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Abstract

In this paper, the tracking control problem of the state constrained stochastic nonlinear systems with unknown control
direction is studied, and a novel adaptive prescribed performance control (PPC) approach is developed with the help of the
multi-dimensional Taylor network (MTN). Firstly, a performance function is introduced into the first step of backstepping
to ensure transient performance under state constraints. Secondly, the tangent time-varying barrier Lyapunov functions
(tan-TVBLFs) are constructed to prevent all states from violating the given time-varying boundary. Thirdly, the MTNs are
employed to estimate the unknown nonlinearity in the process of controller design, and a new adaptive PPC strategy is
designed. Then, the Lyapunov stability theorem is used to prove that the closed-loop system is semi-global uniformly
ultimately bounded (SGUUB) in probability, and the tracking error can be kept in an adjustable small neighborhood of the
origin. Finally, the effectiveness of the proposed scheme is verified by the simulation of a numerical example and an actual

control system.

Keywords Stochastic nonlinear systems - State constrained - Adaptive tracking control - Prescribed performance -
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1 Introduction

It is well-known that the existence of stochastic phenomena
often leads to the deterioration of the controlled systems,
which can cause great difficulties in the controller design
and stability study of the systems. Therefore, the study of
control theory of stochastic nonlinear systems plays a key
role in practical scientific and technological applications,
which has attracted widespread attention [1-3]. With dec-
ades of development, many methods for solving nonlinear
systems have been extended to stochastic nonlinear sys-
tems, and many meaningful results have been achieved
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[4-7]. In particular, it is worth noting that the adaptive
backstepping control has become a popular control method
for nonlinear systems due to its applicability to uncertain
systems, which has also made significant progress in
stochastic nonlinear systems [8—11]. However, the param-
eter uncertainty that exists in the controlled systems may
make the traditional adaptive backstepping scheme unap-
plicable. This drawback makes it difficult to carry out the
above results in practical engineering.

Driven by the above problem, many intelligent control
methods, such as neural networks (NNs)-based control and
fuzzy logic systems (FLSs)-based control, have been pro-
posed [12—15]. In particular, combining the adaptive
backstepping technique with the above intelligent control
methods can lead to more effective results [16-19].
Recently, multi-dimensional Taylor network (MTN), a new
neural network (NN) with special structure, provided a new
approximation method for complex nonlinear systems. In
view of MTN has the advantages of improving the con-
vergence speed and reducing the computational complex-
ity, the MTN-based approach has been successfully applied
to general nonlinear systems [20], single-input single-
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output (SISO) nonlinear systems [21, 22], multiple-input
multiple-output (MIMO) nonlinear systems [23, 24], and
stochastic nonlinear systems [25-27]. Although the MTN-
based approach has obtained plentiful and substantial
achievements in the control field, most of the results
focused on nonlinear systems without state constrained.
More recently, a growing attention has been devoted to
state constrained stochastic nonlinear systems due to its
important practical significance.

On the one hand, in practical engineering systems, the
inputs and states of systems are frequently constrained by
factors like input saturation [28], time delay [29, 30], and
full state constraints [31, 32]. The safety of personnel and
equipment can only be ensured by limiting the input or
state to the allowed conditions. It is of interest to note that
the system stability and satisfactory control performance
can be achieved by limiting all states of the system to a
given boundary. Thus, the full state constraints has become
a popular research topic and has made notable achieve-
ments in stochastic nonlinear systems [31-33]. Meanwhile,
the adaptive MTN-based control has also been applied to
stochastic nonlinear systems with full state constraints
[34, 35]. On the other hand, prescribed performance control
(PPC) has obtained growing attention since this control
approach can improve the transient and stability perfor-
mance of the controlled systems. The underlying idea of
PPC is to limit the output of the controlled systems to the
envelope, which can make sure that the convergence speed
and overshoot meet the prescribed requirements. Based on
the idea of PPC, a series of research results have been
achieved for nonstrict-feedback stochastic nonlinear sys-
tems [36], MIMO stochastic nonlinear systems [37, 38],
and large-scale nonlinear time delay systems [39].
Recently, the authors in [40] addressed the issue of
stochastic nonlinear systems with full state constraints and
proposed a new adaptive PPC strategy. However, to the
best of the authors’ knowledge, few studies have attempted
to analyze the state constrained stochastic nonlinear sys-
tems with unknown control direction under PPC.

