
Received: 22 September 2023 Revised: 4 May 2024 Accepted: 22 June 2024

DOI: 10.1002/rnc.7517

R E S E A R C H A R T I C L E

Adaptive finite-time tracking control of nonlinear systems
subject to input hysteresis and multiple
objective constraints

Wei Zhao1,2,3 Yu-Qun Han1,2,3 Ya-Feng Zhou1,2,3 Shan-Liang Zhu1,2,3

1School of Mathematics and Physics,
Qingdao University of Science and
Technology, Qingdao, China
2The Research Institute for Mathematics
and Interdisciplinary Sciences, Qingdao
University of Science and Technology,
Qingdao, China
3Qingdao Innovation Center of Artificial
Intelligence Ocean Technology, Qingdao
University of Science and Technology,
Qingdao, China

Correspondence
Shan-Liang Zhu, School of Mathematics
and Physics, Qingdao University of
Science and Technology, Qingdao 266061,
China.
Email: zhushanliang@qust.edu.cn

Abstract
In this article, the problem of adaptive finite-time tracking control for a class
of nonlinear systems subject to backlash-like input hysteresis and multiple
objective constraints is investigated. For the purpose of realizing multiple objec-
tive constraints, a new time-varying barrier function (TVBF) is introduced to
ensure that all objective constraint functions are always within the defined
range. Meanwhile, based on the combination of the command filter approach
and adaptive backstepping control, an error compensation system (ECS) is sup-
plied to reduce the impact of filter error on control performance. Additionally,
the problem of “singularity” caused by hysteresis is avoided by linearizing the
backlash-like hysteresis model, and Nussbaum-type function is also applied to
reduce the influence of hysteresis on the stability of the system. Then, by combin-
ing multi-dimensional Taylor network (MTN) technology and command filter
backstepping approach, an adaptive finite-time control strategy is designed. The
proposed control strategy ensures that all the signals in the closed-loop system
realize finite-time semi-globally uniformly ultimately bounded (SGUUB), and
the output signal of the system can track the reference signal greatly while adher-
ing to multiple objective constraints. Finally, the effectiveness of the proposed
control strategy is verified by a practical simulation example.
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1 INTRODUCTION

In practical industrial processes, a plethora of complex nonlinear systems prevail. Therefore, how to deal with the non-
linear characteristics of the nonlinear systems and control the systems effectively has been paid much attention. To solve
these problems, various control methods have been proposed, such as adaptive backstepping control,1,2 sliding mode
control,3 robust control4 and fault-tolerant control.5 In recent decades, adaptive backstepping control has been widely
used in various nonlinear systems, such as large-scale systems,6 nonstrict-feedback systems,7,8 switched systems9 and
strict-feedback high-order nonlinear systems.10,11 In particular, many control strategies proposed by combining fuzzy
logic systems (FLSs) and neural networks (NNs) with adaptive backstepping control have been used to control various
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nonlinear systems due to their optimal approximation properties.12–16 It is important to note that MTN, as a kind of NNs,
has been widely applied to the design of adaptive controllers.17–19 However, in the design of adaptive backstepping control
schemes, there exists a problem of “complexity explosion” due to the repeated differentiation of the virtual control signal.
To address this issue, the dynamic surface control (DSC) method was proposed,20–22 which introduces a first-order differ-
ential filter for the virtual control signal at each step of the controller design. However, this method overlooks the potential
problem that filter error may compromise control performance. Therefore, once the command filter method23,24 was intro-
duced, it became a significant breakthrough in the field of nonlinear system control. It not only overcomes the problem
of “complexity explosion”, but also compensates for the filter error by introducing an error compensation system(ECS).
Subsequently, it has been widely applied to control nonlinear systems, such as switched systems,25 large-scale systems26

and multi-agent systems.27 In addition, in many practical applications, it is often necessary to ensure that control target is
achieved within a finite time in order to improve control accuracy, convergence rate and anti-interference performance.
Therefore, integrating DSC method or the command filter method with finite-time control has become a considerably
practical approach.28–30 However, none of the above works considers the constraint problem for nonlinear systems.

In reality, real systems often encounter various types of constraints. When the system violates constraints, it may
exhibit problems, such as performance degradation and system instability. Therefore, constraint problem has always been
an important research direction in system stability control. Currently, there have been numerous control methods pro-
posed to address it, among which barrier Lyapunov functions (BLFs) method31–33 is the most commonly used one. By
using the constrained properties of BLFs with different structures, the system states can be effectively maintained within
the defined limits, so as to solve the constrained control problem. An adaptive finite-time control scheme based on com-
mand filter method was proposed in34 by using log-type BLFs to solve the output constraint problem. However, as a
generalization of output constraints, multiple objective constraints have received little attention. For most practical sys-
tems, multiple objective constraints are unavoidable. For instance, in industrial production processes, we may need to
simultaneously consider production efficiency, quality control, and cost control objectives. By representing these objec-
tives as constraints, the optimal trade-off solutions can be developed by utilizing optimization techniques. Additionally,
in transportation planning, constraints need to be considered simultaneously such as road capacity, traffic flow and road
safety to develop optimal traffic routes and planning strategies. Therefore, it is of great practical significance to realize
effective control of multiple objective constrained systems.

In addition, hysteresis is also an inevitable factor affecting the control accuracy of the system. Consequently, how
to reduce the impact of hysteresis on system stability and improve the control effect has been an important research
topic.35–37 For nonlinear systems with backlash-like hysteresis, authors in Reference 36 linearized hysteresis model to
deal with input hysteresis, which effectively improved the adaptive control effect of the system. Different from Refer-
ence 36, authors in Reference 38 used Nussbaum-type function to deal with Bouc-Wen hysteresis of the switched systems.
However, the aforementioned work has ignored the impact of multiple objective constraints on system stability.

It is worth noting that in many practical engineering systems, it is common for multiple objective constraints and
input hysteresis to exist simultaneously. Therefore, it is of profound research significance to explore how to address this
issue within the framework of finite-time control. In light of this, an adaptive finite-time tracking control scheme based
on command filter method is proposed for nonlinear systems with backlash-like input hysteresis and multiple objec-
tive constraints. Firstly, a novel TVBF is introduced to solve the multiple objective constraints problem. Secondly, the
DSC technique is combined with the adaptive backstepping method to avoid the “complexity explosion” problem. At the
same time, an ECS is utilized to reduce the filter error. In addition, the backlash-like hysteresis model is used to trans-
form the hysteresis nonlinearity into linear combination terms with bounded error to avoid the “singularity” problem,
and the Nussbaum-type function is supplied to reduce the influence of hysteresis on system stability. In each of back-
stepping design process, one MTN is used to approximate unknown nonlinearities in the system. Finally, an adaptive
finite-time control strategy based on command filter method is proposed. Compared with the existing research work, the
main contributions of this article are as follows:

(1) This article presents a novel application of MTN approximation technique to control nonlinear systems that are
simultaneously subjected to multiple objective constraints and backlash-like input hysteresis. Despite the wide range
of applications of MTN in nonlinear systems,9,39,40 its extension to the control of nonlinear systems under the com-
bined influence of multiple objective constraints and input hysteresis effects has been lacking. This article fills the
gap in the application of the MTN technique in this particular field.

