Smn − �−1

j
˙̂θ j ) + 3

4

n�
j=1

ξ2
j + ε4

4
(60)435

Based on (60), designing the actual control input v0 as436

follows437

v0 = − 1

a� (knz4γ−3
n +

iλ�
j=i1

a j v̄ j + θ̂
T
n Smn + ϑ̂

T
S̄m̄n ) (61)438

where kn > 0 is the design parameter.439

Then, from (60) and (61), it follows that440

LVn ≤ −
n�

j=1

k j z
4γ
j +

n−1�
j=1

θ̃
T
j

�
z3

j Smn − �−1
j

˙̂θ j

�
441

+ θ̃
T
n (z3

n Smn − �−1
n

˙̂θn) + 3

4

n�
j=1

ξ2
j442

+ ϑ̃
T
(z3

n S̄m̄n − �−1 ˙̂ϑ) + 1

4

n�
j=1

ε4
j + 1

4
ε4 (62)443

According to (62), choosing the adaptive laws ˙̂θn and ˙̂ϑ as 444

follows 445

˙̂θn = �n Smn (zn)z
3
n − ηn�n θ̂n (63) 446

˙̂ϑ = � S̄m̄n (x)z3
n − η�ϑ̂ (64) 447

where η > 0 and ηn > 0 are the design parameters. 448

Substituting (63) and (64) into (62), we can get 449

LVn ≤ −
n�

j=1

k j z
4γ
j + 1

4

n�
j=1

ε4
j + 1

4
ε4 + 3

4

n�
j=1

ξ2
j 450

+
n�

j=1

η j θ̃
T
j θ̂ j + ηϑ̃

T
ϑ̂ (65) 451

Remark 3: Although the multiple faults problem for non- 452

linear systems has been addressed in [43], the stochastic 453

disturbances are not taken into account. Compared with the 454

control structure proposed in [43], that of this paper is more 455

simpler, even though more complex issues are considered. 456

B. Stability Analysis 457

Theorem 1: For the stochastic nonlinear system (1) satis- 458

fying Assumptions 1 and 2. Then, for any initial condition, 459

the proposed control strategy, including the control input (61), 460

the virtual control signals (23), (35), (45) and the adaptive 461

laws (25), (37), (47), (63) and (64), can guarantee that tracking 462

error converges to a small neighborhood around the origin in 463

the finite-time as well as the closed-loop control system is 464

SGFSP. 465

Proof: For the entire system, considering the following 466

Lyapunov function 467

V = Vn = 1

4

n�
i=1

z4
i + 1

2

n�
i=1

θ̃
T
i �−1

i θ̃ i + 1

2
ϑ̃

T
�−1ϑ̃ (66) 468

According to (65) and (66), we can obtain 469

LV ≤ −
n�

i=1

ki z
4γ
i + 1

4

n�
i=1

ε4
i + 1

4
ε4 + 3

4

n�
i=1

ξ2
i 470

+
n�

i=1

ηi θ̃
T
i θ̂ i + ηϑ̃

T
ϑ̂ (67) 471

According to the definition of θ̂ i and ϑ̂ yields 472

n�
i=1

ηi θ̃
T
i θ̂ i ≤ 1

2

n�
i=1

ηi	θ i	2 − η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i (68) 473

ηϑ̃
T
ϑ̂ ≤ η

2
	ϑ	2 − η̄ϑ̃

T
�−1ϑ̃ (69) 474

where η̄ = η

2λmax(�
−1)

, η̃ = min{η̃1, · · · , η̃n} with η̃i = 475

ηi

2λmax(�−1
i )

. 476
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Substituting (68) and (69) into (67), and subtracting and477

adding the terms (η̄ϑ̃
T
�−1ϑ̃)γ and (η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i )
γ , we have478

LV ≤ −
n�

i=1

ki z
4γ
i −

�
η̄ϑ̃

T
�−1ϑ̃

�γ +
�
η̄ϑ̃

T
�−1ϑ̃

�γ

479

− (η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i)
γ + (η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i)
γ