Based on the above research and discussion, this study
tries to develop a novel MTN-based adaptive control
strategy with prescribed performance for a class of
stochastic nonlinear systems subject to unknown control
direction and full state constraints. Compared with the
existing literatures, the innovations of this work are as
follows:

(1) To solve the time-varying full state constraints, the
tangent time-varying barrier Lyapunov functions
(tan-TVBLFs) are constructed in this paper, which
can handle both constant and time-varying con-
straints. Although the authors in [32, 33] also
addressed the problem of the full state constraints
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of stochastic nonlinear systems, they only focused on
constant constraints rather than time-varying
constraints.

(2) Compared with the existing literature on the PPC for
nonlinear systems with partial and full state con-
straints [44], this paper proposes the MTN-based
adaptive PPC strategy for state constrained stochastic
nonlinear systems with unknown control direction.
Although the authors in [36, 41-43] studied the PPC
for stochastic nonlinear systems, the time-varying
full state constraints were not considered. Therefore,
the problem addressed in this paper is more general.

(3) In addition, even though the time-varying full state
constraints was implemented in the stochastic non-
linear systems [31, 45], the PPC was unrealized.
Similar to [31], this research prevents system states
from violating constraints by constructing tan-
TVBLFs. The interesting aspect is that this study
builds a controller by employing MTN as an
approximator, achieving the aim of reducing com-
putational complexity while taking PPC into
account. Compared with [46], the control
scheme proposed in this paper can not only achieve
full state constraints, but also implement the steady-
state and transient performance of the system.

2 Problem formulation and preliminaries
2.1 System description

Consider the following stochastic nonlinear system

dx; = (fi(%;) + gi(®:)xi1)dt + ¢} (¥;)dw

i=1,.,n—1 0
dxy = (fu(%n) + gu(E)u)dt + P (%,)dw
y =X

where %; = [x;,X2,...,x]" € Ri(i = 1,...,n) stands the state
vector of the system. # € R and y € R are the input and the
output of the system, respectively. w represents the r-di-
mensional standard Wiener process. f;(¥;) and ¢,(x;) are
the unknown smooth nonlinear functions with f;(0) =0
and ¢,(0) = 0. g;(x;) denote the unknown smooth nonlin-
ear functions, which represent the unknown control direc-
tion of the system. In particular, all state variables of the
system (1) constraint
{xi € R||xi| <ke;(t),i=1..n} and k() is a function of
time 7.

For a given reference signal y,, the control objectives of
this paper are to design an adaptive controller for system

satisfy the boundary Q, =
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(1) such that: (a) all signals in the closed-loop systems are
SGUUB in probability; (b) all states variables are bounded
and never violate the given constraint boundary; (c) the
system output y can effectively track the reference signal yy
and the tracking error is constrained within the prescribed
performance boundary.

The following Assumptions are needed to facilitate
controller design.

Assumption 1 [14] Supposing the unknown smooth non-
linear function g;(¥;) is positive and bounded, then there
are two positive constants b,, and by, such that the fol-
lowing inequality holds

Assumption 2 [14, 31] The reference signal y,; and
yg),i =1,...,n are continuous and bounded, where yg)
denotes the i-th derivative of y,;. Furthermore, there exist
constants Y,€R,i=0,..,n—1 satisfying
ya <Yo<ki(t) and Y; <k ;1 (1).

2.2 Preliminaries

For the sake of simplicity, some basic concepts will be
introduced based on the following stochastic nonlinear
system

dx = f(x)dt + k' (x)dow (3)

where x € R" is the state of the system, w is a r-dimen-
sional standard Wiener process defined in complete prob-
ability space. f(x): R" — R" and F(x) : R" — R"" are
local Lipschitz function with f(0) = 0 and %(0) = 0.

Definition 1 [32] Considering system (3), for any second-

order continuous differentiable function V(x), define a
differential operator L as follows:

2
LV(x) = a‘gi") £l + ;Tr{hT o a{jﬁ h} ()

where Tr{e} stands for the trace of matrix e.

