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Abstract
For a class of stochastic nonlinear systems, this paper proposes a novel event-triggered adaptive control scheme by means of multi-dimensional Taylor

network (MTN) approach for the first time, which has the advantages of alleviating computational burden and reducing communication frequency. In

addition, the event-triggered control (ETC) strategy can effectively save network resource by alleviating the computational burden and reducing the

communication frequency. Therefore, the proposed control approach can not only reduce communication frequency but also further alleviate compu-

tational burden, thereby saving network resource to a greater extent. The proposed control scheme ensures that all signals of the system are semi-

global uniformly ultimately bounded (SGUUB) in probability and the tracking error can be made arbitrarily small by choosing appropriate design para-

meters. Meanwhile, Zeno behavior can be avoided. Finally, two simulation results are given to illustrate the effectiveness of the proposed scheme.
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Introduction

Stochastic disturbance is a major factor leading to system

instability, which widely exists in most practical systems.

Therefore, the research on stochastic nonlinear systems has

become a hot research topic in recent years, and many effec-

tive control methods and theories have been reported, such as

adaptive control (Liu et al., 2007, 2008), backstepping control

(Deng and Krstic, 1999), Lyapunov stability theory

(Florchinger, 1994), sliding mode control (Qi et al., 2020), and

LaSalle’s invariance principle (Mao, 1999). Recently, adaptive

backstepping control has also emerged as an effective method

to address the unknown parameters in stochastic nonlinear sys-

tems (Gao et al., 2014; Wu et al., 2007). It is worth noting that

this method is especially suitable for control nonlinear systems

with structure uncertainties since it overcomes the shortcomings

of the traditional control methods. However, with the increase

in systematic complexity and the occurrence of parameter

uncertainty, it will no longer be applied.
To address the above problems, the approximation-based

adaptive neural networks (NNs) or fuzzy logic systems

(FLSs) control methods for nonlinear systems were developed

in the work by Leu et al. (1999), Li et al. (2021), and Ye et al.

(2020). Moreover, the above control methods have also been

extended to stochastic nonstrict-feedback systems (Wang

et al., 2014; Wu et al., 2022), switched nonlinear systems (Han

et al., 2009), strict-feedback nonlinear systems (Chen et al.,

2018; Li et al., 2021), and pure-feedback nonlinear systems

(Wang and Huang, 2002). Recently, the multi-dimensional

Taylor network (MTN), a new NN with special structure, has

been used to deal with the complex unknown nonlinearity of

the systems. Immediately, many control schemes based on the

MTN approximation have been reported for different sys-

tems, including single-input single-output (SISO) stochastic

nonlinear systems (Han and Yan, 2018), large-scale stochastic

nonlinear systems (Yan and Han, 2019), and switched non-

linear systems (Zhu et al., 2020b). In addition, the work by

Han (2018), Yan et al. (2018), and Zhu et al. (2020a) focused

on the study of output-feedback control problems for differ-

ent systems. Under the MTN-based approximation frame-

work, a tracking control scheme for stochastic nonlinear

systems (Han, 2020) with input delay was studied, and the

input delay problem for switched nonlinear systems was fur-

ther studied in the work by He et al. (2022). Although the

above MTN-based schemes can save network resource to a

certain extent by alleviating the computational burden, these

control schemes come up against difficulties when the com-

munication channel bandwidth of the network is limited.
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Compared with the above-traditional control schemes, the

event-triggered based control scheme can save the consump-

tion of network resource by alleviating the computational

burden and reducing communication frequency. Therefore,

event-triggered control (ETC) has attracted the attention of

more and more researchers (Jetto and Orsini, 2014; Lehmann

and Lunze, 2011; Lunze and Lehmann, 2010; Shen et al.,

2016). It is worth noting that the controllers and triggering

event conditions in the above-cited article were designed rela-

tively independently. However, this design method cannot

achieve the optimal control design of the controller and trig-

gering event condition, which leads to the situation that the

number of control execution is greater than the optimal con-

trol on the basis of ensuring the stability of the system. In

response to the above problem, three event-triggered schemes

were proposed for uncertain nonlinear systems in the work by

Xing et al. (2017), in which the controllers were designed

based on event-triggered mechanism. Then, this controller

design method has been developed for different systems, such

as strict-feedback nonlinear systems (Li and Yang, 2018;

Wang and Li, 2021), non-strict-feedback nonlinear systems

(Hu et al., 2021; Wang et al., 2021a), pure-feedback nonlinear

systems (Zhang et al., 2020), multi-input multi-output non-

linear systems (Wang et al., 2021b), and stochastic nonlinear

systems (Liu et al., 2018; Wang et al., 2019; Xia et al., 2021).

To our knowledge, there have been few reports on studying

event-triggered adaptive control of stochastic nonlinear sys-

tems so far, especially it has not been reported under the

framework of MTN approximation.
According to the above analysis, the event-triggered adap-

tive MTN control problem for stochastic nonlinear systems is

studied for the purpose of saving network resource. In the pro-

cess of controller design, the MTNs are used to approximate

the unknown nonlinearity, and then a novel event-triggered

adaptive MTN control scheme is developed via backstepping

technique. The main contributions are summarized as follows.

