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Abstract
In this paper, the tracking control problem of the state constrained stochastic nonlinear systems with unknown control

direction is studied, and a novel adaptive prescribed performance control (PPC) approach is developed with the help of the

multi-dimensional Taylor network (MTN). Firstly, a performance function is introduced into the first step of backstepping

to ensure transient performance under state constraints. Secondly, the tangent time-varying barrier Lyapunov functions

(tan-TVBLFs) are constructed to prevent all states from violating the given time-varying boundary. Thirdly, the MTNs are

employed to estimate the unknown nonlinearity in the process of controller design, and a new adaptive PPC strategy is

designed. Then, the Lyapunov stability theorem is used to prove that the closed-loop system is semi-global uniformly

ultimately bounded (SGUUB) in probability, and the tracking error can be kept in an adjustable small neighborhood of the

origin. Finally, the effectiveness of the proposed scheme is verified by the simulation of a numerical example and an actual

control system.

Keywords Stochastic nonlinear systems � State constrained � Adaptive tracking control � Prescribed performance �
Multi-dimensional Taylor network

1 Introduction

It is well-known that the existence of stochastic phenomena

often leads to the deterioration of the controlled systems,

which can cause great difficulties in the controller design

and stability study of the systems. Therefore, the study of

control theory of stochastic nonlinear systems plays a key

role in practical scientific and technological applications,

which has attracted widespread attention [1–3]. With dec-

ades of development, many methods for solving nonlinear

systems have been extended to stochastic nonlinear sys-

tems, and many meaningful results have been achieved

[4–7]. In particular, it is worth noting that the adaptive

backstepping control has become a popular control method

for nonlinear systems due to its applicability to uncertain

systems, which has also made significant progress in

stochastic nonlinear systems [8–11]. However, the param-

eter uncertainty that exists in the controlled systems may

make the traditional adaptive backstepping scheme unap-

plicable. This drawback makes it difficult to carry out the

above results in practical engineering.

Driven by the above problem, many intelligent control

methods, such as neural networks (NNs)-based control and

fuzzy logic systems (FLSs)-based control, have been pro-

posed [12–15]. In particular, combining the adaptive

backstepping technique with the above intelligent control

methods can lead to more effective results [16–19].

Recently, multi-dimensional Taylor network (MTN), a new

neural network (NN) with special structure, provided a new

approximation method for complex nonlinear systems. In

view of MTN has the advantages of improving the con-

vergence speed and reducing the computational complex-

ity, the MTN-based approach has been successfully applied

to general nonlinear systems [20], single-input single-
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output (SISO) nonlinear systems [21, 22], multiple-input

multiple-output (MIMO) nonlinear systems [23, 24], and

stochastic nonlinear systems [25–27]. Although the MTN-

based approach has obtained plentiful and substantial

achievements in the control field, most of the results

focused on nonlinear systems without state constrained.

More recently, a growing attention has been devoted to

state constrained stochastic nonlinear systems due to its

important practical significance.

On the one hand, in practical engineering systems, the

inputs and states of systems are frequently constrained by

factors like input saturation [28], time delay [29, 30], and

full state constraints [31, 32]. The safety of personnel and

equipment can only be ensured by limiting the input or

state to the allowed conditions. It is of interest to note that

the system stability and satisfactory control performance

can be achieved by limiting all states of the system to a

given boundary. Thus, the full state constraints has become

a popular research topic and has made notable achieve-

ments in stochastic nonlinear systems [31–33]. Meanwhile,

the adaptive MTN-based control has also been applied to

stochastic nonlinear systems with full state constraints

[34, 35]. On the other hand, prescribed performance control

(PPC) has obtained growing attention since this control

approach can improve the transient and stability perfor-

mance of the controlled systems. The underlying idea of

PPC is to limit the output of the controlled systems to the

envelope, which can make sure that the convergence speed

and overshoot meet the prescribed requirements. Based on

the idea of PPC, a series of research results have been

achieved for nonstrict-feedback stochastic nonlinear sys-

tems [36], MIMO stochastic nonlinear systems [37, 38],

and large-scale nonlinear time delay systems [39].

Recently, the authors in [40] addressed the issue of

stochastic nonlinear systems with full state constraints and

proposed a new adaptive PPC strategy. However, to the

best of the authors’ knowledge, few studies have attempted

to analyze the state constrained stochastic nonlinear sys-

tems with unknown control direction under PPC.

Based on the above research and discussion, this study

tries to develop a novel MTN-based adaptive control

strategy with prescribed performance for a class of

stochastic nonlinear systems subject to unknown control

direction and full state constraints. Compared with the

existing literatures, the innovations of this work are as

follows:

(1) To solve the time-varying full state constraints, the

tangent time-varying barrier Lyapunov functions

(tan-TVBLFs) are constructed in this paper, which

can handle both constant and time-varying con-

straints. Although the authors in [32, 33] also

addressed the problem of the full state constraints

of stochastic nonlinear systems, they only focused on

constant constraints rather than time-varying

constraints.

(2) Compared with the existing literature on the PPC for

nonlinear systems with partial and full state con-

straints [44], this paper proposes the MTN-based

adaptive PPC strategy for state constrained stochastic

nonlinear systems with unknown control direction.

