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Adaptive multi-dimensional Taylor
network tracking control of time-
varying delay nonlinear systems
subject to input saturation

Lian-Lian Zhai', Shan-Liang Zhu'? and Yu-Qun Han'?2

Abstract

For the tracking control problem of a class of nonlinear systems with input saturation constraint and time-varying delay,
an adaptive tracking control scheme based on multi-dimensional Taylor network (MTN) is designed, and the proposed
control scheme has the advantages of simple structure and small computation. A Gaussian error function is introduced
to transform the input saturation into a linear model with bounded error. The Lyapunov-Krasovskii function is con-
structed, and the nonlinearity of the system is approximated using MTN, and an adaptive control strategy is constructed
based on the backstepping method. The results show that the proposed control method can both ensure that all signals
in the closed-loop system are bounded and achieve convergence of the tracking error to a small neighborhood near the

origin. Numerical simulations verify the effectiveness of the method.
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Introduction

In recent years, the study on nonlinear systems have
aroused broad concern due to its widespread applica-
tion in engineering, and many tracking control schemes
have been developed.'? It should be pointed out that
complex unknown uncertainties that inevitably exist in
nonlinear system, which may lead to essential obstacles
in controller design and stability analysis. Therefore,
combining intelligent control methods, such as fuzzy
logic systems, neural network (NN), and multi-
dimensional Taylor network (MTN), with the tradi-
tional backstepping method has become an important
research topic and is widely used in general nonlinear
systems,” > nonlinear systems with unmodeled
dynamics,® uncertain nonlinear systems,” '° nonlinear
systems with input delay,!" and multiple-input multi-
ple-output (MIMO) nonlinear systems,'? '* nonlinear
time-delay systems,'” stochastic nonlinear systems with
time-varying delays.'®'” Specifically, the important
point is that although a number of advanced MTN-
based control methods have been developed for the
nonlinear systems, those method is not effective for
time-varying delay nonlinear systems subject to input
saturation.

In fact, there are many unstable factors in nonlinear
systems, such as dead zones, unknown hysteresis and
time-delay. The occurrence of these phenomena will
lead to the deterioration of system performance and
even instability. Therefore, the existence of time-delay
cannot be ignored in the design process of control strat-
egy. At present, many meaningful results have been
obtained for different types of systems with time-delay,
such as nonlinear time-delay systems with dead-zone
input,'®!” nonlinear time-delay systems with full-state
constraints,”®?! and nonlinear uncertain time-delay sys-
tems.?? In existing studies, generalized functions were
often used to eliminate the negative effects of unknown
time-delay, among which the Lyapunov-Razumikhin
function and Lyapunov-Krasovskii function are two
effective tools for analyzing and controlling time-delay
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systems. Compared with the former, the latter contains
more information about the systematic time delays.
Therefore, many interesting results have been reported
by constructing Lyapunov-Krasovskii functions. Li
et al.,”? Wang et al,”* and Liu et al.?® used the
Lyapunov-Krasovskii function to compensate for the
uncertainty of the unknown time-delay. However, the
above control approaches did not consider the exis-
tence of input constraints.

Actually, due to physical and mechanical manufac-
turing limitations, controllers often have constraints.
Input saturation, an important component of con-
straints, can disrupt system performance and cause
instability. Currently, the methods for dealing with the
input saturation can be mainly divided into two types:
the compensation method*®?® and the approximation
method.”=*® Compared with the former, the latter uses
a smooth function to directly approximate the nonli-
nearity, which simplifies the design of the controller
and reduces the computational burden. Afterward, this
idea was widely applied.*’** More recently, MTN-
based control method has been applied to nonlinear
systems with input saturation.**-** However, the above
researches did not apply to time-delay nonlinear sys-
tems with input saturation constraints, which prompted
us to investigate them further.