(1) A new event-triggered adaptive MTN control
method is proposed to solve the control problem of
stochastic nonlinear systems. In this paper, by intro-
ducing ETC strategy, the proposed control method
can not only ensure the stability of the system
but also simultaneously save network resource.
Meanwhile, all signals of the system are semi-global
uniformly ultimately bounded (SGUUB) in prob-
ability and Zeno behavior is avoided.

(2) The event-triggered adaptive controller in this paper
is designed based on MTN. From the work by Han
(2018) and Zhu et al. (2020a, 2020b), it is known that

the controllers based on MTN can alleviate the com-
putational burden. Therefore, compared with the
event-triggered adaptive NNs controllers in the work
by Li and Yang (2018), Wang et al. (2019, 2021b),
and Zhang et al. (2020), the controller designed in
this paper can further alleviate the computational
burden, thereby saving network resource to a greater
extent.

(3) Although the MTN-based controllers designed in the
work by Han (2018) and Zhu et al. (2020a, 2020b)

can alleviate the computational burden, they still
cannot solve the problem of limited communication
channel bandwidth. In this paper, an ETC strategy is
applied to adaptive MTN controller design to over-
come the problem of limited channel bandwidth by

reducing the communication frequency.

System description and preliminary

Problem description

The following stochastic nonlinear system is considered

dxi = xi+ 1 + fi �xið Þð Þdt+ gT
i �xið Þdv

i= 1, 2, . . . , n� 1

dxn = u+ fn �xnð Þð Þdt+ gT
n �xnð Þdv

y= x1

8>><
>>: ð1Þ

where x= ½x1, x2, . . . , xn�T 2 Rn, u 2 R and y 2 R represent

the system state vector, system input and output, respectively,
and �xi = ½x1, x2, . . . , xi�T 2 Ri, i= 1, 2, � � � , n. fi(�xi) : Ri ! R

and gi(�xi) : Ri ! Rr are the unknown smooth nonlinear func-

tions and satisfy fi(0)= 0, gi(0)= 0; v is a r-dimensional
independent standard Wiener process.

The purpose of this paper is to design an event-triggered

adaptive MTN controller for system (1) to ensure that (1) the
system output y tracking the reference signal yd ; (2) all signals
of the closed-loop system are SGUUB in probability; and (3)

the controller avoids Zeno behavior.

Assumption 1: The reference signal yd and up to nth deriva-

tives are bounded and continuous.

Remark 1: Compared with the work of Leu et al. (1999), Li
et al. (2021), and Ye et al. (2020), the effect of stochastic
disturbance is taken into consideration in this paper.

Although the authors in Wang et al., (2014) and Wu et al.,
(2022) studies considered the existence of stochastic distur-
bance, the issues of communication resource and computa-

tional burden were ignored. In fact, the external stochastic
disturbance is inevitable and the network resource-
constrained is objective. Therefore, the system and problem

studied in this paper are of great importance both theoreti-
cally and practically.

Stability theory

To introduce the necessary definitions and lemmas, the fol-

lowing stochastic nonlinear system is considered

dx= f xð Þdt+ g xð Þdv ð2Þ

where x 2 Rn is the system state vector, f (x) : Rn ! Rn and
g(x) : Rn ! Rn 3 r are locally Lipschitz functions and satisfy

the conditions f (0)= 0, g(0)= 0; v is a r-dimensional inde-
pendent standard Wiener process.

Definition 1 (Han, 2018): Considering stochastic nonlinear
system (2), for any second-order continuously differentiable
function V (x), the differential operator L is defined as
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LV xð Þ= ∂V

∂x
f +

1

2
Tr gT ∂

2V

∂x2
g

� �
ð3Þ

where Trf�g is the trace of �.

Definition 2 (Han, 2020): If there exists a time constant
T =T (e, x0) with e . 0 is a constant, for the compact set O
defined on Rn and any initial state x0 =x(t0) such that
E½jx(t)jl�\e, for all t . t0 +T . The trajectory fx(t), t ø 0g of
stochastic nonlinear system (2) is said to be SGUUB in lth
moment. Especially, when l= 2, it is usually called SGUUB
in mean square.
Lemma 1 (Wang et al., 2014): For the function V (x) : Rn ! R

given in Definition 1, two constants b0 . 0 and x0 . 0, two
class k‘-functions ~a1 and ~a2 such that

~a1 xj jð Þł V xð Þł ~a2 xj jð Þ
L V xð Þ½ �ł � b0V xð Þ+x0

�

For all x 2 Rn and t . t0, system (2) has a unique strong solu-
tion for each x0 2 Rn and it satisfies
E½V (x)�ł V (x0)e

�b0t +(x0=b0), 8t . t0.

Lemma 2 (Han, 2018): (Young’s inequality) For 8(x, y) 2 R2,
one has

xy ł
yr

r
xj jr + 1

qyq
yj jq ð4Þ

where y . 0, r . 1, q . 1, and (r � 1)(q� 1)= 1.