Definition 2 [15] Consider the stochastic nonlinear system
(3) under a compact set A € R" and the initial condition
xo = x(to). If there is always a constant T > 0 and a time
constant T = T(t,x9) such that E[x(¢)[']<t for all
t >ty + T, then the state {x(z),>0} of (3) is said to be
SGUUB in p-th moment.

Lemma 1 [8, 15] On the basis of full consideration of the
stochastic nonlinear system (3), if for Vx € R" and V't > 1y,
there exists V(x) € C?, class K, functions {; and {,, and
constants f, > 0 and y > 0 such that
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Ci(le]) <LV (x) < G(Jx]) (5)
LV(x) < = BpV(x) +7y (6)

then, system (3) has a unique strong solution for each x €
R, and satisfies

E[V(x)] < V(xo)e Pt + -
Bo

2.3 Multi-dimensional Taylor network

In this paper, the unknown nonlinearity encountered in
controller design will be approximated by MTNs, the
structure diagram of MTN is shown in Fig. 1. More details
about the MTN can be found in [20, 25, 35]. In brief, the
following Lemma is introduced.

Lemma 2 [25, 35] Let ®(S):R" — R is a continuous
function defined on a compact set Q; for any ¢ > 0, there is
always an MTN expressed as BTP,,,” (S) that can be used to
approximate ®(S) such that

D(S) = 0"P,, (S) + (S) (7)
where J(S) is the approximation error with [J(S)| <¢. In

addition, §=[si,...,s,] '€ R" and 0=[0,,....0) e R
represent the input vector and weight vector of MTN,

Fig. 1 Structure diagram of MTN
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respectively. e=05In(p+2z)—0.5In(p —2z) (12)
_ 2 2 2 T ! L
P, (8) = [S15 ey S, ST5 oy S1805 82, 00y 8, 8T, o8y ] €ER Further, we can calculate derivative of ¢ as follows

is the middle layer of MTN. n and [ are the dimension of
the input layer and the middle layer, respectively.

Remark 1 MTN, like a radial basis function neural net-
work (RBFNN), is a three-layer feedforward network with
the key distinction being the design of the middle layer.
MTN provides several advantages beyond other networks,
including simple structure, small computation, and fast
approximation speed. Firstly, MTN only performs addition
and multiplication computations in the middle layer, and its
output layer is a linear weighted combination, simplifying
the structure of MTN and reducing computing costs. Sec-
ondly, PID and linear control are both special cases of
MTN control, which can be employed as the initial values
of MTN control to ensure the stability of the closed-loop
system. Finally, MTN has the same learning ability as a
RBFNN, and its basic structure efficiently decreases the
complexity of the nonlinear mapping function in the mid-
dle layer, thereby lowering training time and expediting
convergence.

2.4 Prescribed performance

According to [42], the prescribed performance is achieved
by ensuring that the tracking error z; evolves within the
following performance bounds

—p(t) <z1(1) <p(1), Ve =0 (8)

The term p(7) : R+ — R, in (8) is a prescribed perfor-
mance function, which is expressed as follows:

p(t) = (po — Poc)e " + poe 9)

where py, p., and ¢ are positive design parameters. As
mentioned in [42], p(¢) is a smooth and positive strictly
decreasing function in Ry — R; and satisfies

lim, o0 p(2) = poc-
In order to design the tracking controller with prescribed
performance, the following definition is given

a1 (1) = p(0)4(e) (10)

where ¢ is transformation error z; which is defined as

X1 — Y4, 4(€) € C? is a function of ¢ and here we take it as
hyperbolic tangent function as follows:

Me)= (e —e")/(e" +e) (11)

According to (11), the following equation can be easily
obtained
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de = S(dz — p(1)A(¢)dt) (13)

82x:+2+e—21:

where S = 1/<p(t) %) =0
Based on the above discussion, it is easy to prove that
the following inequality holds

1 1
S>—>—>0 14
o (14)

3 Main results

In this section, an adaptive prescribed performance track-
ing control scheme will be designed by combining back-
stepping technique and MTN approach. The control design
is preceded by the following coordinate transformation

&=X1 = Yd
Zi = X — i (15)
i=2,...,n

where «;_; are intermediate virtual control signals, which
will be designed in the backstepping process.