(2) In this article, a new finite-time command filter constraint control scheme is introduced for nonlinear systems. Dif-
ferent from the traditional finite-time control method adopted in References 41 and 42, this article designs a novel
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DSC-based finite-time control scheme, and introduces an improved ECS to reduce the filter error. This scheme effec-
tively solves the problem of “complexity explosion” caused by repeated differentiation of virtual control signals and
comprehensively considers the influence of multiple objective constraints and hysteresis input on the stability of the
system which improves the control performance to a great extent.

(3) Unlike,36 this article not only linearizes the backlash-like hysteresis model to handle the hysteresis nonlinearity
which avoids the “singularity” problem but also utilizes Nussbaum-type function to mitigate the impact of hystere-
sis on the stability of the system. Ultimately, a MTN-based adaptive finite-time control scheme is designed, which
ensures that all signals in the closed-loop systems achieve finite-time semi-globally uniformly ultimately bounded
(SGUUB).

2 PROBLEM DESCRIPTION AND PRELIMINARY KNOWLEDGE

2.1 Problem description

This article considers the following nonlinear system with unknown input hysteresis:

⎧
⎪
⎪
⎨
⎪
⎪
⎩

ẋi = xi+1 + 𝜎i
(

xi
)
+ 𝜙i

(
xi, t

)
,

i = 1, … ,n − 1,
ẋn = u(v) + 𝜎n

(
xn
)
+ 𝜙n

(
xn, t

)
,

y = x1,

(1)

where xn = [x1, … , xn]T ∈ Rn represents the state vector with xi = [x1, … , xi]T ∈ Ri, for i = 1, … ,n − 1; y ∈ R represents
the output of the controlled system. The states of the nonlinear systems (1) considered in this article are all measurable.
𝜎i ∶ Ri → R denotes unknown function with 𝜎i(0) = 0. 𝜙i is defined as the unknown but bounded external time-varying
disturbance. u and v are the system output and the input of the backlash-like hysteresis, respectively. In order to address
the influence of hysteresis on system stability, the following hysteresis model is introduced to characterize the nonlinear
hysteresis behavior:

du
dt
= 𝜓

|
|
|
|

dv
dt
|
|
|
|
(𝓁v − u) +ℑdv

dt
, (2)

where 𝜓 , 𝓁, ℑ are unknown constants with 𝓁 > ℑ.
According to References 36 and 43, (2) can be transformed into the following linear combination

u(t) = 𝓁v(t) +℘(v) (3)

with the specific expression of ℘(v) as follows

℘(v) = [u0 − 𝓁v0]e𝜓(v−v0)sgnv̇ + e−𝜓vsgnv̇∫
v

v0

[ℑ − 𝓁]e𝜓𝜉sgnv̇d𝜉, (4)

where u0 and v0 are the initial value of u and v, respectively. Meanwhile, ℘(v) is bounded, satisfying

|℘(v)| ≤ ℘, (5)

where ℘ > 0 is the upper bound of ℘(v).

Remark 1. Figure 1 shows the image of hysteresis model (2) when k takes different values, where𝜓 = 1,𝓁 = 3,
ℑ = 0.4. Hysteresis input is v(t) = ksin(2.5t), where k = 6.5, k = 4.5, k = 2.5, respectively.

For the reference signal yr, this article is to design a control strategy to achieve the following goals:

(i) All signals in the closed-loop systems achieve SGUUB in finite time.
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F I G U R E 1 Hysteresis curves.

(ii) The tracking error approaches an arbitrarily small neighborhood of the origin in finite time.
(iii) Multiple objective constraints are achieved, that is,−b

𝜍1(t) < Ii(x1) < b
𝜍2 (t) are satisfied at the same time, where b

𝜍1(t)
and b

𝜍2(t) are asymmetric and time-varying constraint functions. Ii(x1) = sk1x1 + sk2x2
1 + · · · + skixi

1 mean different
objective functions. The selection of ski(i, k = 1, 2, … ,M) needs to ensure that every objective function is within the
asymmetric constraint range.

2.2 Assumptions, Definitions, and Lemmas

In order to facilitate the design of the controller, the following Assumptions, Definitions and Lemmas are given.

Assumption 1 (44). The reference signal yr and its ith time derivative y(i)r are continuous and bounded,
i = 1, … ,n. Therefore, there exist some constants 𝜇1, 𝜇2, 𝜇1, … , 𝜇n > 0 such that −𝜇1 ≤ yr ≤ 𝜇2, |ẏr| <

𝜇1, … ,

|
|
|
y(n)r

|
|
|
< 𝜇n,∀t > 0.

Remark 2. It is worth noting that Assumption 1 is a normal assumption for nonlinear systems which can be
found in existing work.44–46

Definition 1 (47). Any continuous functions N(𝜒) is said to be a Nussbaum-type function if it has the
following properties:

lim
𝜉→∞

sup 1
𝜉

𝜉

∫
0

N(𝜒)d𝜒 = +∞, (6)

lim
𝜉→∞

inf 1
𝜉

𝜉

∫
0

N(𝜒)d𝜒 = −∞. (7)

It is important to note that many continuous functions can serve as a Nussbaum-type function, such as
𝜒

2 cos(𝜒), e𝜒2 cos
(
𝜋

2𝜒

)
.
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Lemma 1 (47). Let V(⋅) and 𝜒(⋅) be smooth functions defined on
[
0, tf

)
with V(t) ≥ 0, ∀t ∈

[
0, tf

)
. N(⋅) is an

even smooth Nussbaum-type function and 𝜌0 is a nonzero constant. If the following inequality holds

V(t) ≤ ∫
t

0
(𝜌0N(𝜒) + 1)𝜒̇d𝜏 + 𝜌1,∀t ∈ [0, tf ), (8)

where 𝜌1 is a suitable constant, then V(t), 𝜒(t) and ∫ t
0 (𝜌0N(𝜒) + 1)𝜒̇d𝜏 are bounded on

[
0, tf

)
.

Lemma 2 (48). The nonlinear system ẋ = f (x) is practically finite-time stable if there exists a smooth positive
definite function V such that ̇V ≤ −𝜂1V − 𝜂2Vℏ + 𝜄, ∀t ∈ T, where the setting time Tr is given as Tr ≤ max

{
t0 +

1
𝜃0𝜂1(1−ℏ)

ln 𝜃0𝜂1V (1−ℏ)(t0)+𝜂2
𝜂2

, t0 + 1
𝜂1(1−ℏ)

ln 𝜂1V (1−ℏ)(t0)+𝜃0𝜂2
𝜃0𝜂2

}
with 𝜂1 > 0, 𝜂2 > 0, 𝜄 ∈ (0,∞), 0 < ℏ < 1, 0 < 𝜃0 < 1.