Lemma 3 (Hu et al., 2021): The following inequality holds for
any constant g . 0 and any h 2 R

0 ł hj j � h tanh
h

g

� �
ł 0:2785g ð5Þ

MTN

As a new type of approximation network, MTN is used to
approximate unknown nonlinearity in compact set OZ and
the related lemma is introduced as follows.

Lemma 4 (Han, 2018, 2020): For compact set OZ � Rn and
8e . 0, if a continuous function f (Z) defined on OZ, there
always exists an MTN uTSmn

(Z), such that

f Zð Þ=uTSmn
Zð Þ+ d Zð Þ ð6Þ

where Z= ½z1, :::, zn�T 2 OZ � Rn is the input vector of MTN,
u= ½u1, :::, ul�T 2 Rl denotes the weight vector of MTN,

Smn
(Z)= ½z1, :::, zn, z

2
1, z1 z2, :::, z1 zn, z2 z3, :::, z

2
n, zm

1 , :::, z
m
n �

T 2 Rl

denotes the intermediate input layer of MTN, and d(Z)
denotes the approximation error with jd(Z)jł e.

Remark 2: MTN and NN have similar structures, including
three-layer structures, which are input layer, middle layer,
and output layer, respectively. In particular, the middle

layer of MTN is composed of polynomial arrays that
only contain addition and multiplication, which is relatively
simple compared to the middle layer structure of NN
composed of neural units. Therefore, the MTN-based
controllers have certain advantages in alleviating the com-
putational burden.

Controller design and stability analysis

Event-triggered adaptive MTN controller design

In this section, a new event-triggered adaptive MTN control-
ler is designed by combining backstepping technology and

ETC strategy. To implement the controller design, the coordi-
nate transformation is defined as follows

z1 = x1 � yd

zi = xi � ai�1, i= 2, . . . , n
ð7Þ

where ai�1, i= 2, . . . , n is virtual control signal, and zi,

i= 1, 2, . . . , n is error variable.

Step 1: Taking the derivative of z1 = x1 � yd with respect
to time t gives

dz1 = x2 + f1 � _ydð Þdt+ gT
1 dv ð8Þ

Selecting the appropriate first Lyapunov function as

follows

V1 =
1

4
z4

1 +
1

2
~uT

1 G�1
1

~u1 ð9Þ

where ~u1 =u1 � û1 is parameter error and G1 =G�1
1 . 0 is

any constant matrix.
Then, according to Definition 1, one can obtain the follow-

ing formula

LV1 = z3
1 x2 + f1 � _ydð Þ+ 3

2
z2

1gT
1 g1 � ~uT

1 G�1
1

_̂
u1 ð10Þ

Using Young’s inequality, the inequality is obtained as

follows

3

2
z2

1gT
1 g1 ł

3

4a2
1

z4
1 g1k k4 +

3

4
a2

1 ð11Þ

where a1 . 0 is a constant.
Substituting equation (11) into equation (10), one gets the

following inequality

LV1 ł z3
1 x2 + �f 1

� �
� 3

4
z4

1 +
3

4
a2

1 � ~uT
1 G�1

1
_̂
u1 ð12Þ

where �f1 = f1 � _yd +(3=4a2
1)z1 g1k k4 +(3=4)z1.

Because �f1 is unknown function, by virtue of Lemma 4, for
8e1 . 0, there is always an MTN that is used to estimate �f1
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�f1 =u1
TSm1

z1ð Þ+ d1 z1ð Þ, d1 z1ð Þj jł e1 ð13Þ

where z1 = ½z1�T is the input vector of MTN and d1(z1) is the
estimate error.

Based on equations (12) and (13), it follows that

LV1 ł z3
1 z2+a1+u1

T Sm1
z1ð Þ+ d1 z1ð Þ

� �
�3

4
z4

1 +
3

4
a2

1 � ~uT
1 G�1

1
_̂
u1

ð14Þ

The following inequality can be obtained using Young’s
inequality

z3
1z2 ł

3

4
z4

1 +
1

4
z4

2 ð15Þ

z3
1d1 ł z3

1d1

�� ��ł z1j j3e1 ł
3

4
z4

1 +
1

4
e4

1 ð16Þ

By combining equations (15) and (16), equation (14) can be
rewritten as

LV1 ł z3
1 a1 +

3

4
z1 + ûT

1 Sm1
z1ð Þ

� �
+

1

4
e4

1 +
1

4
z4

2 +
3

4
a2

1

+ ~uT
1 z3

1Sm1
z1ð Þ � G�1

1
_̂
u1

	 

ð17Þ

Then, constructing the first virtual control signal a1 and
the first adaptive law

_̂
u1 as follows

a1 =� k1z1 � ûT
1 Sm1

ð18Þ

_̂
u1 = z3

1Sm1
z1ð Þ � G1s1û1 ð19Þ

where k1 ø (3=4) and s1 ø 0 are design parameters.
Substituting equations (18) and (19) into equation (17)

yields

LV1 ł � c1z4
1 +

1

4
e4

1 +
3

4
a2

1 +s1
~uT

1 û1 +
1

4
z4

2 ð20Þ

where c1 = k1 � 3=4ð Þø 0 is a constant.

