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Abstract
In this paper, an adaptive prescribed performance tracking control(PPTC) problem of uncertain nonlinear systems with
unknown hysteresis input is investigated. For the purpose of implementing the PPTC, a performance function and an
error conversion function are introduced. Moreover, a backlash-like hysteresis model is adopted to describe the hyster-
esis nonlinearity, which makes the controller design feasible. Additionally, by converting the backlash-like hysteresis
model into a linear model with bounded error, the difficulties caused by hysteresis behavior on controller design are set-
tled. Thus, integrating multi-dimensional Taylor network(MTN) approximation technique into adaptive backstepping
method, an adaptive control scheme for uncertain nonlinear systems is proposed. Apart from ensuring that all signals of
the closed-loop system keep bounded, the proposed control scheme not only makes the tracking error converge to an
arbitrarily small neighborhood around the origin, but also guarantees the tracking error trajectory within the limits set
by PPTC. Ultimately, two simulations are applied to verify the validity of the proposed control scheme.
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Introduction

As is known to all, with a large number of nonlinear
systems in the actual system, the research of nonlinear
systems has significant theoretical and practical applica-
tion value in the engineering field, and plents of control
methods have been presented, such as backstepping
method,1 feedback linearization,2 sliding mode con-
trol,3 fault-tolerant control4 and adaptive control.5,6

Due to the simple structure and clear control idea of
adaptive backstepping method, it has become an indis-
pensable control tool for uncertain nonlinear systems.
However, the adaptive backstepping method cannot be
directly adhibited to control systems with unknown
nonlinear functions, and this is where fuzzy logic sys-
tems (FLSs) and neural networks(NNs) have compen-
sated for the deficiency. Therefore, a new control
method is formed by combining adaptive backstepping
method with the two aforementioned methods, and it
has gradually been utilized to various systems, such as
switched nonlinear systems,7 higher-order nonlinear

systems,8 and large-scale nonlinear systems.9,10 In par-
ticular, multi-dimensional Taylor network (MTN), a
novel kind of NNs with special structure, has been
widely applied in the design of nonlinear system control-
ler, and numerous profound and lasting achievements
have been obtained.11–13 Although plenty of works have
focused on the research of systems under uncertain non-
linear behaviors, such as stochastic disturbances,14 time
delays15 and unknown dead-zones,16 the research of
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hysteresis is inadequate. In reality, both input hysteresis
and output hysteresis may cause the system to exhibit
varying degrees of inaccuracy or oscillation, and even
severely affect the stability of the system.

It is noteworthy that hysteresis effect exists in an
extensive variety of practical physical devices or phe-
nomenon, such as electromagnetic fields, piezoceramic
actuators. Therefore, the existence of hysteresis phe-
nomenon cannot be overlooked in controller design
and is a research direction of considerable practical sig-
nificance. Given this, plenty of mathematical models
have been proposed to describe hysteresis nonlinearity,
such as Duhem model,17 Krasnoselskii-Pokrovskii
(KP) model18 and Bouc-Wen model.19,20 It is worth
noting that backlash-like hysteresis model21,22 as a spe-
cial case of Duhem model transforms hysteresis nonli-
nearity into linear combination terms which makes the
controller design feasible. What’s more, this model is a
continuous-time dynamic model with simple structure,
which has been successfully utilized in the design of
nonlinear system adaptive controllers. For example,
authors in Bi et al.23 Wang et al.,24 considered the non-
linear systems with stochastic disturbance and
unknown hysteresis, and backlash-like hysteresis model
are applied to approach complex hysteresis behavior to
design an adaptive controller. However, the above
works overlook the requirements of the transient per-
formance of the controlled systems.

In recent years, as control system structures become
increasingly complex, there is a growing demand for
controllers that offer higher levels of transient perfor-
mance and precision. As a result, the study on transient
performance of nonlinear systems has aroused increas-
ing attention. Under such an inevitable trend, the pre-
scribed performance tracking control(PPTC) has been
gradually applied to many nonlinear systems, such as
multi-input multi-output(MIMO) uncertain nonlinear
systems,25 nonlinear multi-agent systems26 and switched
nonlinear systems.27,28 The above research indicates
that PPTC can clearly set the transient state and steady-
state processes of the system response and achieve the
expected tracking accuracy and convergence rate. From
this point of view, the prescribed performance control is
considerably helpful to solve the problem of high-
quality control for nonlinear systems. Authors in Li
et al.29 considered the influence of full-state constraints
on the tracking performance of the system, but the
impact of hysteresis input and PPTC on the tracking
effect is ignored. And for nonlinear hysteretic systems,
most studies focus on satisfying the steady-state perfor-
mance, but pay less attention to the transient perfor-
mance. Authors in Kong et al.,22 Sun et al.30 Liu
et al.31,32 considered the effects of backlash-like hyster-
esis, but the enhancement of controller performance by
PPTC is overlooked. Therefore, the PPTC for nonlinear
systems with input hysteresis has a large space for
development and is a meaningful topic.