480

− η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i − η̄ϑ̃
T
�−1ϑ̃ + 1

2

n�
i=1

ηi	θ i	2
481

+ η

2
	ϑ	2 + 1

4

n�
i=1

ε4
i + 1

4
ε4 + 3

4

n�
i=1

ξ2
i (70)482

According to Lemma 2, we obtain483

(η̄ϑ̃
T
�−1ϑ̃)γ ≤ (1 − γ )e

γ lnγ

1−γ + η̄ϑ̃
T
�−1ϑ̃ (71)484

(η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i)
γ ≤ (1 − γ )e

γ lnγ

1−γ + η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i (72)485

Substituting (71) and (72) into (70) yields486

LV ≤ −
n�

i=1

ki z
4γ
i − (η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i )
γ

487

− (η̄ϑ̃
T
�−1ϑ̃)γ + b (73)488

where b = 1
2

n�
i=1

ηi	θ i	2 + η
2 	ϑ	2 + 1

4

n�
i=1

ε4
i + 1

4 ε4 + 3
4

n�
i=1

ξ2
i +489

2(1 − γ )e
γ lnγ

1−γ .490

According to Lemma 1, we have491

−
n�

i=1

ki z
4γ
i − (η̄ϑ̃

T
�−1ϑ̃)γ − (η̃

n�
i=1

θ̃
T
i �−1

i θ̃ i)
γ

492

≤ −a((

n�
i=1

z4
i )

γ + (
1

2
ϑ̃

T
�−1ϑ̃)γ + (

1

2

n�
i=1

θ̃
T
i �−1

i θ̃ i )
γ
)493

≤ −aV γ (74)494

where a = min
�
4k, (2η̄)γ , (2η̃)γ

�
with k =495

min{ki |i = 1, . . . , n }.496

Substituting (74) into (73), yields497

LV ≤ −aV γ + b (75)498

According to Lemma 3 and inequality (75), we can obtain499

that the closed-loop control system is SGFSP.500

In addition, according to Lemma 3 and the Theorem 1 of501

the work of [31], we have502

E

�

1

2
|y − yd |2

�γ �
≤



b

(1 − u)a

�
,∀t ≥ T ∗ (76)503

where 0 < μ < 1 and T ∗ = 1
(1−γ )μa ×504 �

V 1−γ
	
x(0), θ̃n, ϑ̃


 −
�

b
(1−μ)a

� 1−γ
γ

�
.505

This theorem completes the proof.506

Remark 4: Based on the above process, a distinctive MTN-507

based adaptive finite-time FTC approach is presented for the508

stochastic nonlinear system with actuator and abrupt system509

faults, the details of the control procedure and signals are show510

Fig. 1. Block diagram of control system.

in Fig. 1. In every step of the backstepping technology, the 511

combination of nonlinear functions is estimated by the MTN, 512

and then the computational complexity is reduced. Therefore, 513

the constructed adaptive finite-time controller is comparatively 514

simple, and the proposed control scheme has good application 515

values. 516

IV. SIMULATION RESEARCH 517

Three examples will be given in this section to show the 518

validity of the constructed controller. 519

Example 1: Considering the three-order stochastic nonlin- 520

ear system with multiple faults as follows: 521⎧⎨⎨⎨⎨
⎨⎨⎨⎩

dx1 = (x2 + 0.2x1 sin x1)dt + x2
1 dω

dx2 = 	
x3 − x2

1 cos x2


dt + x2 sin x1dω

dx3 = 	
aTv + x2x2

3 + H (t)F(x)


dt + x1dω

y = x1

(77) 522

where a = [1, 2]T,H (t) is defines as (2) and Tfault = 25s, 523

the system fault F(x) = 5x1x2, the initial state x1(0) = 0, 524

x2(0) = 0, x3(0) = 0. 525

In simulation, the reference signal is selected as yd = 526

0.5 sin t . The parameters of control structure are taken as 527

follows: b1 = b2 = 1, η1 = 2, η2 = 0.2, η3 = 0.6, k1 = 12, 528

k2 = 20, k3 = 20, �1 = 0.6I5, �2 = 10I9, �3 = 0.1I9 and 529

γ = 0.99. The actuator faults are expressed by v1 = 0.8v0 530

and v2 = v̄2 = 6 for t > 14s. 531

Figs. 2-5 show the simulation results of Example 1, respec- 532

tively. Fig. 2 illustrates the trajectories of y and yd , so it is clear 533

that a satisfactory tracking effect has been obtained. Fig. 3 534

displays the trajectories of control signals v1 and v2. Fig. 4 535
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Fig. 2. The trajectories of y and yd of the system (77).

Fig. 3. The trajectories of control inputs v1 and v2 of the system (77).

Fig. 4. The trajectories of state variables x2, x3 and tracking error y − yd
of the system (77).

depicts the trajectories of the state variables x2 and x3 and the536

tracking error y − yd , which we can see that the state variables537

x2 and x3 are bounded as well as the tracking error y − yd538

converges to a small neighborhood around the origin in the539

finite-time. Fig. 5 illustrates the trajectory of the system fault540

function F(x). From Figs. 2-5, we can draw the conclusion541

that the control scheme proposed in this paper can guarantee542

that the closed-loop control system is SGFSP.543

Fig. 5. The fault function F(x) of the system (77).