Step 2: Taking the derivative of z2 = x2 � a1 with respect to
time t gives

dz2 = x3 + f2 � ‘a1ð Þdt+ ~g2
Tdv ð21Þ

where ‘a1 =(∂a1=∂x1)(f1 + x2)+
P1

j= 0 (∂a1=∂y
(j)
d )y

(j+ 1)
d +

(∂a1=∂û1)
_̂
u1 +(1=2)(∂2a1=∂x2

1)g
T
1 g1 and

~g2 = g2 � (∂a1=∂x1)g1.
Selecting the appropriate second Lyapunov function as

follows

V2 =V1 +
1

4
z4

2 +
1

2
~uT

2 G�1
2

~u2 ð22Þ

where ~u2 =u2 � û2 is parameter error and G2 =G�1
2 . 0 is

any constant matrix.
Then, according to Definition 1, one can obtain the follow-

ing formula

LV2 =LV1 + z3
2 x3 + f2 � ‘a1ð Þ+ 3

2
z2

2 ~g2k k
2 � ~uT

2 G�1
2

_̂
u2 ð23Þ

Using Young’s inequality, the inequality is obtained as

follows

3

2
z2

2 ~g2k k
2

ł
3

4a2
2

z4
2 ~g2k k

4 +
3

4
a2

2 ð24Þ

where a2 . 0 is a constant.
Substituting equations (24) into (23), one gets the follow-

ing inequality

LV2 ł LV1 + z3
2 x3 + �f 2

� �
� 3

4
z4

2 +
3

4
a2

2 � ~uT
2 G�1

2
_̂
u2 ð25Þ

where �f2 = f2 � ∂a1

∂x1
f1 + x2ð Þ �

P1
j= 0

∂a1

∂y
jð Þ

d

y
j+ 1ð Þ

d � ∂a1

∂û1

_̂
u1 � 1

2
∂2a1

∂x2
1

gT
1 g1 +

3
4a2

2

z2 ~g2k k4 + 3
4

z2

Because �f2 is unknown function, by virtue of Lemma 4, for

8e2 . 0, there is always an MTN that is used to estimate �f2

�f2 =uT
2 Sm2

z2ð Þ+ d2 z2ð Þ, d2 z2ð Þj jł e2 ð26Þ

where z2 = ½z1, z2�T is the input vector of MTN and d2(z2) is

the approximation error.
Based on equations (25) and (26), it follows that

LV2 ł LV1 + z3
2 z3 +a2 +u2

T Sm2
z2ð Þ+ d2 z2ð Þ

� �
� 3

4
z4

2 +
3

4
a2

2 � ~uT
2 G�1

2
_̂
u2

ð27Þ

The following inequality can be obtained using Young’s

inequality

z3
2z3 ł

3

4
z4

2 +
1

4
z4

3 ð28Þ

z3
2d2 ł z3

2d2

�� ��ł z2j j3e2 ł
3

4
z4

2 +
1

4
e4

2 ð29Þ

By combining equations (28) and (29), equation (27) can

be rewritten as

LV2 ł LV1 + z3
2 a2 +

3

4
z2 + ûT

2 Sm2
z2ð Þ

� �
+

1

4
e4

2 +
1

4
z4

3

+
3

4
a2

2 +
~uT

2 ðz3
2Sm2

z2ð Þ � G�1
2

_̂
u2Þ

ð30Þ

Then, constructing the second virtual control signal a2 and

the second adaptive law
_̂
u2 as follows

a2 =� k2z2 � ûT
2 Sm2

ð31Þ

_̂
u2 = z3

2Sm2
z2ð Þ � G2s2û2 ð32Þ

where k2 ø 1 and s2 ø 0 are design parameters.
Substituting equations (31) and (32) into equation (30)

yields
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LV2 ł �
X2

j= 1

cjz
4
j +

1

4

X2

j= 1

e4
j +

3

4

X2

j= 1

a2
j +

X2

j= 1

sj
~uT

j ûj +
1

4
z4

3

ð33Þ

where c1 = k1 � 3=4ð Þø 0, c2 = k2 � 1 ø 0.

Step i (3 ł i ł n� 1) : Taking the derivative of zi = xi � ai�1

with respect to time t gives

dzi = xi+ 1 + fi � ‘ai�1ð Þdt+ ~gi
Tdv ð34Þ

where ‘ai�1=
Pi�1

j= 1 (∂ai�1=∂xj)(fj + xj+ 1)+
Pi�1

j= 0 (∂ai�1=∂y
jð Þ

d )

y
j+ 1ð Þ

d +
Pi�1

j= 1 (∂ai�1=ûj)
_̂
uj +(1=2)