Although the authors in [36, 41–43] studied the PPC

for stochastic nonlinear systems, the time-varying

full state constraints were not considered. Therefore,

the problem addressed in this paper is more general.

(3) In addition, even though the time-varying full state

constraints was implemented in the stochastic non-

linear systems [31, 45], the PPC was unrealized.

Similar to [31], this research prevents system states

from violating constraints by constructing tan-

TVBLFs. The interesting aspect is that this study

builds a controller by employing MTN as an

approximator, achieving the aim of reducing com-

putational complexity while taking PPC into

account. Compared with [46], the control

scheme proposed in this paper can not only achieve

full state constraints, but also implement the steady-

state and transient performance of the system.

2 Problem formulation and preliminaries

2.1 System description

Consider the following stochastic nonlinear system

dxi ¼ ðfið�xiÞ þ gi �xið Þxiþ1Þdt þ /T
i ð�xiÞdx

i ¼ 1; :::; n� 1

dxn ¼ ðfnð�xnÞ þ gn �xnð ÞuÞdt þ /T
n ð�xnÞdx

y ¼ x1

8
>>>>><

>>>>>:

ð1Þ

where �xi ¼ x1; x2; :::; xi½ �T2 Ri i ¼ 1; :::; nð Þ stands the state

vector of the system. u 2 R and y 2 R are the input and the

output of the system, respectively. x represents the r-di-

mensional standard Wiener process. fi �xið Þ and /i �xið Þ are

the unknown smooth nonlinear functions with fi 0ð Þ ¼ 0

and /i 0ð Þ ¼ 0. gi �xið Þ denote the unknown smooth nonlin-

ear functions, which represent the unknown control direc-

tion of the system. In particular, all state variables of the

system (1) satisfy the constraint boundary Xxi ¼
xi 2 R xij j\kc;iðtÞ

�
� ; i ¼ 1:::n

� �
and kc;iðtÞ is a function of

time t.

For a given reference signal yd, the control objectives of

this paper are to design an adaptive controller for system
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(1) such that: (a) all signals in the closed-loop systems are

SGUUB in probability; (b) all states variables are bounded

and never violate the given constraint boundary; (c) the

system output y can effectively track the reference signal yd
and the tracking error is constrained within the prescribed

performance boundary.

The following Assumptions are needed to facilitate

controller design.

Assumption 1 [14] Supposing the unknown smooth non-

linear function gi �xið Þ is positive and bounded, then there

are two positive constants bm and bM , such that the fol-

lowing inequality holds

0\bm � gi �xið Þ� bM\1 ð2Þ

Assumption 2 [14, 31] The reference signal yd and

y
ið Þ
d ; i ¼ 1; :::; n are continuous and bounded, where y

ið Þ
d

denotes the i-th derivative of yd. Furthermore, there exist

constants �Yi 2 R; i ¼ 0; :::; n� 1 satisfying

yd � �Y0\kc;1ðtÞ and �Yi\kc;iþ1ðtÞ.

2.2 Preliminaries

For the sake of simplicity, some basic concepts will be

introduced based on the following stochastic nonlinear

system

dx ¼ f xð Þdt þ �hT xð Þdx ð3Þ

where x 2 Rn is the state of the system, x is a r-dimen-

sional standard Wiener process defined in complete prob-

ability space. f xð Þ : Rn ! Rn and �h xð Þ : Rn ! Rn�r are

local Lipschitz function with f 0ð Þ ¼ 0 and �h 0ð Þ ¼ 0.

Definition 1 [32] Considering system (3), for any second-

order continuous differentiable function V xð Þ, define a

differential operator L as follows:

LV xð Þ ¼ oV xð Þ
ox

f xð Þ þ 1

2
Tr �hT

o2V xð Þ
ox2

�h

� �

ð4Þ

where Tr �f g stands for the trace of matrix �.

Definition 2 [15] Consider the stochastic nonlinear system

(3) under a compact set K 2 Rn and the initial condition

x0 ¼ x t0ð Þ. If there is always a constant s[ 0 and a time

constant T ¼ T s; x0ð Þ such that E x tð Þj jp½ �\s for all

t[ t0 þ T , then the state x tð Þ; t� 0f g of (3) is said to be

SGUUB in p-th moment.

Lemma 1 [8, 15] On the basis of full consideration of the

stochastic nonlinear system (3), if for 8x 2 Rn and 8t[ t0,

there exists V xð Þ 2 C2, class K1 functions f1 and f2, and
constants b0 [ 0 and c[ 0 such that

f1 xj jð Þ� LV xð Þ� f2 xj jð Þ ð5Þ

LV xð Þ� � b0V xð Þ þ c ð6Þ

then, system (3) has a unique strong solution for each x0 2
Rn and satisfies

E V xð Þ½ � �V x0ð Þe�b0t þ c
b0

2.3 Multi-dimensional Taylor network

In this paper, the unknown nonlinearity encountered in

controller design will be approximated by MTNs, the

structure diagram of MTN is shown in Fig. 1. More details

about the MTN can be found in [20, 25, 35]. In brief, the

following Lemma is introduced.