Remark 2 For simplicity, the variables are omitted from
the corresponding functions. For example, f;(x;) is abbre-
viated as f;, gi(¥;) is abbreviated as g; and @, (¥;) is
abbreviated as (,blT

3.1 Controller design

Step 1: According to (15) and (13), the derivative of ¢ with
respect to time ¢ is obtained as follows:

de =S(fi + g1x2 — ¥, — p(1)2(e))dt + S¢ | de (16)
Selecting the first candidate tan-TVBLF as follows:

K} ST P
b’ltann—(ol—&-—(ﬁol (17)

v, =2
7 4k;"1 2

where 51 =0, — 91 is parameter error, k1 = k1 — Y, and
le| <kp,1.

According to Definition 1, the derivative of V; is cal-
culated as follows:
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= ) met &3 3¢oT ) et
LV =& (S(fi + g1x2 — Yg — p(1)2(e))) sec % &> Sf, sec? E< &>S01 P, sec? KZ‘I
(23)
+ =% sec? HSd) H (18) +5 S296 sec? i+l f
2 4k4 1 2 4k, 2 71

From the coordinate transformation (15), (18) can be cal-
culated as follows:

_ 4
LV, = & (S(fi + gion — Y, — p()A())) secz%
b1
84
+ Se’g12 sec? 4k§1
3 2 6 7'[84 , (19)
+§8 sec 4k4 HS(blH + kélsec
4k4 HSQ{) || éTél

By using Young’s inequality, the following inequalities
hold

3 , TE 1 s met

Se’ g1z sec 4k§1 < 4glz2+43“g18 sec34k2] (20)
3, 7t84
58 sec 4k4 H5¢1 || — 4 2 ||S¢1 H ? se C 4k4

(1)

where 7; > 0 is a constant.
Substituting (20) and (21) into (19),
inequality can be obtained as correct

1

the following

LV, <&S(f, — 4
1 <ES(f) + gioy) sec? 4k21 +4812
(22)
3, loe 4 AT
—I—Zr —2S8 sec 4k;‘1 -0, 01
where f, =f — p(t)A(e) +1 (,’(” tam4k4 IN‘R || +
4
éHquTH 85602%)—&-]5'8 363024’?4 +3 S“glssecz“’]‘(i .

Since the unknown continuous function f, cannot be
directly used in the design of controller, according to

Lemma 2, for any ¢; > 0, f; can be approximated by a
MTN as follows:

f1=01Pu,(21) +61(z1),101(z1)| < 0

where z; = [S]T and 1 (z1) is the approximation error.
Then, the following inequality holds by applying
Young’s inequality

Furthermore, substituting (23) into (22), the derivative of
V. can be calculated as follows:

et
1
LV, <&S(0TP,, + gio1) sec® o+~ 1819
ki, | (24)
35,1 5
+411+201 0,0,

According to Assumption 1 and (24), the first virtual
control signal «; is designed as follows:

4
viky, . met net

o) = — ——=sin——cos
ned 4k,

1 -~
——9'p, 25
4 k;t ) bm 1 1 ( )

where v; > 0 is a design parameter.

Remark 3 According to L’Hopital’s rule, the following
equation holds:

4
. viky; . 7t e
lim| — 3~ SiN——Cos — =0
£—0 e 4ky | 4k; |

Therefore, there is no singularity in the virtual control
signal o;.

Substituting (25) into (24), the following inequality is
established:

4 .
AT e A
LV, <A, + 0, (s SPy, sec? 4k§1 — 01>

(26)
1 3 1
+181Z3+ZT%+§O—%
where Ay = —v1b,,S 2L ”' tan 25—

4k4 '
Then, the adaptive law can be constructed as follows:

0, = —n,0, + &SP, sec? 2 % (27)

where 7, is a positive constant.
Substituting the adaptive law (27) into (26), the
following equation is obtained:

1
LV <Ay +-—

4
4g1Z2 +

1 .
a1+ 1,010, (28)

3
71%—%2

4

Step 2: According to 7o = x, — o, the derivative of z, can
be obtained as follows:

dz = (fz + gox3 — Locl)dt + ((]’)2 Oy (]52> (29)

1 X
where Loy = g%}(fl +g1%) + Z, Ogi“[yfﬁ 2—3:014—
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&
: a;" ¢1 by, and o) < Y.