Remark 3. Apparently, the tracking error cannot converge to zero, but larger 𝜂1 and 𝜂2 can be used to ensure
that the tracking error is small enough within a finite time Tr, and the setting time Tr also can be accurately
estimated.

Lemma 3 (49). For any constants 𝛼 > 0, 𝛽 > 0 and real valued function 𝜛(X ,Y ), the following inequality
holds

|X|𝛼|Y |𝛽 ≤ 𝛼𝜛(X ,Y )|X|𝛼+𝛽

𝛼 + 𝛽
+ 𝛽𝜛(X ,Y )−

𝛼

𝛽 |Y |𝛼+𝛽

𝛼 + 𝛽
.

(9)

Lemma 4 (Young’s inequality50). For ∀(𝜑1, y) ∈ R2 and ∀Δ > 0, the following inequality holds

𝜑1y ≤ Δa

a
|𝜑1|

a + 1
bΔb

|y|b, (10)

where a > 1 and b > 1 with (a − 1)(b − 1) = 1.

Lemma 5 (51). For hi ∈ R, i = 1, … ,N, 0 < p̃ ≤ 1, the following inequality holds
( N∑

i=1
|hi|

)p̃

≤
N∑

i=1
|hi|

p̃ ≤ N1−p̃

( N∑

i=1
|hi|

)p̃

.
(11)

2.3 Multi-dimensional Taylor network

In this article, MTNs will be used to approximate unknown nonlinearities that arise during the controller design process.
Further information about MTNs can be found in the work of References 40,52,53. However, for the sake of brevity, only
the following approximation property of MTN is presented in this article, as stated in Lemma 6.

Lemma 6 (40,52,53). If f (z) is a continuous and unknown function defined on the compact set Ωz, then, there
exists a MTN used to estimate f (z) for ∀𝜀 > 0 such that

f (z) = 𝝀TPmn(z) + 𝜀(z), (12)

where Pmn(z) =
[
z1, … , zn, z2

1, z1z2, … , z2
n, … , zm

1 , z
m−1
1 z2, … , zm

n
]T ∈ Rl represents the middle intermediate

input layer of MTN. z = [z1, z2, … , zn]T ∈ Rn and 𝝀 = [𝜃1, 𝜃2, … , 𝜃l]T ∈ Rl are the input vector and the weight
vector of MTN, respectively. 𝜀(z) denotes the error generated in the estimation with |𝜀(z)| ≤ 𝜀.

3 MAIN RESULTS

This section includes two aspects: the design process of adaptive controller via backstepping method and stability analysis
of the closed-loop system.

Firstly, in order to achieve multiple objective constraints, the following asymmetric TVBF is introduced, whose
expression is as follows
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p =
I + bc1

I + b
𝜍1(t)

−
I − bc2

I − b
𝜍2(t)

, (13)

where bc1 > 0 and bc2 > 0 are the design parameters and satisfying bc1 < b
𝜍1 , bc2 < b

𝜍2 . b
𝜍1(t), b

𝜍2 (t) are asymmetric and
time-varying constraint functions. I is defined in the open region Ω and its initial value I(0) is also in the region Ω.

Remark 4. Multiple objective constraints means that different Ii(x1) = sk1x1 + sk2x2
1 + · · · + skixi

1 satisfies
−b

𝜍1(t) < Ii(x1) < b
𝜍2(t) at the same time, where ski(i, k = 1, 2, … ,M) are the weighting coefficients and M > 0

is a positive integer. For the convenience of discussion, we use p and I to stand for the general form instead
of pi and Ii, respectively. And it is worth stating that each Ii corresponds to each pi in one-to-one correspon-
dence. If I → (−b

𝜍1 )
+ or I → b−

𝜍2
, p approaches infinity. In brief, as long as p is guaranteed to be bounded, I also

obeys the constraints. Therefore, the problem of satisfying the multiple objective constraints is transformed
into ensuring the barrier function p bounded.

Remark 5. If and only if I = x1, multiple objective constraints will be transformed into output constraint,
which universally exist in constraint research. Therefore, the output constraint is just a special form of
multiple objective constraints.

By taking derivative of p, it yields

ṗ = 𝜏1 ̇I + 𝜏2 = 𝜏11ẋ1 + 𝜏2, (14)

where 𝜏1 =
b
𝜍1 (t)−bc1
[I+b

𝜍1 (t)]
2 +

b
𝜍2 (t)−bc2
[I−b

𝜍2 (t)]
2 , 𝜏2 = −

(I+bc1 )
̇b
𝜍1 (t)

[I+b
𝜍1 (t)]

2 +
(bc2−I) ̇b

𝜍2 (t)
[I−b

𝜍2 (t)]
2 , 𝜏11 = 𝜏1

𝜕I
𝜕x1

and 𝜕I
𝜕x1
≠ 0.

Therefore, the controller design in this article is based on the following coordinate transformation:

{
z1 = p − yr,c,

zi = xi − xi,c,
(15)

where i = 2, … ,n, yr,c =
yr+bc1

yr+b
𝜍1 (t)

−
yr−bc2

yr−b
𝜍2 (t)

, yr is the reference signal. xi,c is the output of the first-order filter, and the virtual
control signal 𝛼i−1 is the input of the filter.

Remark 6. In this article, the command filter is introduced to solve the “complexity explosion” problem
caused by the repeated differentiation of some nonlinear functions (such as virtual control signals) in the con-
troller design process by using traditional adaptive backstepping method.54,55 However, the command filter
may produce filter errors that will further affect the control performance. Therefore, the error compensation
signal 𝜘i is designed to eliminate the effect of the error (xi,c − 𝛼i−1) in the filtering process.

Similar to References 51 and 56, the following ECS is introduced

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝜘̇1 = 𝜏11(−k1𝜘1 + x2,c − 𝛼1 + 𝜘2) − h1sgn(𝜘1),
𝜘̇2 = −k2𝜘2 + x3,c − 𝛼2 + 𝜘3 − h2sgn(𝜘2),
𝜘̇ i = −ki𝜘i + xi+1,c − 𝛼i − 𝜘i−1 + 𝜘i+1 − hisgn(𝜘i),
i = 3, … ,n − 1,
𝜘̇n = −kn𝜘n − 𝜘n−1 − hnsgn(𝜘n),

(16)

where 𝜘i(0) = 0 is the initial value of the error compensation signal 𝜘i. ki and hi both are positive design parameters,
sgn(∗) is sign function of ∗.