Lemma 2 [25, 35] Let U Sð Þ : Rn ! R is a continuous

function defined on a compact set X; for any r[ 0, there is

always an MTN expressed as hTPmn
Sð Þ that can be used to

approximate U Sð Þ such that

U Sð Þ ¼ hTPmn
Sð Þ þ d Sð Þ ð7Þ

where d Sð Þ is the approximation error with jd Sð Þj � r. In

addition, S ¼ s1; :::; sn½ �T2 Rn and h ¼ h1; :::; hl½ �T2 Rl

represent the input vector and weight vector of MTN,

Fig. 1 Structure diagram of MTN
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respectively.

Pmn
Sð Þ ¼ ½s1; :::; sn; s21; :::; s1sn; s22; :::; s2n; sm1 ; :::; smn �

T 2 Rl

is the middle layer of MTN. n and l are the dimension of

the input layer and the middle layer, respectively.

Remark 1 MTN, like a radial basis function neural net-

work (RBFNN), is a three-layer feedforward network with

the key distinction being the design of the middle layer.

MTN provides several advantages beyond other networks,

including simple structure, small computation, and fast

approximation speed. Firstly, MTN only performs addition

and multiplication computations in the middle layer, and its

output layer is a linear weighted combination, simplifying

the structure of MTN and reducing computing costs. Sec-

ondly, PID and linear control are both special cases of

MTN control, which can be employed as the initial values

of MTN control to ensure the stability of the closed-loop

system. Finally, MTN has the same learning ability as a

RBFNN, and its basic structure efficiently decreases the

complexity of the nonlinear mapping function in the mid-

dle layer, thereby lowering training time and expediting

convergence.

2.4 Prescribed performance

According to [42], the prescribed performance is achieved

by ensuring that the tracking error z1 evolves within the

following performance bounds

�q tð Þ\z1 tð Þ\q tð Þ; 8t� 0 ð8Þ

The term q tð Þ : Rþ ! Rþ in (8) is a prescribed perfor-

mance function, which is expressed as follows:

q tð Þ ¼ q0 � q1ð Þe�‘t þ q1 ð9Þ

where q0, q1 and ‘ are positive design parameters. As

mentioned in [42], q tð Þ is a smooth and positive strictly

decreasing function in Rþ ! Rþ and satisfies

limt!1 q tð Þ ¼ q1.

In order to design the tracking controller with prescribed

performance, the following definition is given

z1 tð Þ ¼ q tð Þk eð Þ ð10Þ

where e is transformation error z1 which is defined as

x1 � yd, k eð Þ 2 C2 is a function of e and here we take it as

hyperbolic tangent function as follows:

k eð Þ ¼ ee � e�eð Þ= ee þ e�eð Þ ð11Þ

According to (11), the following equation can be easily

obtained

e ¼ 0:5 ln qþ z1ð Þ � 0:5 ln q� z1ð Þ ð12Þ

Further, we can calculate derivative of e as follows

de ¼ S dz1 � _q tð Þk eð Þdt
� �

ð13Þ

where S ¼ 1= q tð Þ ok
oe

	 

¼ e2eþ2þe�2e

4q tð Þ .

Based on the above discussion, it is easy to prove that

the following inequality holds

S[
1

q tð Þ �
1

q0
[ 0 ð14Þ

3 Main results

In this section, an adaptive prescribed performance track-

ing control scheme will be designed by combining back-

stepping technique and MTN approach. The control design

is preceded by the following coordinate transformation

e ¼ x1 � yd

zi ¼ xi � ai�1

i ¼ 2; :::; n

8
>><

>>:

ð15Þ

where ai�1 are intermediate virtual control signals, which

will be designed in the backstepping process.

Remark 2 For simplicity, the variables are omitted from

the corresponding functions. For example, fið�xiÞ is abbre-

viated as fi, gið�xiÞ is abbreviated as gi and /T
i ð�xiÞ is

abbreviated as /T
i .

3.1 Controller design

Step 1: According to (15) and (13), the derivative of e with
respect to time t is obtained as follows:

de ¼ S f1 þ g1x2 � _yd � _q tð Þk eð Þ
� �

dt þ S/T
1dx ð16Þ

Selecting the first candidate tan-TVBLF as follows:

V1 ¼
k4b;1
p

tan
pe41
4k4b;1

þ 1

2
~hT1
~h1 ð17Þ

where ~h1 ¼ h1 � ĥ1 is parameter error, kb;1 ¼ kc;1 � �Y0 and

ej j � kb;1.

According to Definition 1, the derivative of V1 is cal-

culated as follows:
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LV1 ¼ e3 S f1 þ g1x2 � _yd � _q tð Þk eð Þ
� �� �

sec2
pe4

4k4b;1

þ 3

2
e2 sec2

pe4

4k4b;1
S/T

1

�
�

�
�2

þ pe6

k4b;1
tan

pe4

4k4b;1
sec2

pe4

4k4b;1
S/T

1

�
�

�
�2 � ~hT1

_̂
h1

ð18Þ

From the coordinate transformation (15), (18) can be cal-

culated as follows:

LV1 ¼ e3 S f1 þ g1a1 � _yd � _q tð Þk eð Þ
� �� �

sec2
pe4

4k4b;1

þ Se3g1z2 sec
2 pe4

4k4b;1

þ 3

2
e2 sec2

pe4

4k4b;1
S/T

1

�
�

�
�2þ pe6

k4b;1
tan

pe4

4k4b;1
sec2

pe4

4k4b;1
S/T

1

�
�

�
�2�~hT1

_̂
h1

ð19Þ

By using Young’s inequality, the following inequalities

hold

Se3g1z2 sec
2 pe4

4k4b;1
� 1

4
g1z

4
2 þ

3

4
S

4
3g1e

4 sec
8
3
pe4

4k4b;1
ð20Þ

3

2
e2 sec2

pe4

4k4b;1
S/T

1

�
�

�
�2 � 3

4
s21 þ

3

4s21
S/T

1

�
�

�
�4e4 sec4

pe4

4k4b;1

ð21Þ

where s1 [ 0 is a constant.