Based on the above discussion, this paper attempts
to provide a new control method for nonlinear systems
containing input saturation and time-varying delay,
and to achieve a closed-loop system in which all signals
are bounded and the tracking error converges to a small
neighborhood of the origin. Compared with the existing
research results, the main contributions of this paper
can be summarized as follows:

(1) The MTN control method is extended to the track-
ing control problem of nonlinear systems with
input saturation and time-varying delay. The pro-
posed scheme based on MTN has the advantages
of simple structure, low computational complexity,
and good real-time performance. Although MTN
control method have been obtained many
results,>>3> the literature®**>37 did not consider
the effect of time-delay terms and the literature®® #°
did not consider input saturation constraints.

(i) A smooth Gaussian error function is introduced
to approximate the saturation signal, and the com-
plex non-smooth input saturation model is trans-
formed into a simple linear model with bounded
errors, which simplifies the design process of the
controller. The Lyapunov-Krasovskii function is
constructed to overcome the adverse effects caused
by time-varying delay. Meanwhile, using MTN to
approximate the unknown nonlinearity of the sys-
tems, an adaptive control strategy is constructed
based on the backstepping method.

(iii) Compared with Qian et al.*' and Li et al.,** this
paper considers the effect of the input saturation
on the system performance, compared with Li and

Hong,** the time-delay considered in this paper is
variable and the research problem is more repre-
sentative, which relaxes the requirements of exist-
ing nonlinear systems with constant time-delay for
the time-delay term, and expands the application
scope of systems with time-delay.

Problem formulation and preliminaries

Problem description

In this paper, the following nonlinear system is considered

Xi = gi(Xi)xi 41+ fi(%) + hi(%(t — 7i(1)))
i=1,....,n—1 (1)
Xy = gn(fn)u(v) +fn(-fn) + hn(f(t - T,,(l)))

y=Xi

where x1, X2, ..., X, are the state variables of the con-
trol system, & = [x1, X2, ..., x;]" € R are state vectors,
(1 —1i(0) = [x(t = 11(1), ... x(t — 7:(2))]" € R' with
7:(t) represents unknown time-varying delays of the
state, h;(¥(t — 7;(¢))) are the unknown smooth func-
tions of time-varying delayed states. y € R indicates
the system output. f;(-) and g;(-) are the unknown
smooth nonlinear functions with f;(0) = 0(1<i<n).
u(v) : R — R represents the system input with satu-
rated nonlinearity, and its mathematical expression is
described as

Uy, V> Uy
V, Uy SUS Uy (2)
ui")v < um

u(v) =

with v, u,,, and uy,; are the input, lower bound and
upper bound of actuator, respectively. To simplify the
notations, the abbreviations g; = g;(x;), fi = fi(X:),
7; = 7;(¢) are used.

For a given continuous reference signal y,, the con-
trol objective of this article is to design a MTN-based
controller and to achieve the following targets: (i) all
the signals in the closed-loop systems are bounded; (ii)
the tracking error signal y — y; eventually converges in
a small neighborhood near the origin.

The following Assumptions and Lemmas are essen-
tial in the controller design process.

Assumption 1**: For Vi = 1,2, -, n, the sign of gi(x;) is
unchanged and there exist constants b,, and b, such
that for 1 <i=<n, the following inequality is satisfied

0<b,= |gi(xi)| < by <o, VX; € R (3)

Remark 1: Assumption 1 indicates that the unknown
smooth function g;(¥;),i = 1,2, ..., n is strictly positive
or strictly negative. Without loss of generality, we fur-
ther assume that 0 < b, < g;(¥;) <bhy, VX, € R". Since
the constants b, and b, are not used during the
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controller design process, it is not necessary to give
their specific values.

Lemma 1% If a continuous function A(xi,...,x,) :
R'"X ...XR"— R with £(0,...,0)=0, where
x; € R(i=1,...,n) and s5;,>0. Existence of smooth

functions ¢;(x(¢)) such that |h;i(x(2))|< > |zj(t)|qy
i=1

(x(2)), where ¢;(x(t))>0, the state variables are
x(1) = [x1(1), ..., xs(¢)]". The coordinate transforma-

tionzjaszy =y—ygand z; = x; —a;1 (i=2,...,n).
Remark 2: On the basis of Lemma 1, the time-delay
term can be represented as |h;(X(t — 7;(2)))| < Zn: |z
(t — 7i())|gi(X(¢t — 7:(2))). Then, the following in]eqlial-
ity can be obtained by Young’s inequality

2 i
zihi(i(tffi))$%zf+ Zsz(th,-)qé(x(lfTi)) (4)

=1

Assumption 2*: For 1 < i< n, the inequality is holds

0<7is7max %is?max<1 (5)

where Thax and Tyax are known constants.