Furthermore, the compensated tracking error is defined as follows

w1 = z1 − 𝜘1,

wi = zi − 𝜘i, i = 2, … ,n.
(17)
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Combining (15), (16), and (17), taking the derivative of wi, the compensated tracking error can be rewritten as

⎧
⎪
⎪
⎨
⎪
⎪
⎩

ẇ1 = 𝜏11(w2 + 𝜎1 + 𝜙1 + k1𝜘1 + 𝛼1) + 𝜏2 − 𝜅1ẏr + 𝜅2 + h1sgn(𝜘1),
ẇ2 = w3 + 𝜎2 + 𝜙2 + k2𝜘2 + 𝛼2 − ẋ2,c + h2sgn(𝜘2),
ẇi = wi+1 + 𝜎i + 𝜙i + ki𝜘i + 𝛼i − ẋi,c + 𝜘i−1 + hisgn(𝜘i),
ẇn = u(v) + 𝜎n + 𝜙n + kn𝜘n − ẋn,c + 𝜘n−1 + hnsgn(𝜘n),

(18)

where 𝜅1 =
b
𝜍1 (t)−bc1

[yr+b
𝜍1 (t)]

2 +
b
𝜍2 (t)−bc2

[yr−b
𝜍2 (t)]

2 , 𝜅2 =
(yr+bc1 )

̇b
𝜍1 (t)

[yr+b
𝜍1 (t)]

2 −
(bc2−yr) ̇b𝜍2 (t)
[yr−b

𝜍2 (t)]
2 .

The detailed process of controller design is given below.

3.1 Controller design

In this section, an adaptive MTN finite-time controller based on DSC technique is designed for nonlinear systems with
input hysteresis and multiple objective constraints.

Step 1: Considering the first Lyapunov function V1 as

V1 =
1
2

w2
1 +

1
2
̃

𝜃

2
1, (19)

where 𝜃1 = ‖𝝀1‖
2 denotes unknown constant, 𝝀1 is the weight vector of MTN. ̃𝜃1 is the estimation error of 𝜃1 with ̃

𝜃1 =
𝜃1 − ̂

𝜃1, ̂𝜃1 is the estimation of 𝜃1.
In light of (18) and (19), the time derivative of V1 is

̇V 1 = w1ẇ1 + ̃

𝜃1
̇

̃

𝜃1

= 𝜏11w1w2 + 𝜏11w1(𝜎1 + 𝜙1 + k1𝜘1 + 𝛼1) + w1𝜏2 − 𝜅1w1ẏr + 𝜅2w1 + h1w1sgn(𝜘1) − ̃

𝜃1
̇

̂

𝜃1.
(20)

Denoting 𝜑1 = 1 and y = 𝜏11w1𝜙1 along with taking a = 2, b = 2 and Δ = a1. Then, according to Lemma 4, (21) can
be obtained as

𝜏11w1𝜙1 ≤ 1
2

a2
1 +

1
2a2

1
𝜏

2
11w2

1𝜙
2
1, (21)

where a1 > 0 is a constant.
Similarly, denoting 𝜑1 = h1 and y = 𝜏11w1𝜙1 along with taking a = 2, b = 2 and Δ = 1, then, according to Lemma 4,

(22) can be obtained as

h1w1sgn(𝜘1) ≤ 1
2

h2
1 +

1
2

w2
1, (22)

Substituting (21) and (22) into (20), the time derivative of V1 becomes

̇V 1 ≤ 𝜏11w1(𝛼1 + w2 + k1𝜘1) + w1F1 +
1
2

a2
1 +

1
2

h2
1 −

1
2

w2
1 − ̃

𝜃1
̇

̂

𝜃1, (23)

where F1 = 𝜏11𝜎1 − 𝜅1ẏr + 𝜅2 + 𝜏2 + 1
2a2

1
𝜏

2
11w1𝜙

2
1 + w1 is a combination of nonlinear functions.

Based on the MTN approximation technique in Lemma 5, for any constant 𝜀1 > 0, F1 can be approximated by a MTN,
that is, the following formula is established

F1 = 𝝀T
1 Pm1(z1) + 𝜀1(z1), |𝜀1(z1)| ≤ 𝜀1, (24)

where z1 = [z1]T, 𝜀1(z1) is the approximation error of the combination term F1 and 𝝀T
1 Pm1 .
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ZHAO et al. 10299

Furthermore, (25) can be obtained

w1F1 ≤ w1𝝀
T
1 Pm1 + w1𝜀1, (25)

Then, according to Lemma 4, (25) can be rewritten as

w1F1 ≤ 1
2

l2
1 +

1
2l2

1
w2

1𝜃1PT
m1

Pm1 +
1
2

w2
1 +

1
2
𝜀

2
1, (26)

where l1 > 0 is the constant.
Substituting (26) into (23) gives

̇V 1 ≤ 𝜏11w1(𝛼1 + w2 + k1𝜘1) +
1
2

a2
1 +

1
2

l2
1 +

1
2l2

1
w2

1𝜃1PT
m1

Pm1 +
1
2
𝜀

2
1 +

1
2

h2
1 − ̃

𝜃1
̇

̂

𝜃1. (27)

Define the virtual control signal as follows

𝛼1 = −k1z1 −
1

2𝜏11l2
1

w1 ̂𝜃1PT
m1

Pm1 − s1w𝛾

1, (28)

where k1 > 0, 0 < 𝛾 ≤ 1 and s1 > 0 are all design parameters.
With the help of the virtual control signal 𝛼1 and (26), the time derivative of V1 becomes

̇V 1 ≤ 𝜏11w1w2 − 𝜏11k1w2
1 − 𝜏11s1w1+𝛾

1 + 1
2
𝜀

2
1 +

1
2

a2
1 +

1
2

h2
1 +

1
2l2

1
+ ̃

𝜃1

(
1

2l2
1

w2
1PT

m1
Pm1 −

̇

̂

𝜃1

)

. (29)

Step 2: Considering the second Lyapunov function V2 as

V2 =
1
2

w2
2 +

1
2
̃

𝜃

2
2 + V1, (30)

where 𝜃2 = ‖𝝀2‖
2 denotes unknown constant, 𝝀2 is the weight vector of MTN. ̃𝜃2 is the estimation error of 𝜃2 with ̃

𝜃2 =
𝜃2 − ̂

𝜃2, ̂𝜃2 is the estimation of 𝜃2.
In light of (18) and (30), the time derivative of V2 is

̇V 2 = w2(w3 + 𝜎2 + 𝜙2 + k2𝜘2 + 𝛼2 − ẋ2,c) + h2w2sgn(𝜘2) − ̃

𝜃2
̇

̂

𝜃2 + ̇V1. (31)

According to Lemma 4, one has

w2𝜙2 ≤ 1
2

a2
2 +

1
2a2

2
w2

2𝜙
2
2, (32)

h2w2sgn(𝜘2) ≤ 1
2

h2
2 +

1
2

w2
2, (33)

where a2 > 0 is a constant. Substituting (32) and (33) into (31), the time derivative of V2 becomes

̇V 2 ≤ w2(w3 + k2𝜘2 + 𝛼2) − 𝜏11w1w2 + w2F2 +
1
2

a2
2 +

1
2

h2
2 −

1
2

w2
2 − ̃

𝜃2
̇

̂

𝜃2 + ̇V1, (34)

where F2 = 𝜎2 − ẋ2,c + 1
2a2

2
w2𝜙

2
2 + 𝜏11w1 + w2 is a combination of nonlinear functions.