Pi�1
j, k = 1 (∂

2ai�1=∂xj∂xk)g
T
j gk

and ~gi = gi �
Pi�1

j= 1 (∂ai�1=∂xj)gj.
Selecting the appropriate ith Lyapunov function as follows

Vi =Vi�1 +
1

4
z4

i +
1

2
~uT

i G�1
i

~ui ð35Þ

where ~ui =ui � ûi is parameter error and Gi =G�1
i . 0 is any

constant matrix.
Then, according to Definition 1, one can obtain the follow-

ing formula

LVi =LVi�1 + z3
i xi+ 1 + fi � ‘ai�1ð Þ+ 3

2
z2

i ~gik k
2 � ~uT

i G�1
i

_̂
ui

ð36Þ

Using Young’s inequality, the inequality is obtained as

follows

3

2
z2

i ~gik k
2

ł
3

4a2
i

z4
i ~gik k

4 +
3

4
a2

i ð37Þ

where ai . 0 is a constant.
Substituting equation (37) into equation (36), one gets the

following inequality

LVi ł LVi�1 + z3
i xi+ 1 + �f i

� �
� 3

4
z4

i +
3

4
a2

i � ~uT
i G�1

i
_̂
ui ð38Þ

where

�f i = fi �
Xi�1

j= 1

∂ai�1

∂xj

fj + xj+ 1

� �
�
Xi�1

j= 0

∂ai�1

∂y
jð Þ

d

y
j+ 1ð Þ

d

�
Xi�1

j= 1

∂ai�1

ûj

_̂
uj �

1

2

Xi�1

j, k = 1

∂2ai�1

∂xj∂xk

gT
j gk

+
3

4a2
i

zi ~gik k
4 +

3

4
zi

Similarly, by virtue of Lemma 4, for 8ei . 0, there is always

an MTN that is used to estimate �fi

�fi =uT
i Smi

zið Þ+ di zið Þ, di zið Þj jł ei ð39Þ

where zi = ½z1, . . . , zi�T is the input vector of MTN and di(zi)

is the approximation error.

Based on equations (38) and (39), it follows that

LVi ł LVi�1 + z3
i zi+ 1 +ai +ui

T Smi
zið Þ+ di zið Þ

� �
� 3

4
z4

i

+
3

4
a2

i � ~uT
i G�1

i
_̂
ui

ð40Þ

The following inequality can be obtained using Young’s

inequality

z3
i zi+ 1 ł

3

4
z4

i +
1

4
z4

i+ 1 ð41Þ

z3
i di ł z3

i di

�� ��ł zij j3ei ł
3

4
z4

i +
1

4
e4

i ð42Þ

By combining equations (41) and (42), equation (40) can
be rewritten as

LVi ł LVi�1 + z3
i ai+ 1 +

3

4
zi + ûT

i Smi
zið Þ

� �
+

1

4
e4

i +
1

4
z4

i+ 1

+
3

4
a2

i

+ ~uT
i ðz3

i Smi
zið Þ � G�1

i
_̂
uiÞ

ð43Þ

Then, constructing the ith virtual control signal ai and the

ith adaptive law
_̂
ui as follows

ai =� kizi � ûT
i Smi

ð44Þ

_̂
ui = z3

i Smi
zið Þ � Gisiûi ð45Þ

where ki ø 1 and si ø 0 are design parameters.
Substituting equations (44) and (45) into equation (43) yields

LVi ł �
Xi

j= 1

cjz
4
j +

1

4

Xi

j= 1

e4
j +

3

4

Xi

j= 1

a2
j +

Xi

j= 1

sj
~uT

j ûj +
1

4
z4

i+ 1

ð46Þ

where c1 = k1 � (3=4)ø 0, ci = ki � 1 ø 0, i= 1, 2, :::, n� 1.

Step n : Taking the derivative of zn = xn � an�1 with respect
to time t gives

dzn = u+ fn � ‘an�1ð Þdt+ ~gn
Tdv ð47Þ

where ‘an�1=
Pn�1

j= 1 (∂an�1=∂xj)(fj+xj+ 1)+
Pn�1

j= 0 (∂an�1=∂y
jð Þ

d )

y
j+ 1ð Þ

d +
Pn�1

j= 1 (∂ai�1=ûj)
_̂
uj +(1=2)

Pn�1
j, k = 1 (∂

2an�1=∂xj∂xk)g
T
j gk and

~gn = gn �
Pn�1

j= 1 (∂an�1=∂xj)gj.
Selecting the appropriate nth Lyapunov function as follows

Vn =Vn�1 +
1

4
z4

n +
1

2
~uT

n G�1
n

~un ð48Þ

where ~un =un � ûn is parameter error and Gn =G�1
n . 0 is

any constant matrix.
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Then, according to Definition 1, one can obtain the follow-
ing formula