On the basis of the aforementioned research results,
this paper lays more emphasis on the PPTC of

uncertain nonlinear systems with backlash-like hyster-
esis input. Firstly, a prescribed performance function is
applied to limit the tracking error of the controlled sys-
tem within the defined area. Meanwhile, by using the
backlash-like hysteresis model, the hysteresis is
described successfully. Moreover, by transforming the
model into a combination of a linear function and a
bounded term, the controller design for the nonlinear
systems with hysteresis is more feasible. Additionally,
by integrating MTN approximation technology into
the adaptive design process, the nonlinear structures
are approximated ingeniously which reduces computa-
tional complexity. In the light of the foregoing, an
adaptive PPTC strategy based on MTN is designed
successfully. Compared with the existing results, this
paper presents several key contributions as follows:

(1) In this paper, the MTN-based tracking control
issue of uncertain nonlinear systems with hysteresis
input is studied for the first time. Compared with
NN-based approximation technique used in Si
et al.,33 MTN-based approximation technique is
applied to estimate unknown nonlinear items, which
enables the controller to have lower computational
complexity and better tracking performance.

(2) Although, the combination of MTN approxima-
tion method and adaptive backstepping technique
has produced many excellent results,12,29,34 the
problem of uncertain nonlinear systems instability
caused by input hysteresis still unresolved. In this
paper, within the unified framework of PPTC, the
backlash-like hysteresis model is introduced to
tackle the difficulties of controller design caused
by the hysteresis nonlinearity.

(3) For nonlinear hysteretic systems, most studies
focus on satisfying the steady-state performance,
but pay less attention to the transient performance.
On this basis, for uncertain nonlinear systems with
backlash-like hysteresis, a PPTC method is pro-
vided to ensure that the tracking error always
meets the prescribed performance boundary which
indicates that the proposed control scheme is more
significant in practical applications.

The remaining sections of this paper are organized as
follows. Section 2 presents the problem statement and
necessary background knowledge. Section 3 showcases
the controller design process. Stability analysis of the sys-
tem is displayed in Section 4. Section 5 provides two
simulation results. Finally, Section 6 concludes the paper.

Problem statement and preliminary
knowledge

Problem statement

The following uncertain nonlinear systems with
unknown backlash-like hysteresis input is considered in
this paper:
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_xi = xi+1 + fi �xið Þ+ ti tð Þ
i=1, 2, � � � , n� 1

_xn =@(v)+ fn �xnð Þ+ tn tð Þ
y= x1

8>>><
>>>:

ð1Þ

where �xn = x1, � � � , xn½ �T 2 Rn represents the state vec-
tor with �xi = x1, � � � , xi½ �T 2 Ri, for i=1, � � � , n. y 2 R
represents the output of the controlled system.
fi : Ri ! R denotes unknown function with fi(0)=0.
ti(t) i=1, � � � , nð Þ is defined as the unknown but
bounded external time-varying disturbance. @ and v are
the output and the input of the backlash-like hysteresis,
respectively.

In order to address the influence of hysteresis on sys-
tem stability, the following hysteresis model is intro-
duced to characterize the nonlinear hysteresis
nonlinearity:

d@
dt

= �hj dv
dt
j(iv� @)+L

dv

dt
ð2Þ

where v is the hysteresis input. �h, i, L are unknown con-
stants, satisfying i . L.

According to the analysis in Su et al.,35 Liu et al.,36

the model (2) can be solved explicitly as follows

@(t)= iv(t)+ ,(v) ð3Þ

with

,(v)= @0 � iv0½ �e�h(v�v0) sgn _v

+ e��hv sgn _v
R v
v0
½L� i�e�hj sgn _vdj

ð4Þ

where @0 and v0 are the initial value of @ and v, respec-
tively. Meanwhile, ,(v) is bounded, satisfying

j,(v)jł ,� ð5Þ

where ,�. 0 is the upper bound of ,(v).

Remark 1: Model (2) is a discontinuous function, so
there may be singularities. In an effort to solve the
‘‘singularity’’ problem, the model (2) is transformed
by (3) into a continuous linear function with the com-
bination of continuous input signal and bounded
term, which makes the design of adaptive MTN con-
troller feasible.

Remark 2: Figure 1 shows the image of hysteresis
model (2) when k takes different values, where �h=1,
i=3:1635, L=0:345. Hysteresis input is
v(t)= k sin (2:5t), where k=6:5, k=4:5, k=2:5,
respectively.