Based on the MTN approximation technique in Lemma 5, for any constant 𝜀2 > 0, F2 can be approximated by an MTN,
that is, the following formula is established

F2 = 𝝀T
2 Pm2(z2) + 𝜀2(z2), |𝜀2(z2)| ≤ 𝜀2, (35)

where z2 = [z1, z2]T, 𝜀2(z2) is the approximation error of the combination term F2 and 𝝀T
2 Pm2 .
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10300 ZHAO et al.

Furthermore, (36) can be obtained

w2F2 ≤ w2𝝀
T
2 Pm2 + w2𝜀2. (36)

Then, similar to (21) and (22), by rearranging Lemma 4, (36) can be rewritten as

w2F2 ≤ 1
2

l2
2 +

1
2l2

2
w2

2𝜃2PT
m2

Pm2 +
1
2

w2
2 +

1
2
𝜀

2
2, (37)

where l2 > 0 is the constant.
Substituting (37) into (34) gives

̇V 2 ≤ w2(w3 + k2𝜘2 + 𝛼2) − 𝜏11w1w2 +
1
2

l2
2 +

1
2l2

2
w2

2𝜃2PT
m2

Pm2 +
1
2
𝜀

2
2 +

1
2

a2
2 +

1
2

h2
2 − ̃

𝜃1
̇

̂

𝜃1 + ̇V1. (38)

Define the virtual control signal as follows

𝛼2 = −k2z2 −
1

2l2
2

w2 ̂𝜃2PT
m2

Pm2 − s2w𝛾

2, (39)

where k2 > 0 is the constant, 0 < 𝛾 ≤ 1 is the design parameter.
With the help of the virtual control signal 𝛼2, (29) and (38), the time derivative of V2 becomes

̇V 2 ≤ w2w3 − 𝜏11k1w2
1 − k2w2

2 − 𝜏11s1w1+𝛾
1 +

2∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
+

2∑

j=1

̃

𝜃j

(
1

2l2
j

w2
j PT

mj
Pmj −

̇

̂

𝜃j

)

. (40)

Step i: Considering the following Lyapunov function Vi as

Vi =
1
2

w2
i +

1
2
̃

𝜃

2
i + Vi−1, (41)

where 𝜃i = ‖𝝀i‖
2 denotes unknown constant, 𝝀i is the weight vector of MTN. ̃𝜃i is the estimation error of 𝜃i with ̃

𝜃i =
𝜃i − ̂

𝜃i, ̂𝜃i is the estimation of 𝜃i.
In light of (18) and (41), the time derivative of Vi is

̇V i = wiẇi + ̃

𝜃i
̇

̃

𝜃i + ̇V i−1

= wi(wi+1 + 𝜎i + 𝜙i + ki𝜘i + 𝛼i − ẋi,c + 𝜘i−1) + hiwisgn(𝜘i) − ̃

𝜃i
̇

̂

𝜃i + ̇V i−1.
(42)

Similar to (21) and (22), by rearranging Lemma 4, we have

wi𝜙i ≤ 1
2

a2
i +

1
2a2

i

w2
i 𝜙

2
i , (43)

hiwisgn(𝜘i) ≤ 1
2

h2
i +

1
2

w2
i , (44)

where ai > 0 is a constant.
Substituting (43) and (44) into (42), the time derivative of Vi becomes

̇V i ≤ wi(wi+1 + ki𝜘i + 𝛼i − wi−1) + wiFi +
1
2

a2
i +

1
2

h2
i −

1
2

w2
i − ̃

𝜃i
̇

̂

𝜃i + ̇V i−1, (45)

where Fi = 𝜎i − ẋi,c + 1
2a2

i
wi𝜙

2
i + wi + zi−1 is a combination of nonlinear functions.
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ZHAO et al. 10301

Based on the MTN approximation technique in Lemma 5, for any constant 𝜀i > 0, Fi can be approximated by an MTN,
that is, the following formula is established

Fi = 𝝀T
i Pmi (zi) + 𝜀i(zi), |𝜀i(zi)| ≤ 𝜀i, (46)

where zi = [z1, … , zi]T, 𝜀i(zi) is the approximation error of the combination term Fi and 𝝀T
i Pmi .

Furthermore, combining (45) and (46), (47) can be obtained

wiFi ≤ wi𝝀
T
i Pmi + wi𝜀i. (47)

Then, according Lemma 4, (47) can be rewritten as

wiFi ≤ 1
2

l2
i +

1
2l2

i

w2
i 𝜃iPT

mi
Pmi +

1
2

w2
i +

1
2
𝜀

2
i , (48)

where li > 0 is the constant.
Substituting (48) into (45) gives

̇V i ≤ wi(wi+1 + ki𝜘i + 𝛼i − wi−1) +
1
2

l2
i +

1
2l2

i

w2
i 𝜃iPT

mi
Pmi +

1
2
𝜀

2
i +

1
2

a2
i +

1
2

h2
i − ̃

𝜃i
̇

̂

𝜃i + ̇V i−1. (49)

Define the virtual control signal as follows

𝛼i = −kizi −
1

2l2
i

wi ̂𝜃iPT
mi

Pmi − siw𝛾

i , (50)

where ki > 0, 0 < 𝛾 ≤ 1, and si > 0 are all design parameters.
With the help of the virtual control signal 𝛼i, (40) and (49), the time derivative of Vi becomes

̇V i ≤ wiwi+1 − 𝜏11s1w1+𝛾
1 −

i∑

j=2
sjw1+𝛾

j − 𝜏11k1w2
1 −

i∑

j=2
kjw2

j

+
i∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
+

i∑

j=1

̃

𝜃j

(
1

2l2
j

w2
j PT

mj
Pmj −

̇

̂

𝜃j

)

.

(51)

Step n: Considering the following Lyapunov function Vn as

Vn =
1
2

w2
n +

1
2
̃

𝜃

2
n + Vn−1, (52)

where 𝜃n = ‖𝝀n‖
2 denotes unknown constant, 𝝀n is the weight vector of MTN. ̃𝜃n is the estimation error of 𝜃n with ̃

𝜃n =
𝜃n − ̂

𝜃n, ̂𝜃n is the estimation of 𝜃n.
In light of (18) and (52), the time derivative of Vn is

̇V n = wn(u(v) + 𝜎n + 𝜙n + kn𝜘n − ẋn,c + 𝜘n−1) + hnwnsgn(𝜘n) − ̃

𝜃n
̇

̂

𝜃n + ̇V n−1. (53)

Similar to (21) and (22), by rearranging Lemma 4, we have

wn𝜙n ≤ 1
2

a2
n +

1
2a2

n
w2

n𝜙
2
n, (54)

hnwnsgn(𝜘n) ≤ 1
2

h2
n +

1
2

w2
n, (55)

where an > 0 is a constant.
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10302 ZHAO et al.