Substituting (20) and (21) into (19), the following

inequality can be obtained as correct

LV1 � e3Sð �f 1 þ g1a1Þ sec2
pe4

4k4b;1
þ 1

4
g1z

4
2

þ 3

4
s2 � 1

2
S2e6 sec4

pe4

4k4b;1
� ~hT1

_̂
h1

ð22Þ

where �f 1 ¼ f1 � _yd � _q tð Þk eð Þ þ 1
S

pe3

k4
b;1

tan pe4

4k4
b;1

S/T
1

�
�

�
�2þ

�

3
4s2

1

S/T
1

�
�

�
�4e sec2 pe4

4k4
b;1

Þ þ 1
2
Se3 sec2 pe4

4k4
b;1

þ 3
4
S

1
3g1e sec

2
3
pe4

4k4
b;1

.

Since the unknown continuous function �f 1 cannot be

directly used in the design of controller, according to

Lemma 2, for any r1 [ 0, �f 1 can be approximated by a

MTN as follows:

�f 1 ¼ hT1Pm1
z1ð Þ þ d1 z1ð Þ; d1 z1ð Þj j � r1

where z1 ¼ e½ �T and d1 z1ð Þ is the approximation error.

Then, the following inequality holds by applying

Young’s inequality

e3S �f 1 sec
2 pe4

4k4b;1
� e3ShT1Pm1

sec2
pe4

4k4b;1

þ 1

2
S2e6 sec4

pe4

4k4b;1
þ 1

2
r21

ð23Þ

Furthermore, substituting (23) into (22), the derivative of

V1 can be calculated as follows:

LV1 � e3S hT1Pm1
þ g1a1

� �
sec2

pe4

4k4b;1
þ 1

4
g1z

4
2

þ 3

4
s21 þ

1

2
r21 � ~hT1

_̂
h1

ð24Þ

According to Assumption 1 and (24), the first virtual

control signal a1 is designed as follows:

a1 ¼ �
t1k4b;1
pe3

sin
pe4

4k4b;1
cos

pe4

4k4b;1
� 1

bm
ĥT1Pm1

ð25Þ

where t1 [ 0 is a design parameter.

Remark 3 According to L’Hopital’s rule, the following

equation holds:

lim
e!0

�
t1k4b;1
pe3

sin
pe4

4k4b;1
cos

pe4

4k4b;1

 !

¼ 0

Therefore, there is no singularity in the virtual control

signal a1.
Substituting (25) into (24), the following inequality is

established:

LV1 �D1 þ ~hT1 e3SPm1
sec2

pe4

4k4b;1
� _̂
h1

 !

þ 1

4
g1z

4
2 þ

3

4
s21 þ

1

2
r21

ð26Þ

where D1 ¼ �t1bmS
k4b1
p tan pe4

4k4
b;1

.

Then, the adaptive law can be constructed as follows:

_̂
h1 ¼ �g1ĥ1 þ e3SPm1

sec2
pe4

4k4b;1
ð27Þ

where g1 is a positive constant.

Substituting the adaptive law (27) into (26), the

following equation is obtained:

LV1 �D1 þ
1

4
g1z

4
2 þ

3

4
s21 þ

1

2
r21 þ g1~h

T
1 ĥ1 ð28Þ

Step 2: According to z2 ¼ x2 � a1, the derivative of z2 can

be obtained as follows:

dz2 ¼ f2 þ g2x3 � La1ð Þdt þ /2 �
oa1
ox1

/2

� 
T

dx ð29Þ

where La1 ¼ oa1
ox1

f1 þ g1x2ð Þ þ
P1

j¼0
oa1
oyd

y
jþ1ð Þ
d þ oa1

oĥ1

_̂
h1þ

Neural Computing and Applications (2024) 36:2737–2748 2741

123



1
2
o2a1
ox2

1

/T
1/1, and a1 � �Y1.

Consider the second tan-TVBLF as follows:

V2 ¼ V1 þ
k4b;2
p

tan
pz42
4k4b;2

þ 1

2
~hT2
~h2 ð30Þ

where ~h2 ¼ h2 � ĥ2 represents the parameter error and

kb;2 ¼ kc;2 � �Y1.