Lemma 2 (Young’s inequality®®): For V(x,y) € R?,
satisfying the inequality

= L+ Ly (6)
)4 qv?

where y>0, the constants p>1, ¢>1 and satisfy

P-Dg-1)=1

Processing of input saturation constraints

Based on Ma et al.,*’ the input saturation u(v) can be
expressed as follows

u(v) = uG,(v/7/2up) (7)

where = (uM—%)s.zgn(v)vL (un + ”7"), and G,(-):
R — R is the Gaussian error function. Furthermore,
the saturated nonlinear model can be reduced to a lin-
ear model as follows

u(v) = cv + ¢(v) (8)

where ¢(v) is the error of u(v) and cv, ¢ is a constant.

For the convenience of controller design, the error
¢(v) and the reference signal y, need to satisfy the fol-
lowing Assumptions.

Assumption 3: For ¢ and &(v) in (8), there exist three
positive constants >0, ¢;>0 and ¢, >0, such that
le(v)] <8, and ¢ € [cy, ¢].

Assumption 4: The reference signal y; and its ith deri-
vative y(i = 1,2 : i and bounded
v, (i=1,2,...,n) are continuous and bounded.

Multi-dimensional Taylor network

In this paper, the MTNs are used to approximate the
unknown smooth nonlinear function. For the MTN,
the following Lemma is holds.

Lemma 3*: Supposing that f{Z) is a continuous non-
linear function defined on a compact set Q. Then for
any ¢>0, f(Z) can be approximated by a MTN with
arbitrary accuracy, the following equality hold

fZ)=0"P, (Z) + 5(Z) ©)

where Z=zy, .. .,zn]TGSl €R"and0=[6,,....0]" ¢ R
are the input vector and the weight vector of the MTN,
respectively. Py, (Z)=[z1, -+, 2p, 2], 2122, =+, 20 -,
zf, e ,zjj’]T € R’ denotes the intermediate layer of
MTN. 6(Z) is the approximation error and satisfies
|6(Z)| <e&. n denotes the input dimension, and m and /
denote the highest power and the dimension of the

intermediate layer, respectively.

Remark 3: It is of interest to note that the advantages
of MTN for control have been introduced in the previous
work." Specifically, it can be summarized as follows: (1)
MTN is particularly suitable for controlling complex non-
linear systems since it has the advantages of fast learning
speed and strong approximation ability strong generaliza-
tion ability; (2) The middle layer of MTN only contains
addition and multiplication operations, thus MTN has a
simple network structure, which is easier to achieve real-
time control. With the arguments above, it can be con-
cluded that compared with NNs, the MTN-based method
is of simple structure and less computation.

Remark 4: It is noteworthy that the structure diagram
of MTN has been obtained in the recent work.''!34%-%
As stated in Zhang and Yan,* the value of / can be
determined after the values of n and m are given.
Theoretically speaking, MTN can achieve the better
approximation performance by increasing the value of
m. While in practice, the value of m is usually taken as
the highest power of function f{Z).

Main results

In this section, an adaptive neural control scheme is
constructed by using backstepping method and MTN.

First of all, defining the coordinate transformation
as follows
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(10)

21 =YV —J)d
Zi=Xi—i, =2, ,n

where «;_; is the virtual control signal, the structure of
which will be given later.

For each step of the control design, define WW; as
follows

1 .
Nillo]3,i=1,---.n

w,= —
[ bm

(11)

where N; and 0, are the number of neurons in the i — th
hidden layer and the weight vector, respectively. b, rep-
resents the lower bound of the unknown control direc-
tion g;(x;). In addition, utilizing adaptive parameter W,
to estimate W;, the estimation error is W; = W; — W,.