Substituting (54) and (55) into (53) along with taking (3) and (5) into account, the time derivative of Vn can be
rewritten as

̇V n ≤ wn(𝓁v +℘(v) + 𝜎n + kn𝜘n − ẋn,c + 𝜘n−1) +
1
2

a2
n +

1
2a2

n
w2

n𝜙
2
n +

1
2

h2
n +

1
2

w2
n − ̃

𝜃n
̇

̂

𝜃n + ̇V n−1

≤ wn(𝓁v + kn𝜘n − wn−1) + wnFn +
1
2

a2
n +

1
2

h2
n − w2

n +℘wn − ̃

𝜃n
̇

̂

𝜃n + ̇V n−1,

(56)

where Fn = 𝜎n − ẋn,c + 1
2a2

n
wn𝜙

2
n +

3
2

wn + zn−1 is a combination of nonlinear functions.
Based on the MTN approximation technique in Lemma 5, for any constant 𝜀n > 0, Fn can be approximated by an

MTN, that is, the following formula is established

Fn = 𝝀T
nPmn(zn) + 𝜀n(zn), |𝜀n(zn)| ≤ 𝜀n, (57)

where zn = [z1, … , zn]T, 𝜀n(zn) is the approximation error of the combination term Fn and 𝝀T
nPmn .

Furthermore, combining (56) and (57), (58) can be obtained

wnFn ≤ wn𝝀
T
nPmn + wn𝜀n. (58)

Then, according Lemma 4, (58) can be rewritten as

wnFn ≤ 1
2

l2
n +

1
2l2

n
w2

n𝜃nPT
mn

Pmn +
1
2

w2
n +

1
2
𝜀

2
n, (59)

where ln > 0 is the constant.
Substituting (59) into (56) gives

̇V n ≤ 𝓁wnv +℘wn + knwn𝜘n − wn−1wn +
1
2

l2
n +

1
2l2

n
w2

n𝜃nPT
mn

Pmn +
1
2
𝜀

2
n

+ 1
2

a2
n +

1
2

h2
n −

1
2

w2
n − ̃

𝜃n
̇

̂

𝜃n + ̇V n−1.

(60)

Define the actual control signal as follows

v = 1
𝓁
𝜇N(𝜒)

(
knzn +

1
2l2

n
wn ̂𝜃nPT

mn
Pmn + snw𝛾

n

)
, (61)

where 𝜇 > 0 is a positive parameter to adjust the Nussbaum-type function N(𝜒). 𝓁 > 0, kn > 0, 0 < 𝛾 ≤ 1 and sn > 0 are
all design parameters.

Applying Lemma 4 yields that

℘wn ≤ 1
2

w2
n +

1
2
℘

2
. (62)

With the help of the actual control signal v, and taking (51), (60) into account, the time derivative of Vn becomes

̇V n ≤ 𝜇N(𝜒)
(

knzn +
1

2l2
n

wn ̂𝜃nPT
mn

Pmn + snw𝛾

n

)

wn +
1
2
℘

2 + knwn𝜘n

− wnwn−1 +
1
2

a2
n +

1
2

l2
n +

1
2
𝜀

2
n +

1
2

h2
n +

1
2l2

n
w2

n𝜃nPT
mn

Pmn − ̃

𝜃n
̇

̂

𝜃n + ̇V n−1

≤ (𝜇N(𝜒) + 1)𝜒̇ − 𝜏11s1w1+𝛾
1 −

n∑

j=2
sjw1+𝛾

j − 𝜏11k1w2
1 −

n∑

j=2
kjw2

j

+ 1
2
℘

2 +
n∑

j=1

̃

𝜃j

(
1

2l2
j

w2
j PT

mj
Pmj −

̇

̂

𝜃j

)

+
n∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
,

(63)

where 𝜒̇ = knznwn + 1
2l2

n
w2

n ̂𝜃nPT
mn

Pmn + snw1+𝛾
n .
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ZHAO et al. 10303

3.2 Stability analysis of the system

Analyzing the controller design process above, this article takes the following Lyapunov function V into account

V = Vn =
1
2

n∑

j=1
w2

j +
1
2

n∑

j=1

̃

𝜃

2
j . (64)

Then, the time derivative of the Lyapunov function is

̇V ≤ (𝜇N(𝜒) + 1)𝜒̇ − 𝜏11s1w1+𝛾
1 −

n∑

j=2
sjw1+𝛾

j − 𝜏11k1w2
1 −

n∑

j=2
kjw2

j

+
n∑

j=1

̃

𝜃j

(
1

2l2
j

w2
j PT

mj
Pmj −

̇

̂

𝜃j

)

+
n∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
+ 1

2
℘

2
.

(65)

According to (65), the adaptive law can be designed as

̇

̂

𝜃j =
1

2l2
j

w2
j PT

mj
Pmj − 𝜎 ̂𝜃j, (66)

where 𝜎 > 0 is the design parameter.
Substituting (66) into (65) yields that

̇V ≤ (𝜇N(𝜒) + 1)𝜒̇ − 𝜏11s1w1+𝛾
1 −

n∑

j=2
sjw1+𝛾

j − 𝜏11k1w2
1 −

n∑

j=2
kjw2

j + 𝜎 ̂𝜃 ̃𝜃 +
1
2
℘

2 +
n∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
. (67)

Applying Lemma 4 to deal with 𝜎 ̂𝜃 ̃𝜃, one has

𝜎

̂

𝜃

̃

𝜃 ≤ −1
2
𝜎

̃

𝜃

2 + 1
2
𝜎𝜃

2
. (68)

Substituting (68) into (67), the time derivative of the Lyapunov function V is

̇V ≤ −𝜏11s1w1+𝛾
1 −

n∑

j=2
sjw1+𝛾

j − 𝜏11k1w2
1 −

n∑

j=2
kjw2

j −
1
2
𝜎

̃

𝜃

2 − 𝜎
(1

2
̃

𝜃

2
) 1+𝛾

2 + 𝜎
(1

2
̃

𝜃

2
) 1+𝛾

2

+ 1
2
𝜎𝜃

2 + 1
2
℘

2 +
n∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
+ (𝜇N(𝜒) + 1)𝜒̇ .

(69)

By utilizing Lemma 3 to deal with 𝜎
(

1
2
̃

𝜃

2
) 1+𝛾

2 , there exists a constant 𝜈(0 < 𝜈 < 1) such that

𝜎

(1
2
̃

𝜃

2
) 1+𝛾

2 ≤ 𝜎𝜈 1
2
̃

𝜃

2 + 𝜎 1 − 𝛾
2

(
(1 + 𝛾)

2𝜈

) 1+𝛾
1−𝛾

.