In compact set Xx2 , take x3 ¼ z3 þ a2 into account, we

have

LV2 ¼ LV1 þ z32 f2 þ g2a2 � La1ð Þ sec2 pz42
4k4b;2

þ 3

2
z22 sec

2 pz42
4k4b;2

/2 �
oa1
ox1

/2

�
�
�
�

�
�
�
�

2

þ z32g2z3 sec
2 pz42
4k4b;2

þ pz62
k4b;2

tan
pz42
4k4b;2

sec2
pz42
4k4b;2

/2 �
oa1
ox1

/2

�
�
�
�

�
�
�
�

2

�~hT2
_̂
h2

ð31Þ

Using Young’s inequality, the following inequalities are

easily obtained:

3

2
z22 sec

2 pz42
4k4b;2

/2 �
oa1
ox1

/2

�
�
�
�

�
�
�
�

2

� 3

4
s22 þ

3

4s22
z42 /2 �

oa1
ox1

/2

�
�
�
�

�
�
�
�

4

sec4
pz42
4k4b;2

ð32Þ

z32g2z3 sec
2 pz42
4k4b;2

� 1

4
g2z

4
3 þ

3

4
g2z

4
2 sec

8
3
pz42
4k4b;2

ð33Þ

where s2 [ 0 is a constant.

Substituting (32) and (33) into (31) yields

LV2 � z32ð �f 2 þ g2a2Þ sec2
pz42
4k4b;2

þ 3

4
s22 þ

1

4
g2z

4
3

� 1

2
z62 sec

4 pz42
4k4b;2

� ~hT2
_̂
h2 þ D1 þ

3

4
s21 þ

1

2
r21 þ g1~h

T
1 ĥ1

ð34Þ

where �f 2 ¼ f2 � La1 þ 3
4s2

2

z2 /2 � oa1
ox1

/2

�
�
�

�
�
�
4

sec2
pz4

2

4k4
b;2

þ
pz3

2

k4
b;2

tan
pz4

2

4k4
b;2

/2 � oa1
ox1

/2

�
�
�

�
�
�
2

þ 1
4
g1z2þ 3

4
g2z2 sec

8
3
pz4

2

4k4
b;2

þ
1
2
z32 sec

2 pz4
2

4k4
b;2

.

Obviously, �f 2 is an unknown nonlinear function, and

according to Lemma 2, �f 2 can be approximated by a MTN

with form hT2Pm2
z2ð Þ. That is to say, for any r2 [ 0, there is

�f 2 ¼ hT2Pm2
z2ð Þ þ d z2ð Þ; d2 z2ð Þj j � r2

where z2 ¼ e; z2½ �T and d2 z2ð Þ is the approximation error.

Then by employing Yang’s inequality, the following

inequality holds:

z32
�f 2 sec

2 pz42
4k4b;2

� z32h
T
2Pm2

sec2
pz42
4k4b;2

þ 1

2
z62 sec

4 pz42
4k4b;2

þ 1

2
r22

ð35Þ

By substituting (35) into (34), (34) can be expressed as

follows:

LV2 � z32ðhT2Pm2
þ g2a2Þ sec2

pz42
4k4b;2

þ 1

2
r22 þ

3

4
s22 þ

1

4
g2z

4
3

� ~hT2
_̂
h2 þ D1 þ

3

4
s21 þ

1

2
r21 þ g1~h

T
1 ĥ1

ð36Þ

According to (36) and Assumption 1, the virtual control

signal a2 is designed as follows:

a2 ¼ �
t2k4b;2
pz32

sin
pz42
4k4b;2

cos
pz42
4k4b;2

� 1

bm
ĥT2Pm2

ð37Þ

where t2 [ 0 is design parameter.

Substituting (37) into (36), the following inequality is

easily obtained

LV2 �
X2

j¼1
Dj þ

1

2
r2j þ

3

4
s2j

� 


þ 1

4
g2z

4
3

þ ~hT2 z32Pm2
sec2

pz42
4k4b;2

� _̂
h2

 !

þ g1~h
T
1 ĥ1

ð38Þ

where

Dj ¼
�t1bmS

k4b;1
p

tan
pe4

4k4b;1
; j ¼ 1

�tjbm
k4b;j
p

tan
pz4j
4k4b;j

; j ¼ 2; :::; n

8
>>>><

>>>>:

.

Remark 4 Based on the above description, the meaning of

symbol Dj j ¼ 1; 2; :::; n will not be explained in the fol-

lowing steps.

According to (38), the following adaptive law can be

established:

_̂
h2 ¼ �g2ĥ2 þ z32Pm2

sec2
pz42
4k4b;2

ð39Þ

where g2 [ 0 is a positive constant.

Substituting (39) into (38), we have
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LV2 �
X2

j¼1
Dj þ

3

4
s2j þ

1

2
r2j þ gj~h

T
j ĥj

� 


þ 1

4
g2z

4
3

ð40Þ

Step 3� i� n� 1: According to zi ¼ xi � ai�1, the

derivative of zi can be obtained

dzi ¼ fi þ gixiþ1 � Lai�1ð Þdt þ /i �
Xi�1

j¼1

oai�1

oxj
/j

� 
T

dx

ð41Þ

where Lai�1 ¼
Pi�1

j¼1
oai�1

oxj
fj þ gjxjþ1

� �
þ
Pi�1

j¼0
oai�1

oy
jð Þ

d

y
jþ1ð Þ
d þ

1
2

Pi�1
p;q¼1

o2ai�1

oxpxq
/T
p/q þ

Pi�1
j¼1

oai�1

oĥj

_̂
hj and ai � �Yi.