Consider the second tan-TVBLF as follows:

k nTpn
Vo=V, +—t + 0 0, (30)

4k§ )
where 52 =0, —
kpp = kep — Y1.

In compact set ,,, take x3 = z3 + o into account, we
have

0, represents the parameter error and

4
nZ
LV, =LV, + zg(fz + g20p — Loy) secz—42
4kb_’2
+ 3 2 2 Zz ¢ 6051 ¢ 2
2 2sec _ A
22 4, o 2
2
+ z2g2z3 sec? e
b2
4 2 .
nz3 o T Oy AT
—=tan——sec” —= - —0,0
+ Kb, Ak, 4kb, %2 oxy 92| ~020
(31)

Using Young’s inequality, the following inequalities are
easily obtained:

4
P T
s |02~ g
| ) (32)
3, 3 4 0oy 4 T
<EH+ 54| — — —2
4727 427 & ox & 4k
4 4
3 2 2 Vo4 3 4 575
258273 SeC 4k22 < 2825 + 382% sec’ 4K (33)
where 7, > 0 is a constant.
Substituting (32) and (33) into (31) yields
nzy 3 1
37 2
LV, <23(f, + g2%2) sec’ —Ft+5ntg 8233
k 4 4
| 6 oot ™2 (34)
- —22 sect —=

2 4k}

o A 3 1 JU
— 0,0, + A +Zr$ + =0+ 1,070,

2
f2 f2 - LO‘] + It 2Z2H¢2 axl 4’2” SGC2 4/:42
¢y — Si; d’zH +ig12+

where

)

3
nz,
——tan —~
7 )
Ky 4k,

18222 sect @ +

4
2 T2

1,3
223 8eC” g

Obviously, f, is an unknown nonlinear function, and

according to Lemma 2, f, can be approximated by a MTN
with form 0) P,,, (z). That is to say, for any a, > 0, there is

f2=03P,,(22) + 8(z2), 02(z2)| <02
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T . N
where 2, = [¢,22]" and d,(z;) is the approximation error.

Then by employing Yang’s inequality, the following
inequality holds:

2
03

5)

By substituting (35) into (34), (34) can be expressed as
follows:

c4——|—

af; seczn—zé2t <230 P,, sec l
2Tk, T kb, 2
3

s

2 "% 1
4k§2+2 28

4
39T iz 1 o2 3, 1 4
LVy <23(0; Py, + g202) sec? @4‘5 2 +4T2 1825
AT A 3,1, AT A
— 0202 + A +ZT1 +§O-l +l710101
(36)
According to (36) and Assumption 1, the virtual control
signal oy is designed as follows:
l)zkzb"z . nzg TEZ;

= — ——BTPm 37
% A, A, by ™ (37)

where v, > 0 is design parameter.
Substituting (37) into (36), the following inequality is
easily obtained

3 1
LV, < Z <A +50; +4‘CJ> +Zgzzg
(38)

Lot 2p, se ™2y ) 4 ndTé
2 | ©28m, Sec e h | +1,0,0,
b2

where

k4
—01bpS 2Lt ji=1
T

4k,
J k4 4

—Ujb tanm, j:2,...,7’l

Remark 4 Based on the above description, the meaning of
symbol A; j=1,2,...,n will not be explained in the fol-
lowing steps.

According to (38), the following adaptive law can be
established:
A A nZ
0, = —1n,0, + ngm, sec —42 (39)

4k, 5

where 77, > 0 is a positive constant.

Substituting (39) into (38), we have
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2 3 1 A 1
LV, < ijl <Aj + ijz + 50]2 + ’1;0,'T9j> + 18213‘

(40)

Step 3<i<n—1: According to z; = x; —
derivative of z; can be obtained

oi_1, the

dzi = (fi + gixir1 — Loy—y)dt + (qﬁi —
(41)
=S+ gi11) + > (1)%“1,)‘ W+
13 S g, + X1 20 and o, < ¥,
Consider the i-th tan-TVBLF as follows:
4

where Lo;_

Vi=Vi_

0 (42)