Adaptive MTN control design

Step 1: When i = 1, according to (1) and (10), the deri-
vative of z; is derived as

=X —ya=gix2+fi + h(x(t—71)) —ya (12)

Constructing the Lyapunov-Krasovskii function V)
as follows
1

V] = EZ%JF

bl‘ﬂ T 1
Wi+ —— V4

2 b1 = T

(13)
where V= Y 3 e <= [T o922(5)q2 (x(s))ds. b
i=1j=1 b '

is a constant defined in Assumption 1, W, =W, — W.
Taking into account (12), by calculating the time
derivative of V| with respect to time ¢, one has

Vi=zi(gix + fi + hl(f(f—’fl)) —JVa)

RV AED S DS VA0

i=1j=1

—zzl“”

Tmax

[ 2l

i=1j=1 ~ Tmax i
F(t = 1) g(x(r = 77)
(14)
Using Assumption 2, one has (1—7)=<-
k(1 — Tax ), that is
1—#
_ﬂ = —1 (15)

1 - 7_'max

Reordering the summation terms in (14) yields

Zzek‘r}z qz/ ZzeKnZZ(t ql/ (16)
1j=1 j=1li=1
According to (4), we have
_ n’ )
zlh](x(l — T])) = ZZI
(17)

+ Zz )y (x(t = 1))

/ =1
Combining (14), (15), (16), and (17), one obtains

. by ~
V1$21(g1)62 + 0'1) —r—;WlWl

n—1¢
-, ZZ];(I_TI)q%j(X(Z_TI))
=1
n n
—ZZ (t—m) qU x(t—m)) —kVy
i=2j=1
KT l
S S e -1

j=2i=1
(18)

n
where o =f] — yat+ =2 3 ziem g (x(1) + Lz + Sz
ma 2
By Lemma 3, a MTN with the structure of
GITPml(Zl) is used to estimate o. In other words, for
Ve >0, we have

o1 =0 P, (Z)) + 8,(Z) (19)

where Z, = [zl]T, 0, and P, (Z)) are the input weight
vector, weight vector and intermediate input layer of
MTN, respectively. 6,(Z;) is the estimation error and
satisfies |81 (Z))| <e;.

Combining the condition P}, P, <Ni, N is the
dimension of P,, and according to the definition of
W;, we have

1 1 1 1
Z101 = Ea% + ﬁZ%OTOIP;[umI + EZ% + 56%
1 (20)
<los b’” W v lagle
TN T g g gh

Combining (20), W;=W;—W; and x» =2, + a,

the (18) can be rewritten as
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1
2

Zze”’z )q;(x(1))

l_Tmaxl72171

V] $Z](g122 + glal) + (Cl% + ?%)

n—l
ZZ g1, (x(t = 1)) (21)
j=1
= 2 - Tt — 7)) — kVa
i=2j=1
+ b—le d Z% W)+ W1
i 24 2a 2

Applying Young’s inequality, the following inequal-
ity is holds

1
218122 = —ng% + 5812% (22)

N9}

Constructing the first virtual control signal «; as
follows

1
[e3] :—Klzl 2 221W1 (23)
where K; > 0 is a design constant.
Substituting (22) and (23) into (21), we have
Vi< — G2 + bmW dl 22—W
1 141 3 1 Za% 1 1
T 2 a0
m. X — 217 l
n=1 5 B 4
p > = T)gy(x(t—m)) (24)
j=1
+ 1(a2 +&) + lg122—1<VA
2V 20772
=N (= T gp(x(r - 7))
i—2j=1

where C; = (K; —$)by, >0 and the term }g,z3 will be
dealt with in the next step.