Consider the i-th tan-TVBLF as follows:

Vi ¼ Vi�1 þ
k4b;i
p

tan
pz4i
4k4b;i

þ 1

2
~hTi
~hi ð42Þ

where ~hi ¼ hi � ĥi represents the parameter error and

kb;i ¼ kc;i � �Yi�1.

According to Definition 1, the derivative of Vi is cal-

culated as follows:

LVi ¼LVi�1 þ z3i fi þ giai � Lai�1ð Þ sec2 pz4i
4k4b;i

þ 3

2
z2i sec

2 pz4i
4k4b;i

/i �
Xi�1

j¼1

oai�1

oxj
/j

�
�
�
�

�
�
�
�

2

þ z3i giziþ1 sec
2 pz4i
4k4b;i

þ pz6i
k4b;i

tan
pz4i
4k4b;i

sec2
pz4i
4k4b;i

/i �
Xi�1

j¼1

oai�1

oxj
/j

�
�
�
�

�
�
�
�

2

� ~hTi
_̂
hi

ð43Þ

Repeating the process in Step 2 for (43), the following

inequality can be obtained:

LVi �
Xi

j¼1
Dj þ

3

4
s2j þ

1

2
r2j þ gj~h

T
j ĥj

� 


þ 1

4
giz

4
iþ1

ð44Þ

The virtual control signal ai and adaptive law
_̂
hi are

designed as follows:

ai ¼ �
tik4b;i
pz3i

sin
pz4i
4k4b;i

cos
pz4i
4k4b;i

� 1

bm
ĥTi Pmi

ð45Þ

_̂
hi ¼ �giĥi þ z3i Pmi

sec2
pz4i
4k4b;i

ð46Þ

where ti [ 0 and gi [ 0 are design parameters.

Step n: According to zn ¼ xn � an�1, the derivative of zn
can be calculated as follows:

dzn ¼ fn þ gnu� Lan�1ð Þdt þ /n �
Xn�1

j¼1

oan�1

oxj
/j

� 
T

dx

ð47Þ

where Lan�1 ¼
Pn�1

j¼1
oan�1

oxj
fj þ gjxjþ1

� �
þ
Pn�1

j¼0
oan�1

oy
jð Þ

d

y
jþ1ð Þ
d

þ 1
2

Pn�1
p;q¼1

o2an�1

oxpxq
/T
p/q þ

Pn�1
j¼1

oan�1

oĥj

_̂
hj.

Consider the n-th tan-TVBLF as follows:

Vn ¼ Vn�1 þ
k4b;n
p

tan
pz4n
4k4b;n

þ 1

2
~hTn
~hn ð48Þ

where ~hn ¼ hn � ĥn represents the parameter error and

kb;n ¼ kc;n � �Yn�1.

In the compact set Xxn , according to Definition 1, the

following inequality can be obtained:

LVn ¼LVn�1 þ z3n fn þ gnu� Lan�1ð Þ sec2 pz4n
4k4b;n

þ 3

2
z2n sec

2 pz4n
4k4b;n

/n �
Xn�1

j¼1

oan�1

oxj
/j

�
�
�
�

�
�
�
�

2

þ pz6n
k4b;n

tan
pz4n
4k4b;n

sec2
pz4n
4k4b;n

/n �
Xn�1

j¼1

oan�1

oxj
/j

�
�
�
�

�
�
�
�

2

�~hTn
_̂
hn

ð49Þ

By applying Young’s inequality, the following inequality is

easily can be obtained:

3

2
z2n sec

2 pz4n
4k4b;n

/n �
Xn�1

j¼1

oan�1

oxj
/j

�
�
�
�

�
�
�
�

2

� 3

4
s2n þ

3

4s2n
z4n /n �

Xn�1

j¼1

oan�1

oxj
/j

�
�
�
�

�
�
�
�

4

sec4
pz4n
4k4b;n

ð50Þ

where sn [ 0 is a constant.

Substitute (50) into (49) to get the following inequality:

LVn �
Xn�1

j¼1
Dj þ

3

4
s2j þ

1

2
r2j þ gj~h

T
j ĥj

� 


� 1

2
z6n sec

4 pz4n
4k4b;n

þ z3nð �f n þ gnuÞ sec2
pz4n
4k4b;n

þ 3

4
s2n � ~hTn

_̂
hn

ð51Þ

where �f n ¼ fn � Lan�1 þ
3
4s2n

zn /n �
Pn�1

j¼1
oan�1

oxj
/j

�
�
�

�
�
�
4

sec2
pz4n
4k4

b;n

þ

1
2
z3n sec

2 pz4n
4k4

b;n

þ pz3n
k4
b;n

tan
pz4n
4k4

b;n

/n �
Pn�1

j¼1
oan�1

oxj
/j

�
�
�

�
�
�
2

þ 1
4
gn�1zn.

Similarly, �f n cannot be used to design the controller;

according to the conclusion of Lemma 2, �f n can be

approximated by a MTN with form hTnPmn
znð Þ. In particu-

lar, for any rn [ 0, there is
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�f n ¼ hTnPmn
znð Þ þ d znð Þ; dn znð Þj j � rn

where zn ¼ e; z2; � � � ; zn½ �T and dn znð Þ is the approximation

error.