(70)

Substituting (70) into (69) and taking Lemma 6 into account yields

̇V ≤ −𝜏11k1w2
1 −

n∑

j=2
kjw2

j − 𝜏11s1w1+𝛾
1 −

n∑

j=2
sjw1+𝛾

j − 1
2
(1 − 𝜈)𝜎 ̃𝜃2 − 𝜎

(1
2
̃

𝜃

2
) 1+𝛾

2

+ 𝜎 1 − 𝛾
2

(
(1 + 𝛾)

2𝜈

) 1+𝛾
1−𝛾

+ 1
2
𝜎𝜃

2 + 1
2
℘

2 +
n∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
+ (𝜇N(𝜒) + 1)𝜒̇
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10304 ZHAO et al.

= −
n∑

j=2
mjw2

j −
n∑

j=2
qjw1+𝛾

j − 1
2
(1 − 𝜈)𝜎 ̃𝜃2 − 𝜎

(1
2
̃

𝜃

2
) 1+𝛾

2 + 𝜎 1 − 𝛾
2

(
𝜈

−1(1 + 𝛾)
2

) 1+𝛾
1−𝛾

+ 1
2
𝜎𝜃

2

+ 1
2
℘

2 +
n∑

j=1

(1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
+ (𝜇N(𝜒) + 1)𝜒̇

≤ −𝜂1V − 𝜂2V
1+𝛾

2 + 𝜄 + (𝜇N(𝜒) + 1)𝜒̇ , (71)

where m1 = 𝜏11k1, mj = kj, q1 = 𝜏11s1, qi = sj, j = 2, … ,n, 𝜂1 = min{2mj, (1 − 𝜈)𝜎} > 0, 𝜂2 = min{2qj, 𝜎} > 0, 𝜄 = 1
2
𝜎𝜃

2 +
1
2
℘

2 + 𝜎 1−𝛾
2

(
(1+𝛾)

2𝜈

) 1+𝛾
1−𝛾 +

∑n
j=1

(
1
2

a2
j +

1
2

h2
j +

1
2

l2
j +

1
2
𝜀

2
j

)
.

Based on the proof process in Reference 57 and Lemma 1, it can be obtained that (𝜇N(𝜒) + 1)𝜒̇ is bounded on [0, tq).
As a result, there exists a constant 𝜄̃ > 0 such that max

t∈[0,tq)
|(𝜇N(𝜒) + 1)𝜒̇| ≤ 𝜄̃ hold. Let 𝜄 = 𝜄 + 𝜄̃, (71) can be recomputed as

̇V ≤ −𝜂1V − 𝜂2V
1+𝛾

2 + 𝜄. (72)

Furthermore, (72) is equivalent to the following two inequalities

̇V ≤ −𝜅𝜂1V + 𝜅𝜂1V − 𝜂1V − 𝜂2V
1+𝛾

2 + 𝜄

= −𝜅𝜂1V − (1 − 𝜅)𝜂1V − 𝜂2V
1+𝛾

2 + 𝜄
(73)

or

̇V ≤ −𝜂1V − 𝜂2V
1+𝛾

2 + 𝜅𝜂2V
1+𝛾

2 − 𝜅𝜂2V
1+𝛾

2 + 𝜄

= −𝜂1V − (1 − 𝜅)𝜂2V
1+𝛾

2 − 𝜅𝜂2V
1+𝛾

2 + 𝜄,
(74)

where 0 < 𝜅 < 1 is a constant.
Then, according to (73), if V >

𝜄

(1−𝜅)𝜂1
holds, one has

̇V ≤ −𝜅𝜂1V − 𝜂2V
1+𝛾

2
.

(75)

Thus, by applying Lemma 2, it is obvious that wk, 𝜘n, ̃𝜃 will converge into the following region

(wk,𝜘n, ̃𝜃) ∈
{

V ≤ 𝜄

(1 − 𝜅)𝜂1

}

(76)

in the finite time T1

(
T1 ≤ 2

𝜅𝜂1(1−𝛾)
ln 𝜅𝜂1V

1−𝛾
2 (0)+𝜂2
𝜂2

)
.

Similarly, according to (74), if V
1+𝛾

2
>

𝜄

(1−𝜅)𝜂2
holds, one has

̇V ≤ −𝜂1V − 𝜅𝜂2V
1+𝛾

2
.

(77)

Then, by applying Lemma 2, it is obvious that wk, 𝜘n, ̃𝜃 will converge into the following region

(wk,𝜘n, ̃𝜃) ∈

{

V ≤
(

𝜄

(1 − 𝜅)𝜂2

) 2
1+𝛾
}

(78)

in the finite time T2

(
T2 ≤ 2

𝜂1(1−𝛾)
ln 𝜂1V

1−𝛾
2 (0)+𝜅𝜂2
𝜅𝜂2

)
.

Therefore, 𝜘n, ̃𝜃 achieve SGUUB in a finite time T(T = max{T1,T2}) can be guaranteed.
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ZHAO et al. 10305

Then, based on (75) and (78), it follows that 𝜘1 and w1 can converge into the following region in a finite time T

|w1| ≤ min
⎧
⎪
⎨
⎪
⎩

√
2𝜄

(1 − 𝜅)𝜂1
,

√
√
√
√2

(
𝜄

(1 − 𝜅)𝜂2

) 2
1+𝛾
⎫
⎪
⎬
⎪
⎭

, (79)

|𝜘1| ≤ min
⎧
⎪
⎨
⎪
⎩

√
2𝜄

(1 − 𝜅)𝜂1
,

√
√
√
√2

(
𝜄

(1 − 𝜅)𝜂2

) 2
1+𝛾
⎫
⎪
⎬
⎪
⎭

. (80)

Thus, for ∀t ≥ T, z1 satisfies

|z1| ≤ |𝜘1| + |w1| ≤ min
⎧
⎪
⎨
⎪
⎩

2
√

2𝜄
(1 − 𝜅)𝜂1

, 2

√
√
√
√2

(
𝜄

(1 − 𝜅)𝜂2

) 2
1+𝛾
⎫
⎪
⎬
⎪
⎭

. (81)

This shows that by selecting the right parameters, the tracking error z1 can be infinitely small in finite-time. Finally,
according to the above analysis, it is obvious that all signals including p, I, wj, 𝜘j, ̇̂𝜃j, ̃𝜃j, zj, v in the close-loop system are
SGUUB in the finite-time T.

Remark 7. By analyzing the expressions for 𝜂1, 𝜂2 and 𝜄, we can conclude that larger kj, sj and smaller hj can
make sure the tracking error z1 is arbitrarily small.

Eventually, according to the above analysis, the main results of this article can be summarized as the following
theorem.