LVn =LVn�1 + z3
n u+ fn � ‘an�1ð Þ+ 3

2
z2

n ~gnk k
2 � ~uT

n G�1
n

_̂
un

ð49Þ

Using Young’s inequality, the inequality is obtained as
follows

3

2
z2

n ~gnk k2
ł

3

4a2
n

z4
n ~gnk k4 +

3

4
a2

n ð50Þ

where an . 0 is a constant.
Substituting equation (37) into equation (36), one gets the

following inequality

LVn ł LVn�1 + z3
n u+ �f n

� �
� z4

n +
3

4
a2

n � ~uT
n G�1

n

_̂
un ð51Þ

where

�f n = fn �
Xn�1

j= 1

∂an�1

∂xj

fj + xj+ 1

� �

�
Xn�1

j= 0

∂an�1

∂y
jð Þ

d

y
j+ 1ð Þ

d �
Xn�1

j= 1

∂ai�1

ûj

_̂
uj �

1

2

Xn�1

j, k = 1

∂2an�1

∂xj∂xk

gT
j gk

+
3

4a2
n

zn ~gnk k
4 + zn

Similarly, by virtue of Lemma 4, for 8en . 0, there is
always an MTN that is used to estimate �fn

�fn =uT
n Smn

znð Þ+ dn znð Þ, dn znð Þj jł en ð52Þ

where zn = ½z1, . . . , zn�T is the input vector of MTN and dn(zn)
is the approximation error.

The following inequality can be obtained using Young’s
inequality

z3
ndn ł z3

ndn

�� ��ł znj j3en ł
3

4
z4

n +
1

4
e4

n ð53Þ

By combining equations (52) and (53), equation (51) can

be rewritten as

LVn ł LVn�1 + z3
n u+ ûT

n Smn
znð Þ

	 

+

1

4
e4

n +
3

4
a2

n

+ ~uT
n z3

nSmn
znð Þ � G�1

n
_̂
un

	 

� 1

4
z4

n

ð54Þ

According to the above analysis, the event-triggered adap-
tive MTN controller and the adaptive law

_̂
un are designed as

follows

W tð Þ=an � �M1 tanh
z3

n
�M1

g

� �
ð55Þ

_̂
un = z3

nSmn
znð Þ � Gnsnûn ð56Þ

The triggering event condition using fixed threshold is
designed as

u tð Þ=W tkð Þ, 8t 2 tk , tk + 1½ Þ
tk + 1 = inf t 2 R e tð Þj jø M1jf g

�
ð57Þ

where g, sn, tk , k 2 z+, M1, and �M1 . M1 are positive design

parameters, e(t)=W (t)� u(t) represents the measurement

error. tk is the triggering event time. During the time

t 2 ½tk , tk + 1), the control signal u holds as a constant W (tk).

From equation (57), when the event is triggered at t= tk + 1,

the control input value of the system will be changed to

u(tk + 1).

Remark 3: The positive parameter M1 can determine the

event update frequency and update time. When the M1 value

is larger, the signal transmission can obtain a larger execution

interval, thus saving communication resource to a greater

extent on the premise of ensuring system stability. In fact, dif-

ferent M1 can be selected for different control objectives to

achieve a compromise between system performance and

resource saving. Besides, the positive parameter M1 ensures

that Zeno behavior is avoided when the tracking error

approaches zero.

Remark 4: Compared with the event-triggered adaptive NNs

controllers in the work by Li and Yang (2018), Wang et al.

(2019, 2021b), and Zhang et al. (2020), the event-triggered

adaptive MTN controller designed in this paper can further

alleviate the computational burden due to the simple struc-

ture of MTN, thus saving the consumption of network

resource to a greater extent.
From equation (57), obviously, W (t)� u(t)j jł M1 within

the time interval t 2 ½tk , tk + 1). Therefore, we can get

W (t)= u(t)+l(t)M1 where l(t) is a continuous time-varying

parameter satisfying l(t)j jł 1. Then, one has

LVn ł LVn�1 + z3
n W tð Þ � l tð ÞM1ð Þ+ z3

nûT
n Smn

znð Þ

+ ~uT
n z3

nSmn
znð Þ � G�1

n
_̂
un

	 

+

1

4
e4

n +
3

4
a2

n �
1

4
z4

n

ð58Þ

Substituting equation (55) into equation (58) yields

LVn ł LVn�1 + z3
nan � z3

n
�M1 tanh

z3
n

�M1

g

� �

� z3
nl tð ÞM1 + ~uT

n z3
nSmn

znð Þ � G�1
n

_̂
un

	 

+ z3

nûT
n Smn

znð Þ+
1

4
e4

n +
3

4
a2

n �
1

4
z4

n

ð59Þ

By applying Lemma 3, equation (59) can be transformed

into the following form

LVn ł LVn�1 + z3
nan + 0:2785g � z3

n
�M1

�� ��� z3
nl tð ÞM1

+ ~uT
n z3

nSmn
znð Þ � G�1

n
_̂
un

	 

+ z3

nûT
n Smn

znð Þ+
1

4
e4

n +
3

4
a2

n �
1

4
z4

n

ð60Þ

Selecting an =� knzn � ûT
n Smn

, together with equation (56),

inequality (60) can be rewritten as follows
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LVn ł LVn�1 � knz4
n + 0:2785g � z3

n
�M1

�� ��� z3
nl tð ÞM1 +

1

4
e4

n

+
3

4
a2

n +sn
~uT

n ûn �
1

4
z4

n

ł �
Xn

j= 1

cjz
4
j +

1

4

Xn

j= 1

e4
j +

3

4

Xn

j= 1

a2
j +
Xn

j= 1

sj
~uT

j ûj + 0:2785g

ð61Þ

where c1 = k1 � (3=4)ø 0, ci = ki � 1 ø 0, i= 1, 2, :::, n� 1,

cn = kn ø 0.