Then, the following inequality holds:

z3n
�f n sec

2 pz4n
4k4b;n

� z3nh
T
nPmn

sec2
pz4n
4k4b;n

þ 1

2
z6n sec

4 pz4n
4k4b;n

þ 1

2
r2n

ð52Þ

Combining (51) with (52), the following inequality is

obtained:

LVn �
Xn�1

j¼1
Dj þ

3

4
s2j þ

1

2
e2j þ gj~h

T
j ĥj

� 


� ~hTn
_̂
hn

þ z3nðhTnPmn
þ gnuÞ sec2

pz4n
4k4b;n

þ 1

2
r2n þ

3

4
s2n

ð53Þ

According to (53), design the actual control input u as

follows:

u ¼ �
tnk4b;n
pz3n

sin
pz4n
4k4b;n

cos
pz4n
4k4b;n

� 1

bm
ĥTnPmn

ð54Þ

Substituting (54) into (53) yields

LVn �
Xn

j¼1
Dj þ

3

4
s2j þ

1

2
r2j þ gj~h

T
j ĥj

� 


þ ~hTn z3nPmn
sec2

pz4n
4k4b;n

� _̂
hn

 ! ð55Þ

Based on (55), the adaptive law is constructed according to

(55) as follows:

_̂
hn ¼ �gnĥn þ z3nPmn

sec2
pz4n
4k4b;n

ð56Þ

Substituting (56) into (55), we have

LVn �
Xn

j¼1
Dj þ

3

4
s2j þ

1

2
r2j þ gj~h

T
j ĥj

� 


ð57Þ

3.2 Stability analysis

Theorem 1 Under Assumptions 1–2, consider the whole

closed-loop system consisting of the stochastic nonlinear

system (1), the virtual control signals (25), (37), (45) and

the actual control input (54) with the adaptive laws (27),

(39), (46), (56). Then for any bounded initial condition, the

following properties can be guaranteed:

1) All signals in closed-loop system are SGUUB in

probability.

2) The full state constraints is successfully

implemented.

3) The system output y can effectively track the

reference signal yd and the tracking error is con-

strained within the prescribed performance boundary.

Proof For the considered closed-loop system, the follow-

ing tan-TVBLF is constructed:

V ¼
Xn

i¼1

k4b;i
p

tan
pz4i
4k4b;i

þ 1

2

Xn

i¼1

~hTi
~hi ð58Þ

According to (57) and (58), the following inequality can be

obtained:

LV �
Xn

i¼1

Dj þ
3

4
s2i þ

1

2
e2i þ gi~h

T
i ĥi

� 


ð59Þ

where D1 ¼ �t1bmS
k4b;1
p tan pe4

4k4
b;1

, Di ¼ �tibm
k4b;i
p tan

pz4i
4k4

b;i

for

i ¼ 2; 3; :::; n, and ti [ 0 and gi [ 0 are design parameters

for i ¼ 1; 2; :::; n.

According to Young’s inequality, and take ~hi ¼ hi � ĥi
into account, we have

gi~h
T
i ĥi � gi~h

T
i hi � ~hi
� �

� � 1

2
gi~h

T
i
~hi þ

1

2
gih

2
i

ð60Þ

Then, combining (59) with (60), the following inequality

can be obtained:

LV � � b0Vn þ c ð61Þ

where b0 ¼ min t1bmS; tibm; gi : i ¼ 1; 2; :::; nf g and

c ¼ 3
4

Pn

i¼1

s2i þ 1
2

Pn

i¼1

e2i þ 1
2

Pn

i¼1

gih
2
i .

According to (61), using Lemma 1, for any t� 0, the

following inequality is easy to obtain

0�E V tð Þ½ � �V 0ð Þe�b0t þ c
b0

ð62Þ

On the one hand, inequality (62) indicates that E V tð Þ½ � is
eventually bounded by c=b0. Thus, according to Definition

2 and recalling (58), it is easy to conclude that all signals of

the closed-loop system are SGUUB in probability. More-

over, the controller design process shows that the tracking

error is constrained within the prescribed performance

boundary qðtÞ.
On the other hand, yd � �Y0\kc;1 can be known from

Assumption 2. Since x1 ¼ e + yd, kb;i ¼ kc;i � �Yi�1 and

ej j � kb;1, it is easy to get x1j j � kc;1. Similarly, because of

xi ¼ zi + ai�1, ai�1 � �Yi�1 and kb;i = kc;i � �Yi�1, for

i ¼ 2; :::; n, it is easy to prove that xij j � kc;i. Therefore, it

is concluded that the full state constraints in the closed-

loop system are successfully implemented. h
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4 Simulation examples

In this section, two simulation examples are provided to

demonstrate the validity of the designed controller.

Example 1 (numerical example): Consider the following

stochastic nonlinear system

dx1 ¼ �x1e
�0:2x1 þ x2

� �
dt þ 0:1x1dx

dx2 ¼ 2x2 þ uð Þdt þ 0:05x2dx

y ¼ x1

8
>><

>>:

ð63Þ

with the initial value are selected as x1 ¼ 0:1, x2 ¼ 0:1,

and the reference signal is selected as yd ¼ 0:6 sin t.