Theorem 1. Consider the nonlinear system (1) subject to backlash-like input hysteresis and multiple objective
constraints satisfying Assumption 1. If the actual controller is designed as (61), and the virtual control signal is
described as (27), (39), (50) with the adaptive law given as (66), the controller can be designed to ensure

(1) All signals in the closed-loop system can be guaranteed finite-time SGUUB.
(2) The tracking error is regulated to a sufficiently small neighborhood of the original point within a finite time.
(3) Multiple objective constraints can be realized.

Remark 8. Figure 2 displays the diagram of the proposed control process.

4 SIMULATION RESULTS

In this section, a simulation example is given to prove the validity of the adaptive finite-time controller proposed in
Theorem 1.

Example: To verify the effectiveness of the adaptive finite-time control method proposed in this article, a class of
longitudinal model of uncertain aircraft is considered. According to the work of Reference 58, its dynamics model can be
described as follows

⎧
⎪
⎪
⎨
⎪
⎪
⎩

ẋ1 = g1x2 + 𝜎1
(

x1
)
+ 𝜙1

(
x1, t

)
,

ẋ2 = g2x3 + 𝜎2
(

x2
)
+ 𝜙2

(
x2, t

)
,

ẋ3 = g3u(v) + 𝜎2
(

x3
)
+ 𝜙2

(
x3, t

)
,

y = x1,

(82)

where 𝜎1
(

x1
)
= − g

VT
cos x1 + L0, 𝜎2

(
x2
)
= g

VT
cos x1 − L0 − L

𝜕

x2, 𝜎3
(

x3
)
= Q

𝜕

x2 + Qℑx3, g1 = L
𝜕

> 0, g2 = L
ℏ

> 0, g3 =

Q
𝛿

> 0. The unknown physical parameters are L0 = −0.1, L
𝜕

= 1, L
ℏ

= 1, Q
𝜕

= 0.1, Qℑ = −0.02, acceleration of gravity is
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10306 ZHAO et al.

F I G U R E 2 The diagram of the proposed control process.

T A B L E 1 Design parameter.

Parameter Value

The initial state of the controlled system x(0) = [x1(0), x2(0), x3(0)]T = [0, 0, 0]T

Reference signal yr = 0.45 sin t

Controller parameters k1 = 8, k2 = 20, k3 = 50, lj = 1, sj = 0.1, 𝓁 = 3, 𝜇 = 0.3

Adaptive law parameters lj = 1, 𝜎 = 1

Error compensation system parameters k1 = 8, k2 = 20, k3 = 50, h1 = 0.01, h2 = h3 = 0.05

Backlash-like hysteresis parameters 𝜓 = 1, 𝓁 = 3, ℑ = 0.4

g = 9.8m∕s2, VT = 200m∕s denotes steady speed. 𝜙1
(

x1, t
)
= 0.01 sin 2t, 𝜙2

(
x2, t

)
= 0.1 cos 2t, 𝜙3

(
x3, t

)
= 0.05 sin t cos 2t.

b
𝜍1 (t) = 0.7 + 0.1 sin t and b

𝜍2(t) = 0.9 + 0.1 sin t are constraints functions. Three objective functions are defined on I ∈
𝛺 ∶= {I ∈ R ∶ −b

𝜍1 (t) < I < b
𝜍2 (t)}, whose expression are described as follows

case 1: I1 = x1;
case 2: I2 = x1 + 0.01x2

1
case 3: I3 = x1 + 0.05x2

1 + 0.05x3
1.

The required parameters during the design of the controller are shown in the following Table 1.
According to Theorem 1, two virtual control signals, the actual controller and the adaptive law are designed as follows

𝛼1 = −k1z1 −
1

2𝜏11l2
1

w1 ̂𝜃1PT
m1

Pm1 − s1w𝛾

1, (83)
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ZHAO et al. 10307

F I G U R E 3 The tracking error trajectory and tracking effect in case1.

F I G U R E 4 The tracking error trajectory and tracking effect in case 2.
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10308 ZHAO et al.

F I G U R E 5 The tracking error trajectory and tracking effect in case 3.

F I G U R E 6 Trajectories of multiple objective functions and constraint functions.
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F I G U R E 7 State variables x2.

F I G U R E 8 State variables x3.
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F I G U R E 9 Hysteresis output and input in three cases.

F I G U R E 10 The responses of ‖‖𝝀j‖‖
2 in case 1.
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ZHAO et al. 10311

F I G U R E 11 The responses of ‖‖𝝀j‖‖
2 in case 2.

F I G U R E 12 The responses of ‖‖𝝀j‖‖
2 in case 3.
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10312 ZHAO et al.

𝛼2 = −k2z2 −
1

2l2
2

w2 ̂𝜃2PT
m2

Pm2 − s2w𝛾

2, (84)

v = 1
𝓁
𝜇N(𝜒)

(

k3z3 +
1

2l2
3

w3 ̂𝜃3PT
m3

Pm3 + s3w𝛾

3

)

, (85)

̇

̂

𝜃j =
1

2l2
j

w2
j PT

mj
Pmj − 𝜎 ̂𝜃j, j = 1, 2, 3, (86)

where N(𝜒) = 𝜒2 cos𝜒 , 𝜒̇ = k3z3w3 + 1
2l2

3
w2

3
̂

𝜃3PT
m3

Pm3 + s3w1+𝛾
3 , 𝛾 = 0.6, z1 = x1 − yr, z2 = x2 − 𝛼1, z3 = x3 − 𝛼2.

The simulation results are shown in Figures 3–12. Figures 3–5 respectively show the tracking error trajectory and
tracking effect in three cases, which show that satisfactory control results can be achieved in three case. Figure 6 shows
the trajectories of multiple objective functions and the constraint functions in three cases. Figures 7 and 8 show the state
variables x2 and x3 in three cases, respectively. Figure 9 shows the hysteresis output and input in three cases. Figures 10–12
shows the adaptive laws ̇̂𝜃1, ̇̂𝜃2 and ̇

̂

𝜃3 in three cases. The above simulation results show that the control method proposed
in this article is effective.

5 CONCLUSION

This article proposes an adaptive MTN finite-time control scheme based on DSC technique for nonlinear systems with
backlash-like hysteresis and multiple objective constraints. In order to confine all the objective constraint functions within
their constraint boundaries, a new TVBF is introduced. Then, by combining backstepping method with DSC technique,
the problem of “complexity explosion” is avoided. Additionally, an ECS is utilized to reduce the influence of filter error of
the command filter on control performance. Moreover, in view of the impact of hysteresis on the stability of the system, the
backlash-like hysteresis model is used to approximate the hysteresis nonlinearity which is transformed into a continuous
linear combination to avoid “singularity” problem. Accordingly, a novel command filter-based adaptive MTN finite-time
control scheme by combining Nussbaum-type function with backstepping method is designed. Finally, a practical sim-
ulation is conducted to demonstrate the effectiveness of the proposed scheme. Future research directions may involve
extending the investigation toward achieving asymptotic tracking control within a finite-time for nonlinear systems with
unknown hysteresis.
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