4k‘b1 ;

where 0; = 0 — 0, represents the parameter error and
kht - kcz - z 1
According to Definition 1, the derivative of V; is cal-
culated as follows:
4

nz;
LV; =LV;_y + 2} (f + gioy — Loj_1) sec> &
4k, ;
3, ,nz 100y |I° nz}
TRE e =2 g ¥ +ggi 4k4
6 4 4 . 2 .
nz; nz; 5 TZ; _ i—1 001 W arp.
+k§,,- tan4k4‘_se 4k2,i ‘Q”, ijl o, &; 0;0;
(43)

Repeating the process in Step 2 for (43), the following
inequality can be obtained:

; 3, 01, e\ 1,
LV, <) :j:] (Aj +30 50 000 ) 18z
(44)

The virtual control signal o; and adaptive law 0; are
designed as follows:

Uik2~ nz4 nz 1 4
i = — —2si i _ 0P, 45
x Ak Ak by (43)
. 4
0 = *7’],0 + Z; Pm, (46)

4k;j ;

where v; > 0 and #5; > 0 are design parameters.
Step n: According to z, = x, — o,_1, the derivative of z,
can be calculated as follows:

i—1004_1 T
ijl Ox; 4)]) do

n—1 aoc,,,l Td
B ijl axj qu @
(47)
h L o n—1 00,1 (£ . n—1 9w, ; . G+1)
where Loy =335 ax; (ﬁ+g}x]+1) + 2o o (!)
n—1 1
_|_%Z[:’q:1 %;:;ql ¢ ¢ + Zn aa,, 10
Consider the n-th tan-TVBLF as follows:

dz, = (fn + gutt — Loty )dt + (¢n

Ko
Vo=V + 7 0 (48)

4k4

where 5 = 0,1 — én represents the parameter error and
kbn —kcn_ n—1-

In the compact set €, , according to Definition 1, the
following inequality can be obtained:

4

LV, =LV, 1 + 23 (f, + gutt — La,_;) sec? 4722’;
3, w100, 1, |
2 4k4 D=2 ax; Z
6 4 4 2,
+pan et Z g, = S Sty a%d,
(49)

By applying Young’s inequality, the following inequality is
easily can be obtained:

2
22 o TZ, _ n—1 aO!n_l
) Zn sec 4k§ ¢n ijl axj ¢j
3 P 3 4 n—1 aan,l 4 4 7'CZ4
S _ , n
> 4Tn +4‘E£Z ¢n Zj:l an ¢_/ 4k§7n
(50)

where 7, > 0 is a constant.
Substitute (50) into (49) to get the following inequality:

n—1 3
LV,<y | (Aj+4

l 1 4
5 4+ W,9T9> it

2" 4ké,n
+ 20+ ) 4k44 +22 0%,

(51)
where fom Lt
|0, — S H sec? 7

4k4 k“'” tan4k4 -2 | S s H +18n-12n-

Slmllarly, f, cannot be used to demgn the controller;
according to the conclusion of Lemma 2, f, can be
approximated by a MTN with form OZPmn (zx)- In particu-
lar, for any g, > 0, there is
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fn = OIPmn(zn) +0(2a), 16n(zn)| < 00

where z, = [¢,22, - - ,Zn]T and 0,(z,) is the approximation

error.
Then, the following inequality holds:

4 4 4
%4 1 nZ,
<20, Py, st 2+ —z6 sect —m 4

2
dky, — " k4 " 4k27n "

g

N =

Zf , sec?

—~

52)

Combining (51) with (52), the following inequality is
obtained:

n—1 1 ~T ~T A

LV, < Z,-:1 (A +o7 +§ej + ;0] 0) - 070,
. (53)

02 —&——rﬁ

30T
0P, +g,
+2,(0, P, + gutt) 4k2n y

According to (53), design the actual control input u as
follows:

4 4 4
Unky,, . mz nZ 1 .
u=——>"sin—cos—t—-—0,P,, (54)
nz;, aky,, 4k, by

Substituting (54) into (53) yields

n 3, 1, o
LV,<y | (Aj +35 50 + 0,00,

nzt
4k2n

Based on (55), the adaptive law is constructed according to
(55) as follows:

(55)

ol (2pss

. 4
0, = —n,0,+ 2P,
1,0, + 2,Pp, 4](2” (56)
Substituting (56) into (55), we have
1
LV, <Z ( i+ A +20 +n10T0) (57)

3.2 Stability analysis

Theorem 1 Under Assumptions 1-2, consider the whole
closed-loop system consisting of the stochastic nonlinear
system (1), the virtual control signals (25), (37), (45) and
the actual control input (54) with the adaptive laws (27),
(39), (46), (56). Then for any bounded initial condition, the
following properties can be guaranteed:

1) All signals in closed-loop system are SGUUB in
probability.