Fig. 6. The trajectories of y and yd of the system (78).

As shown as the simulation results of the numerical exam- 544

ple, two classes of actuator faults, the Lock-in-place fault and 545

the Loss of effectiveness fault, occur at the same time. When 546

t > 14s, the control input v1 loses 20% efficiency and the 547

control input v2 becomes a constant. Although the multiple 548

faults affect the system performance, we can conclude that the 549

control scheme can still maintain the stability of the system 550

and achieve the control goal. 551

Example 2: Considering a third-order one-link manipula- 552

tor system with stochastic disturbances and multiple faults, 553

according to [56], the system can be described as: 554⎧⎨⎨⎨⎨
⎨⎨⎨⎩

dx1 = x2dt + x1dω

dx2 = (x3 − 2 sin x1 − x2)dt + x2 sin x1dω

dx3 = 	
aTv − 2x2 − x3 + H (t)F(x)



dt + x2dω

y = x1

(78) 555

where x1, x2 and x3 denote the link angular position, velocity 556

and the motor shaft angle, the initial state x1(0) = 0, 557

x2(0) = 0, x3(0) = 0, a = [2, 1]T, H (t) is defines as (2) 558

and Tfault = 25s, the system fault F(x) = 5x2 sin x1, and the 559

given reference signal yd = 0.5(sin t + 0.5 sin(0.5t)). 560
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Fig. 7. The actual control inputs v1 and v2 of the system (78).

Fig. 8. The trajectories of state variables x2, x3 and tracking error y − yd
of the system (78).

Fig. 9. The fault function F(x) of the system (78).

The design parameters are taken as follows: b1 = b2 = 1,561

η1 = 1, η2 = 6, η3 = 1.8, k1 = 12, k2 = 50, k3 = 8, �1 =562

0.6I5, �2 = 6I9, �3 = 0.4I9 and γ = 0.99. The actuator563

faults are expressed by v1 = 0.6v0 and v2 = v̄2 = 6 for564

t > 14s.565

The simulation results are given in Figs. 6-9, respectively.566

Fig. 6 illustrates the trajectories of y and yd . Fig. 7 displays567

the trajectories of control signals v1 and v2. Fig. 8 depicts the568

Fig. 10. The tracking performances of Example 1 under two cases.

trajectories of the state variables x2 and x3 and the tracking 569

error y − yd . Fig. 9 illustrates the trajectory of the system fault 570

function F(x). From Figs. 6-9, we can draw the conclusion 571

that the control scheme designed in this paper can guarantee 572

that the one-link manipulator closed-loop control system is 573

SGFSP. 574

Remark 5: The above two simulation examples show that 575

the adaptive finite-time MTN controller designed in this paper 576

can ensure the realization of control objectives. However, due 577

to the singularity problem of finite-time control, it is necessary 578

to carefully select the design parameters ηi , ki and �i to obtain 579

good tracking performance. 580

Remark 6: It is worth pointing out that the aim of this 581

paper can be obtained by selecting the appropriate design 582

parameters. In the controller provided, there are many design 583

parameters, such as ηi , ki , ai , bi , γ and �i , which should be 584

satisfy corresponding requirements respectively. In general, the 585

tracking error can be as close to zero as possible by properly 586

adjusting the parameters ηi , ki and matrix �i . 587

Example 3: Considering the following comparative experi- 588

ment between the MTN and RBFNN based on the Example 1. 589

According to the local enlarged diagram of Fig. 10, we can 590

conclude that the MTN-based controller possesses more satis- 591

factory performance and lower computational complexity than 592

the RBFNN-based controller, which further demonstrate the 593

superiority of the MTN control scheme. 594

V. CONCLUSION 595

A novel MTN-based adaptive finite-time FTC scheme is 596

proposed for the stochastic nonlinear systems subjected to 597

multiple faults in this paper. For the first time, the abrupt 598

system fault and the actuator faults of the stochastic nonlinear 599

systems are considered in the same theoretical framework. 600

In addition, by using the MTN method, an adaptive finite- 601

time fault-tolerant controller with the simple structure is 602

constructed. It is shown that the designed controller can ensure 603

that the tracking error converges to a small neighborhood 604

of the origin in the finite-time and the closed-loop system 605

is SGFSP. Lastly, the effectiveness of the proposed control 606

scheme is demonstrated by three examples. Based on the 607
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research results of this paper, the event-triggered-based finite-608

time FTC problems of stochastic nonlinear systems with609

multiple faults will be considered.610
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