Stability analysis

Theorem 1: Considering closed-loop stochastic nonlinear sys-
tem (1), under the condition of Assumption 1, event-triggered

adaptive MTN controller (55), adaptive laws (19), (32), (45),
(56), and triggering event condition (57). Then, for any
bounded initial conditions, the proposed method guarantees
that all signals of the system are SGUUB in probability and
the tracking error can be made arbitrarily small by choosing
appropriate design parameters. Meanwhile, Zeno behavior
can be avoided.

Proof: According to the control design process, the following

Lyapunov function is considered

V =Vn =
1

4

Xn

j= 1

z4
j +

1

2

Xn

j= 1

~uT
j G�1

j
~uj ð62Þ

According to equation (61), we can get

LV ł�
Xn

j= 1

cjz
4
j +

1

4

Xn

j= 1

e4
j +

3

4

Xn

j= 1

a2
j +

Xn

j= 1

sj
~uT

j ûj + 0:2785g

ð63Þ

with ~uT
j and ûj are given by

sj
~uT

j ûj =sj
~uT

j u� ~uj

� �
ł � sj

2
~uT

j
~uj +

sj

2
uj

�� ��2 ð64Þ

with

� sj

2
~uT

j
~uj ł � sj

2lmax G�1
j

	 
 ~uT
j G�1

j
~uj ð65Þ

Substituting equations (64) and (65) into equation (63)
yields

LV ł �
Xn

j= 1

cjz
4
j �

1

2
�sj

Xn

j= 1

~uT
j G�1

j
~uj +

1

4

Xn

j= 1

e4
j

+
3

4

Xn

j= 1

a2
j +

1

2

Xn

j= 1

sj uj

�� ��2
+ 0:2785g

ð66Þ

where �sj = minf(sj=(lmax(G
�1
j ))) j= 1, 2, :::, nj g.

Let b0 = minf4cj, �sj j= 1, 2, :::, nj g, x0 =(1=4)
Pn

j= 1

e4
j +(3=4)

Pn
j= 1 w2

j +(1=2)
Pn

j= 1 sj uj

�� ��2
+ 0:2785g, yields

LV ł � b0V +x0 ð67Þ

Then, according to Lemma 1 and for 8t ø 0, the following
inequality holds

E V tð Þ½ �ł V 0ð Þe�b0t +
x0

b0

ð68Þ

Therefore, we have

1

2
~uT

i G�1
i

~ui ł V 0ð Þe�b0t +
x0

b0

, i= 1, 2, :::, n ð69Þ

1

4
z4

i ł V 0ð Þe�b0t +
x0

b0

, i= 1, 2, :::, n ð70Þ

From equations (69) and (70), we know that

zi(i= 1, 2, :::, n) and ~ui

�� ��(i= 1, 2, :::, n) are bounded in prob-
ability. Therefore, we can further deduce that ûi

�� �� and ai are

also bounded in probability. Due to zi = xi � ai�1, xi is

bounded in probability. Finally, controller W (t) (55) and sys-
tem input u (57) are bounded in probability can be inferred,

too. Therefore, all signals of stochastic nonlinear system (1)
are SGUUB in probability.

Then we need to prove that 9t�. 0 such that

ftk + 1 � tkgø t�, for 8k 2 z+. Recalling e(t)=W (t)� u(t),
8t 2 ½tk , tk + 1), we have

d

dt
ej j= d

dt
e � eð Þ

1
2 =sign eð Þ _e ł _W

�� �� ð71Þ

From equation (55), the time derivative of W (t) can be
expressed as

_W tð Þ= _an �
�M1

g
� 3z2

n _zn
�M1

cosh2 z3
n

�M1

g

	 
 ð72Þ

Obviously, _W (t) is a bounded function composed of an

and zn. Therefore, it can be presented as _W (t)
�� ��ł q, where

the constant q . 0. In addition, noting that e(tk)= 0,
limt!tk + 1

e(t)=M1, so we can get that the lower bound of the

execution interval t� satisfies t�ø (M1=q). Therefore, Zeno
behavior is avoided.

Remark 5: Under the event-triggered adaptive MTN con-
troller designed in this paper, it needs to be proved that
the tracking error z1 converges to an arbitrarily small
range.

From equation (70), we can get

z4
1 ł 4V 0ð Þe�b0t +

4x0

b0

ð73Þ

According to the above inequality, we can further get
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z1j j= x1 � ydj jł
ffiffiffiffiffiffiffiffi
4x0

b0

4

s
ð74Þ

Therefore, we can make the tracking error converges to an

arbitrarily small range by increasing the control parameters
c1, c2, :::, cn and simultaneously decreasing control parameters

(lmax(G
�1
i )), i= 1, 2, :::n, g.