The control objectives of this paper are to design an
adaptive PPTC controller for system (1) such that

(i) the system output tracks the designed reference
signal;

(ii) the tracking error converges to an arbitrarily
small neighborhood of the origin under the
PPTC;

(iii) all signals in the closed-loop system remain
bounded.

In order to facilitate the design of the controller, the
following Assumption 1 is given.

Assumption 1: The desired reference signal yr and its i-
th time derivative y

ið Þ
r are continuous and bounded,

i=1, � � � , n.

Multi-dimensional Taylor network

In this paper, MTN is used to approximate the
unknown linear function. As stated in Han and Yan,34

its mathematical expression can be defined as

fMTN(s)= uTPm(s) ð6Þ

where s= s1, s2, � � � , sn½ �T 2 Rn and u= u1, u2, � � � , ul½ �T 2 Rl

are the input vector and the weight vector of MTN,
respectively. Pm sð Þ= s1, . . . , sn, s

2
1, s1s2, . . . , s2n, . . . , sm1 ,

�
sm�11 s2, . . . , smn �

T 2 Rl represents the middle intermedi-
ate input layer of MTN.

Remark 3: As a network structure similar to radial
basis function neural network (RBFNN) in the existing
studies,7,21,25 MTN is composed of three layers: input
layer, middle layer and output layer. Diverging from
RBFNN in its intermediate layer, MTN employs a
suite of polynomials as a substitute for the Gaussian
function set which effectively simplifies the structure of
RBFNN, thus reducing the computational complexity.

Figure 1. Hysteresis curves.
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In this paper, MTN is used to approximate the
unknown function in the design prosses of controller.
The Lemma related to MTN used in the controller
design is given below.

Lemma 129: Supposing f sð Þ : Rn ! R is a continuous
and unknown function defined on the compact set Os,
for 8I�. 0, there exists a MTN used to estimate f sð Þ
such that

f sð Þ= uTPm sð Þ+ I(s) ð7Þ

where I(s) denotes the error generated in the estimation
with jI(s)jł I�.

Preliminary knowledge

The following relevant Lemmas are presented, which
will play a very important role in the control scheme
design process.

Lemma 237: Let V(t)ø 0, 8t 2 R+ be a continuous
function and V(0) is bounded. If the following inequal-
ity holds:

_V(t)ł � =0V(t)+ g0 ð8Þ

where =0, g0 are constants, then it can be concluded
that V is bounded.

Lemma 338(Young’s inequality): For 8( �m, �n) 2 R2 and
8D . 0, the following inequality holds

�m�nł DF

F j �mj
F + 1

YDY j�njY ð9Þ

where F. 1 and Y. 1 with (F� 1)(Y� 1)=1.

Prescribed performance tracking control

In order to realize the PPTC, a performance function is
introduced firstly, whose concept is given below. Then,
a specific performance function is proposed for the con-
troller designed in this paper. The performance function
is defined as follows

Definition 139: Supposing v(t)(t. 0) is a smooth and
bounded function defined R+ ! R+, if v(t) satisfies
the following conditions:

(1) v(t) is a strictly decreasing function and always
greater than 0;

(2) lim
t!‘

v(t)=v(‘), and v(‘). 0 is a constant. then
we can call v(t) the performance function.

According to Definition 1, the prescribed perfor-
mance function can be designed as follows

v(t)=v1e
�v3t +v2 ð10Þ

where v1, v2 . 0 and v3 . 0 are constants.
Supposing v(t) is a performance function that satis-

fies Definition 1, and the value of initial error e1(0) is
known. Now, we put the following constraints on e1(t)

�dv(t)ł e1(t)ł v(t), e1(0). 0 ð11Þ

�v(t)ł e1(t)ł dv(t), e1(0)\ 0 ð12Þ

where d 2 (0, 1).
Then, (11) and (12) can be converted into the equiva-

lent form as follows

e1 =v(t)R(z1) ð13Þ

where z1 is the equivalent tracking error of e1, and
R(z1) is a function described as

R(z1)=
1
p
arctan z1 ð14Þ

Apparently, R(z1) is an increasing function with the fol-
lowing properties:

(i) if e1(0). 0, one has

lim
z1!�‘

R(z1)= � d, lim
z1!+‘

R(z1)= d \ 1 ð15Þ

(ii) if e1(0)\ 0, one has

lim
z1!�‘

R(z1)= � d . � 1, lim
z1!+‘

R(z1)= d ð16Þ

Therefore, if e1(0). 0, one has

�d łR(z1)ł 1 ð17Þ

And if e1(0)\ 0, one has

�1łR(z1)ł d ð18Þ

where d=0:5.
Thus, when z1 is bounded, (19) and (20) are estab-

lished, that is, if e1(0). 0, one has

�dv(t)\ v(t)R(z1)\ v(t) ð19Þ

And if e1(0)\ 0, one has

�v(t)\ v(t)R(z1)\ dv(t) ð20Þ

Zhao et al. 1209



Then, combining (13) and (14), z1 can be rewritten as

z1(t)=R�1
e1
v

� �
= tan

pe1
v

� �
ð21Þ

Now, by taking the derivative of (21), we can get

_z1(t)= �Y(t)
_e1v� _ve1

v
= �Y(t) _e1 �

_ve1
v

� �
ð22Þ

where �Y(t)= 1
v

∂R�1
e1
vð Þ

∂
e1
vð Þ

= p
v

1
cos2

pe1
vð Þ

.