Step 2 <k=n-—1: When i = k, according to (1) and
(10), the derivative of zj is derived as

Zk = kX +1 T i + hie(%(t — k) — i (25)
k—1 a
where  dp_; = Z gé,;l (&mXm + 1+ fon T h(X(t — 7))
k—
S, S Sty

m=1 m=
The Lyapunov-Krasovsku function V7 is chosen as

1 by ~
Vi=Via+ 220+ W2
T

Calculating the derivative of ¥ with respect to time
t, we have

. . by ~ =
Vie= Vi1 — rTn Wi Wy

+ zi(grX + 1+ fi e (X(1—7k)) — d1)
(27)

Using Lemma 1 and Remark 2, the following

inequality can be obtained

2
Zkh/x( (Z - Tk)) 4kZ/26
(28)
+ - Z — Tk q/] ( - Tk))
"=
k=1
For the complex term —z; > % L (X(1 = Ti))
m=1
in &y_1, according to (4), inequality (29) is holds.
k=1
daj—1 _
-z o (X(t = 7))
m=1 0Xm
k—1 2
ne 5 (Oag_
< —
> (%) 9)
1 k—1 n
+ - 2 (t = 7)) qjy(x(t = 7))
n .
I=1j=1
Substituting (28) and (29) into (27) yields
b
Vie<Vier + ze(gexe + 1 + o) o Wi VVA
o A )
k<~ > 2 1,
+ 5 B m0d (- ) 57
j=1
+ - Z (t— -7)) _Llpa
J -~ 7'1 qb T 2Z/cgk—1
(30)
5 k=1
where oy = fi + Z = (%) Zk — Z '3““- Win— >
m= 1 m=0

k—1

dayy L (m+ 1) day_y n 1 1

3}((,"1) Ya - Zl o (fn+ &mXm + 1)+ Wikt 3zt 3
a m=

n
3 ke (x(0)

max
i=

1
8k-1Zk T 1



1278

Proc IMechE Part I: | Systems and Control Engineering 238(7)

Since the nonlinear function o, is unknown, accord-
ing to Lemma 3, MTN is used to approximate o with
Ve >0, that is

ok = 04 Py (Zy) + 8i(Z) (31)

where Z; = [z, ...,zk]T, 0y and P, (Z;) are the input
weight vector, weight vector and intermediate input
layer of MTN, respectively. 6;(Z;) is the estimation
error and satisfies |64 (Zy)| < &.

According to (11), and noting that PmA Py, < N, we
have

bm

1 1
5 2z,ch + = e (32)

1, 2
S T Ze t 28k

ZiO| = )

2

Com]:)ining~ (32) and taking xp+1 =zp+1 + ag,
Wy = Wy + Wy into account, the inequality (30) can
be transformed into the following form

> (7 + %)

Tz)qzz,«(X(t

Vi< zi(gro + grzic+ 1)

M>

— 7))

k—1
b .
2 m 2
—kVy— § Cjzj + _2aiszk

Constructing the virtual control variable ay as

1 .
~ 2k Wi
i

ar = — Kz — (34)

where K >0 is the design constant.
Then, using Assumption 1, we have

_ 2
zrgra, = — gk Kikzy — gk = Zk Wi

22

b,
< —Kkgkz,zC 2 2ZkW/»

According to Young’s inequality, the following
inequality can be obtained

1
ZKQKZK 1S S &QkZp T (36)

1 2
2 Egkzk +1

Substituting (35) and (36) into (33), one has

ZCZ 2gkzk+1 KV
j=1
n n
= > > Fu—m)g(x(t— )
i=k+1=1

ni

ZZ (1 — )G (x(t — 7))

/—11—1

+1 3 SR x)

dexj*k-%—ll—l

242
(q/. + s,j) +

M»

where C; = b, (K; — 1) >0, (j = n—1).
Step n: When i = n, accordmg to (1) and (10), the
derivative of z, is derived as

Zy=guut fr + hn(f(l - Tn)) — Q] (38)
n—1
where &, = Z 851 Wm odg? Ly m )y Zl
m= m=
Boz,, L (gmxm+l + fm + h ( ( Tm)))-

Xy
Constructing the Lyapunov-Krasovskii function V,
as follows

1 b =
Vy="V.1+ Ezg + 2:’ w> (39)