Simulation results

In this note, a numerical example and a practical example are

used to demonstrate the effectiveness of the design strategy.
Example 1 (Numerical example): Considering the second-

order stochastic nonlinear system as follows

dx1 = x2 + 0:2x1 sin x1ð Þð Þdt+ 0:1x1dv
dx2 = u� x1 cos x2

2

� �
+ sin x1ð Þ

� �
dt+ 0:1x2dv

y= x1

8<
: ð75Þ

with the initial states ½x1(0), x2(0)�T = ½0, 0�T, the desired refer-

ence signal is selected as yd = 0:5 sin (t).
According to Theorem 1, the MTN-based event-triggered

adaptive tracking control strategy of system (75) can be
designed as follows

ai =� kizi � ûT
i Smi

, i= 1, 2

W tð Þ=a2 � �M1 tanh
z3

2
�M1

g

� �

_̂
ui = z3

i Smi
zið Þ � Gisiûi,si ø 0, i= 1, 2

u tð Þ=W tkð Þ, 8t 2 tk , tk + 1½ Þ
tk + 1 = inf t 2 R e tð Þj jø M1jf g

�

where z1 = ½z1�T, z2 = ½z1, z2�T.
In simulation, the design parameters of the system control-

ler and the triggering event condition are selected as M1 = 1,

�M1 = 7, k1 = 21:5, k2 = 100, g = 0:01, s1 = 4, s2 = 10,

G1 = 0:7I5, G2 = 0:2I9. The simulation results are shown in

Figures 1–4.
Figure 1 depicts the curves of the desired signal yd and the

output signal y. Figure 2 demonstrates the tracking error

y� yd and the state trajectory x2. The inputs W and u are

shown in Figure 3. It can be seen that the curve of the control

input signals fluctuates greatly in the initial stage, and then

the fluctuations tend to stabilize. All the triggering instants

and triggering time intervals are shown in Figure 4. The pro-

posed control scheme not only ensures a satisfactory tracking

control result of the system but also avoids the Zeno

behavior.
Example 2 (Practical example): Considering a class of

single-link manipulator system, according to the work of

Figure 1. The trajectories of y and yd of equation (75).
Figure 2. The trajectories of tracking error y � yd and state x2 of

equation (75).

Figure 3. The trajectories of W and u of equation (75).

200 Transactions of the Institute of Measurement and Control 46(1)



Wang and Chen (2021), it can be described by the following

third-order stochastic nonlinear system

dx1 = x2dt

dx2 =
1
B

x3 � H
B

x2 � C
B
sin (x1)

� �
dt+

G(x2
1
)

B
dv

dx3 =
u
L
� Km

L
x2 � J

L
x3

� �
dt

y= x1

8>><
>>: ð76Þ

with the initial values of the system are defined as

½x1(0) , x2(0), x3(0)�T = ½0, 0, 0�T and the reference signal is

selected as yd = 0:1 sin (2t). In addition, the system parameters

are selected as B= 1, H = 1, C = 10, G(x2
1)= 0:1 sin (x2

1),

L= 1, J = 0:5, and Km = 0:2.
According to Theorem 1, the MTN-based event-triggered

adaptive tracking control strategy of system (76) can be

designed as follows

ai =� kizi � ûT
i Smi

, i= 1, 2, 3

W tð Þ=a3 � �M1 tanh
z3

3
�M1

g

� �

_̂
ui = z3

i Smi
zið Þ � Gisiûi,si ø 0, i= 1, 2, 3

u tð Þ=W tkð Þ,8t 2 tk , tk + 1½ Þ
tk + 1 = inf t 2 R e tð Þj jø M1jf g

�

where z1 = ½z1�T, z2 = ½z1, z2�T, z3 = ½z1, z2, z3�T.
In simulation, the design parameters of the system control-

ler and the triggering event condition are selected as M1 = 1,
�M1 = 5, k1 = 35, k2 = 10, k3 = 90, g = 1, s1 = 2, s2 = 20,

s3 = 1, G1 = 0:2I5, G2 = 5I9, G3 = 0:2I19. The simulation

results are exhibited in Figures 5–8.

Figure 5. The trajectories of y and yd of equation (76).

Figure 6. The trajectories of tracking error y � yd and states of x2 and

x3 of equation (76).

Figure 4. The time interval of triggering events of equation (75).

Figure 7. The trajectories of W and u of equation (76).
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Figure 5 depicts the curves of the desired signal and the

output signal. The responses of the tracking error y� yd and

state trajectory x2, x3 are described in Figure 6. The inputs W

and u are shown in Figure 7. All the triggering instants and

triggering time intervals are shown in Figure 8.

Conclusion

In this paper, an MTN-based event-triggered adaptive track-

ing control scheme for stochastic nonlinear systems is pro-

posed, which successfully saves network resource to a greater

extent by alleviating computational burden and reducing

communication frequency. Meanwhile, the proposed control

scheme can avoid the Zeno behavior and achieve the satisfac-

tory tracking control performance. Finally, the effectiveness

of the proposed controller is demonstrated by two examples.
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