According to Theorem 1, the virtual control signal, actual

control input and adaptive laws are constructed as follows:

a1 ¼ �
t1k4b;1
pe3

sin
pe4

4k4b;1
cos

pe4

4k4b;1
� 1

bm
ĥT1Pm1

u ¼ �
t2k4b;2
pz32

sin
pz42
4k4b;2

cos
pz42
4k4b;2

� 1

bm
ĥT2Pm2

_̂
hi ¼ �giĥi þ z3i Pmi

sec2
pz4i
4k4b;i

; i ¼ 1; 2

In simulation, the parameters of q tð Þ are designed as

q0 ¼ 2, q1 ¼ 0:01 and ‘ ¼ 0:4. The parameters of the

controller are designed as g1 ¼ 0:01, g2 ¼ 0:001, v1 ¼
0:01 and v2 ¼ 0:001. All states are constrained to be within

the ranges x1j j � 0:35 sin t þ 1 and

x2j j � 0:35 sin 0:5t þ 1:5. The simulation results are shown

in Figs. 2, 3, 4, and 5.

Figure 2 shows the trajectory of the system output y is

consistent with the trajectory of the reference signal yd,

which indicates that good tracking performance is

achieved. Figure 3 illustrates the tracking error converges

to a small neighborhood of origin, and it can be seen that

the tracking error is constrained within the prescribed

performance boundary. Figure 4 shows the trajectory of

input u. Figure 5 demonstrates that the state x2 is con-

strained within the specified range of time-varying state

constraints. From the above simulation results, it can be

seen that the proposed control scheme can ensure that all

variables are bounded, and a satisfactory tracking effect is

obtained.

Example 2 (Actual system example): To further illustrate

the applicability of the proposed method, a class of Duff-

ing–Holmes stochastic nonlinear system is considered.

According to [47], the system can be expressed as follows:

dx1 ¼ x1 þ x2ð Þdt

dx2 ¼ f2 �x2ð Þ þ uð Þdt þ /2 �x2ð Þdx

y ¼ x1

8
>><

>>:

ð64Þ

where f2 �x2ð Þ ¼ �x1 � 0:25x2 � x31 þ 0:3 cos 0:1tð Þ and

/2 �x2ð Þ ¼ �0:02x21 cos 0:1x2ð Þ. The initial values of the

system and the reference signal are set as

x 0ð Þ ¼ 0:1; 0:1½ �T, yd ¼ 0:6 sin t, respectively.

Adopting the same control strategy as in Example 1 for

system (64), the parameters of q tð Þ are designed as q0 ¼ 2,

q1 ¼ 0:01 and ‘ ¼ 0:4. The states are constrained to

x1j j � 0:2 sin t þ 1:3 and x2j j � 0:1 sin t þ 4. The

0 5 10 15 20 25 30
time (sec)

-1.5

-1

-0.5

0

0.5

1

1.5

Fig. 2 Trajectories of y and yd of Example 1
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Fig. 3 Trajectories of tracking errors and prescribed performance

boundary
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parameters of the controller are designed as g1 ¼ 0:01,

g2 ¼ 0:01, v1 ¼ 0:01, v2 ¼ 0:001. The simulation results

are shown in Figs. 6, 7, 8, 9.

Figure 6 shows the trajectories of output of the system y

and the reference signal yd, it can be seen that a good

tracking performance is achieved. Figure 7 reveals that the

tracking error of the system satisfies the prescribed con-

straints and the steady-state performance. Figures 8 and 9

show the trajectories of the input u and the state x2,

respectively. It can be observed that all states are constrained

within the given region. The above results further illustrate

the effectiveness of the proposed control approach.

Remark 5 In order to meet the performance constraint

throughout the design process, a larger input must be given

to the system when the error is large. This will also result in

a larger output from the system. This is the reason for the

large fluctuation in the tracking trajectory.

Remark 6 The selection of parameters directly affects the

control performance of the system. It can be known that the

control strategy proposed in this paper contains several

design parameters. The above simulation results show that

the selection of suitable parameters leads to a satisfactory

tracking effect of the controlled system.

Remark 7 Practical systems generally suffer from

stochastic factors. Considering these disturbances can help

improve the control accuracy and control performance.

This conclusion is supported by [48]. In this paper, the

effect of stochastic disturbances is considered in the sys-

tem, which is more in line with the requirements of

0 5 10 15 20 25 30
Time (sec)

-30

-20

-10

0

10

20

30

Fig. 4 Trajectories of the control input u of Example 1
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Fig. 5 Trajectories of states x2 and its constrained boundaries
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practical engineering. The simulation results reveal that the

proposed control strategy produces good control perfor-

mance, as demonstrated by the trajectories in Figs. 2, 3, 4,

5, 6, 7, 8, and 9.

5 Conclusion

In this paper, the adaptive tracking control issue under pre-

scribed performance is investigated for a class of stochastic

nonlinear systems with unknown control direction and full

state constraints. The steady-state performance and transient

performance of the system are simultaneously achieved by

cleverly integrating the idea of PPC into the controller design.

The constructed tan-TVBLFs ensure that all system states are

limited within the specified range. According to Lyapunov

stability theorem, it is proved that all signals are SGUUB in

probability and the tracking error falls in a neighborhood of

the origin. Two simulation examples fully verify the appli-

cability and effectiveness of the proposed control strategy.
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