Calculating the derivative of ¥/, with respect to time
t, it produces

Vn = Vn—l _b_m Wn V.i/n
I'n (40)
+ Zn(gnu +fn + hn(f(t - Tn)) - dnfl)

Using Lemma 1 and Remark 2, the following
inequality holds

Tn))

Zphy (X(t —

S e B

According to (4), dealing with the complex term

—Zp Z 3;’;”1 m( (l*

can be obtalned

Tm)), the following inequality
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n—1 80[,1,1 . m 2 2

Zn hm(f(l Tm)) Vs Z”g”(cv + (C(U)) 2 ’7W Z CZ
m=1 X j=1
n—1 2 2

I’l_ ) dat,—1 m J 2

=25 ’<8xm) (42) —KVA+Zl ]W<2—a/2 —Wj> (46)
1 n—1 n

+ - 2t — 7)) g (x(t — 7)) + = Z( )

Using (41) and (42), (40) can be given in the follow-
ing form

. . by o~ = 1 1
VeV — ﬁ W.W, — 525 - Egn—lzi
1 n
__7—2 e nqm( ())
1 Tmax ;=]
+ ZJZ(Z - Tn)qij(x(l ) (43)
i=1
Zn(gnu + o)
‘ZZ ) x(s - )
nj =
=1j=1
where o, = f, + Z (dggml) Zn— E zj'aaV;,,,l W N

m=1

n—1
+1
Z (ang;l) (fm + &uXm + 1) Z aa(m D

m=1 m=

2 Jelergi (x(0) + (% 1+ e

Slmllarly to step k, the MTN is used to approximate
the unknown nonlinear function o, for any accuracy
&, >0, that is

+

dex

O, = ozpm,,(zn) + an(Zn) (44)

and 0, are the input weight
) 18 the esti-

where Z, = [z, .. z,,]T

vector and weight Vector respectively. 8,(Z,

mation error and satisfies |6,(Z,)| < ¢,.
Combining the condition P;”Pmn < N,, we have

1 1 1
Zno'n\ zai + iozanp;l;l Pm,, + 2Zn + 28i
1, , 1, 1
<-d+ + o2+ -
2 ay 2 nW 2271 2811

(45)

Combining (8), (37) with £k = n — 1 and (45), the follow-
ing inequality can be obtained

J*l

Based on (46), designing the actual control signals v
as follows

1 1 .
v=— C_l (Kn|zn + o W,1|z,1|)sign(z,,) (47)

n

where K, >0 and ¢; > 0 are constants, and ¢ € [¢, ¢;].
Then the term z,g,cv can be transformed into

bl"’l

ZngnCV s — Knbmz 2 2 I/Vn i (48)
According to Assumption 3, we can obtain

1 2, 1 2
zgne(v) < EbMZ” + EbMS (49)

Then, substituting (47), (48), and (49) into (46), the
following inequality holds

n 1 n
2 2, 2
_ § Cjzj + EE 1<aj +s,j) —kVy
=

i1
" p | (50)
- .
+ ﬂW J 27W. + —b 82
;VJ <2a,2’ f) M
1 . B
where C,_{b’”(K.I 12)>Q,1 L,...,n 1’ and
C;>0. ' bnKy —3bm.j =n

Up to now, we have completed the design process of
the control strategy, which is shown in Figure 1.

Stability analysis

In this section, the Lyapunov theory is used to analyze
the stability of closed-loop systems.

Theorem 1: Under Assumptions 1-4, considering the
closed-loop system consisting of system (1), the virtual
control signals (23), (34), and the actual control signal
(47), with the adaptive laws defined as follows

= _/ W 51
J 2a12 —Pj (51)
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5, =g, (%) 3 + £ (%) + 1 (F(1-7,(1)))

%, =g, (%,)u@)+ £, (%,)+h, (¥ (1~
y=x

7, (1))

\J

i——> )
a;=—Kz W, -

11221./

}

.
72— W,

i

=

=3
. -kl
oo e 7 o )
f

2
2an

A

Rl

A

Vf’n = T-pW

n

Figure 1. Block diagram of the control design process.

where j=1,...,n and p;>0 are design parameters.
Then, for any bounded initial condition, all signals in
the closed-loop system are bounded, and the error sig-
nal eventually converges in a small neighborhood near
the origin.