2) The full
implemented.

state  constraints is  successfully

@ Springer

3) The system output y can effectively track the
reference signal y; and the tracking error is con-
strained within the prescribed performance boundary.

Proof For the considered closed-loop system, the follow-
ing tan-TVBLEF is constructed:
n 14

kb ; nz‘} L
=) 070
an4kg_,' +2; 2 (58)

According to (57) and (58), the following inequality can be
obtained:

1

V<Z(A+ 2 +5 +n,0T0> (59)
where A = —vb,, S k4 , Ai = —v;ib, ”‘tanw for
i=2,3,...,n, and v; > 0 and r], > ( are design parameters
for i = 1,2, .

According to Young’s inequality, and take 0, =0, — 0,
into account, we have

n:0; 0; <n,07 (0, — 0;) < — n,oTo + = n,(ﬂ (60)

Then, combining (59) with (60), the following inequality
can be obtained:

LVS 7:BOVI1+V (61)

where  f, = min{v1b,,S, viby,n; i =1,2,..,n}  and

= %;rf +%;€lz +%;ni0?

According to (61), using Lemma 1, for any >0, the
following inequality is easy to obtain
v

Bot 4
+ 2 (62)

0<E[V()]<V(0)e”

On the one hand, inequality (62) indicates that E[V(r)] is
eventually bounded by y/f,. Thus, according to Definition
2 and recalling (58), it is easy to conclude that all signals of
the closed-loop system are SGUUB in probability. More-
over, the controller design process shows that the tracking
error is constrained within the prescribed performance
boundary p(z).

On the other hand, y; <Yy <k, can be known from
Assumption 2. Since x| =& + yg, kp; =kc; — Y-y and
le] <kp.y, it is easy to get |x;| <k. ;. Similarly, because of
xi=z+o, %-1<Yiy and kp;=ke;— Y1, for
i =2,..,n, it is easy to prove that |x;| <k.;. Therefore, it
is concluded that the full state constraints in the closed-
loop system are successfully implemented. [
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4 Simulation examples

In this section, two simulation examples are provided to
demonstrate the validity of the designed controller.

Example 1 (numerical example): Consider the following
stochastic nonlinear system

dx; = (—xle_o‘z"' +x2)dt + 0.1x;dw
dx, = (2x + u)dt + 0.05xdw (63)

y=xi

with the initial value are selected as x; = 0.1, x, = 0.1,
and the reference signal is selected as y; = 0.6sint.
According to Theorem 1, the virtual control signal, actual
control input and adaptive laws are constructed as follows:

4
viky, . met met 1 4

T
o = — sin cos ——0,P
me? 4kﬁl 4";4;‘1 by UM

4
vk, . w1,

= Sin COS
" w3 Ak, 4k, by
. 4
0; = —n,0; + 2 P,, sec? nz; i=1,2
4k,

In simulation, the parameters of p(¢) are designed as
Po =2, pso =0.01 and ¢ = 0.4. The parameters of the
controller are designed as 7, = 0.01, #, =0.001, v; =
0.01 and v, = 0.001. All states are constrained to be within
the ranges |x1] <0.35sinz + 1 and
|x2] <0.355sin0.5¢ + 1.5. The simulation results are shown
in Figs. 2, 3, 4, and 5.

Figure 2 shows the trajectory of the system output y is
consistent with the trajectory of the reference signal yy,
which indicates that good tracking performance is
achieved. Figure 3 illustrates the tracking error converges
to a small neighborhood of origin, and it can be seen that
the tracking error is constrained within the prescribed
performance boundary. Figure 4 shows the trajectory of
input u. Figure 5 demonstrates that the state x, is con-
strained within the specified range of time-varying state
constraints. From the above simulation results, it can be
seen that the proposed control scheme can ensure that all
variables are bounded, and a satisfactory tracking effect is
obtained.