Proof: For the closed-loop system, considering the
Lyapunov function Vas V' =1"V,.

Then, substituting (51) into Wj, the following
inequality holds

n n (52)
- bm 2 bm W2
> o pW =2 e
j=17J 1
Substitute (52) into (50), one has
= — _ 2 + 2
v IZ:ICZ Zz W b 8
(53)

bn1
VM CETIED SRS
=1 j=17"

Here, let ap= min{2C,~,p,«, (1 = Tmax)sj = 1, -+
&) + Z Sp W+ Shyd.

and by = 5 (

171

Then, (53) can be rewritten in the following form

V< —ayV, + by (54)
From (54), the following inequality is given
b b
V= (Vn<o> —_O)e—w i b (55)
ap [N

h

Inequality (55) means that V, is bounded by o
Therefore, recalling the definition of V, we can see that
all signals in the closed-loop system are bounded.

In addition, when ¢ — oo, it follows that

2b

2
= =ya) s —

(56)
do

The above inequality means that the tracking error
y — yg converges to a small neighborhood near the ori-
gin by properly adjusting ay and by.

Therefore, the proof of Theorem 1 is completed.

Remark 5: There are many design parameters involved
in the design process. Following the design and analysis
above, the tracking effect can be improved by increas-
ing ay or decreasing by. Therefore, we can increase ag
by increasing C; and p;, and decrease by by decreasing
pj» €&, and 8, etc. However, by also enlarges when
increasing p;, which in turn affects the tracking effect,
and the value of u is also affected when Kj is too large.
Consequently, in practical application, the parameters
should be select carefully for the sake of achieving bet-
ter results.

Simulation

In this section, three simulation examples are used to
illustrate the effectiveness of the proposed control
method.

Example 1 (Numerical example): Considering the fol-
lowing third-order nonlinear system containing input
saturation and time-varying delay

X1 =x,—0.2x1e" + hy(¥(t —71(2)))
X2 = X3+ xpsinxy + hy(X(1 — 72(1)))

t
. 57
X3 =u+ X1X2X3 +h3( (l—’T3( ))) ( )
y=2x
with  the initial states are chosen  as
[x1(0), x2(0), x3(0)]" = [0,0,0]" and given the reference
signal y,;, =0.1sin¢z. The time-delayed terms are

selected as A (x(r — 71(2))) = 0.05sin(x; (1 — 71(2))),
hg( (Z—Tz( ))) :0.01X1([—T](l))Xz(l—Tz(l)) and
h3( (t — T3(l))) = 0.01 COS(X3(I — 7'3([))).

In simulation, the time delays are chosen as
71(f) = 0.02 + 0.01sin(0.17),  7>(¢) = 0.05 + 0.2sin¢
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Figure 2. The curve of tracking error of system (57).

e [}
T

v o N Ao
L !

-10 . . . .
0 10 20 30 40 50

Time (sec)

Figure 4. The responses of u and v of system (57).
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Figure 3. The variation curves of y and y4 of system (57).

and 73(7) = 0.05 + 0.3sin¢. The saturation parameters
are selected as uy; = 4 and u,, = — 4. The positive para-
meters are chosen as p; =5, p,=0.1, p; =10,
K] :5.2, K2:5, K3:50, d:5, 611:5, a2:10,
a3 =1,rp =1,r, =1, and r; = 2, respectively.

The simulation results are shown in Figures 2 to 5,
respectively. Figure 2 shows the results for the tracking
error y — y4, which indicates that the tracking error
converges to a small neighborhood near the origin.
Figure 3 shows the trajectory curves of the actual out-
put y and the reference signal y,. Figure 4 gives the
responses of control signals u and v. Figure 5 shows the
variation curves of the state variables x, and x3, indi-
cating that all signals in the closed-loop system are
bounded. Therefore, the controller designed in this
paper is effective.