Example 2 (Actual system example): To further illustrate
the applicability of the proposed method, a class of Duff-
ing—Holmes stochastic nonlinear system is considered.
According to [47], the system can be expressed as follows:

15 ‘ ‘
The desired trajectory yq
- - - - Systems output y

+ky

0.5

15 . . . . .
0 5 10 15 20 25 30

time (sec)

Fig. 2 Trajectories of y and y; of Example 1

3 T

Tracking error
Upper bound
............... Lower bound

0.2

3 . . . . .
0 5 10 15 20 25 30

time (sec)

Fig. 3 Trajectories of tracking errors and prescribed performance
boundary

dx; = (x1 4+ xp)dt
dxy = (f2(x2) + u)dt + ¢, (x2)dw (64)

y=x

where fo(%2) = —x; — 0.25x; — x3 + 0.3 cos(0.1¢) and
¢, (¥2) = —0.02x3 cos(0.1x,). The initial values of the
and the reference signal are set as
x(0) = [0.1,0.1]", y; = 0.6 sinz, respectively.

Adopting the same control strategy as in Example 1 for
system (64), the parameters of p(r) are designed as p, = 2,
Poo =0.01 and ¢=0.4. The states are constrained to
|x1]<0.2sinr+ 1.3  and  |x3] <O0.l1sinr+4.  The

system
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30 T 2 T T
The desired trajectory ya
- - - - Systems output y
15 Thy 4
20 4
10 4
0 —\q 4
10+ 4
20 F ]
230 I I I I I -2 L L I I I
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Time (sec)

Fig. 4 Trajectories of the control input u of Example 1

0 5 10 15 20 25 30
Time (sec)

Fig. 5 Trajectories of states x, and its constrained boundaries

parameters of the controller are designed as #; = 0.01,
1, = 0.01, vi =0.01, v = 0.001. The simulation results
are shown in Figs. 6, 7, 8, 9.

Figure 6 shows the trajectories of output of the system y
and the reference signal y,, it can be seen that a good
tracking performance is achieved. Figure 7 reveals that the
tracking error of the system satisfies the prescribed con-
straints and the steady-state performance. Figures 8 and 9
show the trajectories of the input u and the state x,
respectively. It can be observed that all states are constrained
within the given region. The above results further illustrate
the effectiveness of the proposed control approach.

Remark 5 In order to meet the performance constraint
throughout the design process, a larger input must be given
to the system when the error is large. This will also result in

@ Springer

time (sec)

Fig. 6 Trajectories of y and y; of Example 2

Tracking error
Upper bound
............... Lower bound

3 . . . . .
0 5 10 15 20 25 30

time (sec)

Fig. 7 Trajectories of tracking errors and prescribed performance
boundary

a larger output from the system. This is the reason for the
large fluctuation in the tracking trajectory.

Remark 6 The selection of parameters directly affects the
control performance of the system. It can be known that the
control strategy proposed in this paper contains several
design parameters. The above simulation results show that
the selection of suitable parameters leads to a satisfactory
tracking effect of the controlled system.

Remark 7 Practical systems generally suffer from
stochastic factors. Considering these disturbances can help
improve the control accuracy and control performance.
This conclusion is supported by [48]. In this paper, the
effect of stochastic disturbances is considered in the sys-
tem, which is more in line with the requirements of
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60 T

O_WM/\/—*\H& —

0 5 10 15 20 25 30
Time (sec)

Fig. 8 Trajectories of the control input u of Example 2

State xa
+ky

Time (sec)

Fig. 9 Trajectories of states x, and its constrained boundaries

practical engineering. The simulation results reveal that the
proposed control strategy produces good control perfor-
mance, as demonstrated by the trajectories in Figs. 2, 3, 4,
5,6,7,8, and 9.

5 Conclusion

In this paper, the adaptive tracking control issue under pre-
scribed performance is investigated for a class of stochastic
nonlinear systems with unknown control direction and full
state constraints. The steady-state performance and transient
performance of the system are simultaneously achieved by
cleverly integrating the idea of PPC into the controller design.
The constructed tan-TVBLFs ensure that all system states are
limited within the specified range. According to Lyapunov

stability theorem, it is proved that all signals are SGUUB in
probability and the tracking error falls in a neighborhood of
the origin. Two simulation examples fully verify the appli-
cability and effectiveness of the proposed control strategy.
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