Example 2 (Practical example): For the sake of further
verifying the effectiveness of the proposed method, a
class of single-link manipulator containing actuator

0.4 . . ) . . ) . . )
0 5 10 15 20 25 30 35 40 45 50
Time (sec)
1 T T T T T T T
0.5 B
oM h
05 L L . . L . . L .
0 5 10 15 20 25 30 35 40 45 50
Time (sec)

Figure 5. State variables x; and x3 of system (57).

dynamics system is considered. According to Liu
et al.,’! its dynamics system can be described as follows

X1 =xp + hl(f(l — Tl(l)))
Xy = A—I/IX3 —A—l\/llSiHX1 — %xz + hz(f(l — Tz(l)))

%3 = Su—Bexy —Bxy + hy(x(t — 73(1)))
y=xi
(58)
where h(x(t —71(2))) = 0.05sin(x;(t — 71(1))),
hy(xX(t — 712(2))) = 0.01x1 (2 — 71(2))x2(t — 72(¢))  and
h3(x(t — 73(2))) = 0.01cos(x3(¢t — 73(¢))) are time-

delayed terms. The parameters of (58), such as M, N,B,
D, H, and K,,, are the same as in Liu et al.>! The initial
states are chosen as x;(0) = x2(0) = x3(0) = 0, the
reference signal is chosen as y,;, = 0.1sin¢, and the time
delays are chosen as 7(r) = 0.01sin¢, 72(¢) = 0.05 +
0.1sin¢, and 73(¢) = 0.1sin(0.5¢), respectively.
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Figure 6. The curve of tracking error of system (58).

Figure 9. State variables x; and x3 of system (58).
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Figure 7. The variation curves of y and y4 of system (58).
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Figure 8. The responses of u and v of system (58).
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Figure 10. Trajectory comparison results of MTN and RBF.

In simulation, the saturated nonlinear parameters
are selected as u,, =— 3.5 and uy; = 3.5. The para-
meters of the control structure are selected as K; = 8,
K, = 10, K5 = 45, respectively.

The simulation results of system (58) are shown in
the Figures 6 to 9. Figure 6 reveals that the tracking
error of the system (58). Figure 7 shows the trajectories
of output y and the reference signal y,. Figure 8 dis-
plays the responses of control signal # and v. Figure 9
shows the responses of system states x, and x3. Thus,
as can be seen in Figures 7 to 9, all signals in the closed
loop are bounded.

The results further indicate that the control method
proposed in this paper is effective and still achieves
satisfactory results for practical systems.

Example 3 (Comparative example): In order to further
illustrate the advantages of the proposed control
method, for system (58), a comparative example is con-
ducted on the MTN and radial basis function (RBF)
NN methods. The concrete practice is to replace MTNs
with RBF NNs in the control scheme. The comparison
results are displayed in Figure 10.
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From Figure 10, it can be seen that both of the above
two methods can achieve tracking control. Considering
the MTN has the advantage of low computational com-
plexity, we can conclude that the control scheme pro-
posed in this paper can achieve satisfactory control
results at a small calculate costs.

Conclusion

The MTN-based adaptive control algorithm is pro-
posed for a class of nonlinear systems with input
saturation and time-varying delay. In the controller
design process, the unknown nonlinearity of the system
is approximated by using MTN, the Gaussian error
function is introduced to overcome the effect of input
saturation, and the Lyapunov-Krasovskii function is
used to deal with the unknown time-delay, which com-
pensates the negative effect caused by time-varying
delay. Then, a control scheme is proposed based on the
adaptive backstepping technique and Lyapunov stabi-
lity theory. The results show that the proposed method
can ensure that all signals of the closed-loop system are
bounded and achieve convergence of the tracking error
to a small neighborhood near the origin. Finally, the
effectiveness of the method is verified by simulations.
For the purpose of application, our future work will
devote to extend the proposed approach to time-
varying delayed nonlinear systems subject to state con-
straints and input saturation.
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