Remark 4: It should be noticed that from (13) to (22),
the system tracking error e1 is transformed into a new
equivalent error z1. If z1 is bounded, e1 will always stay
within the range e1 2 (� dv(t),v(t)) or e1 2 (� v(t),
dv(t)). That is to say, we can choose the appropriate
value of v(0) and v(0) such that e1(0) satisfies the fol-
lowing inequality: je1(0)j \ max dv(0),v(0)f g.

Remark 5: Figure 2 displays the responses of prescribed
performance function control under d=0:5. It can be
clearly seen that PPTC method keeps the tracking error
stay within the performance constraint region.

MTN-based controller design
under the PPTC

The design process of adaptive MTN controller via back-
stepping method for uncertain nonlinear systems with
input backlash-like hysteresis will be given in this part.

Firstly, the controller design in this paper is based on
the following coordinate transformation:

e1 = x1 � yr
zi = xi � ai�1

�
ð23Þ

where i=2, � � � , n. ai�1 is the virtual control signal
which will be defined in the following text.

The detailed process of controller design is given
below.

Step 1: Considering the first Lyapunov function V1 as

V1 =
z21
2

+
~uT
1

~u1

2r1
ð24Þ

where ~u1 =u1 � û1, r1 is a design parameter.
Thus, combining (23) and (24), the time differentia-

tion of V1 can be expressed as

_V1 = z1
_z1 �

~u
T

1
_̂
u1

r1
= z1

�Y(t) _e1 �
_ve1
v

� �
�

~u
T

1
_̂
u1

r1
ð25Þ

Then, the time differentiation of the system tracking
error e1 is formulized into

_e1 = _x1 � _yr = x2 + f1 + t1(t)� _yr ð26Þ

Substituting (26) into (25), a new form of the time
derivative of V1 can be expressed as

_V= z1
�Y(t) z2 +a1 + f1 + t1(t)� _yr �

_ve1
v

� �

�
~u
T

1
_̂
u1

r1

ð27Þ

where a1 . 0 is a constant.
By applying Lemma 3, the following inequalities are

obtained as

z1
�Y(t)t1(t)ł 1

2c2
1

z21
�Y
2
(t)t21(t)+

1
2 c

2
1 ð28Þ

z1
�Y(t)z2 ł 1

2 z21
�Y
2
(t)+ 1

2 z
2
2

ð29Þ

where c1 . 0 is the constant.
In order to ensure the validity of the proposed con-

trol scheme and based on the adaptive backstepping
design, the virtual control signal a1 is designed as

a1 = � k1
�Y(t)

z1 �
ûT
1

�Y(t)
Pm1

+ _v
v
z1 ð30Þ

where k1 . 0 is a design parameter.
In the light of the first virtual control signal a1 and

analyzing (27)–(29), the time derivative of V1 can be
rewritten as

_V1 ł � k1z
2
1 � ûT

1 z1Pm1
� ~u

T

1
_̂
u1

r1

+ z1F1 +
1
2 c

2
1 +

1
2 z

2
2

ð31Þ

where F1 =
1
2 z1

�Y2(t)+ 1
2c2

1

z1
�Y2(t)t21(t)+

�Y(t)f1 � �Y(t) _yr

is a combination of nonlinear functions.

Figure 2. The responses of performance function.
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Since F1 cannot be directly used for controller
design. Therefore, a MTN can be employed to approxi-
mate F1 by Lemma 1, that is to say, for 8I�1 . 0, the fol-
lowing formula can be established

F1 = uT
1Pm1

(z1)+ I1(z1), I1(z1)j jł I�1 ð32Þ

where z1 = ½z1�T, I1(z1) is the approximation error.
Thus, based on (32), one has

z1F1 = z1u
T
1Pm1

+ z1I
�
1 ð33Þ

Then, according to Lemma 3, one has

z1I
�
1 ł

1

2
z21 +

1

2
I�1

2 ð34Þ

Thus, combining (33) and (34) to obtain the follow-
ing inequality

z1F1 ł z1uT
1Pm1

+
1

2
z21 +

1

2
I�1

2 ð35Þ

Making every effort to ensure the validity of the pro-

posed control scheme, the adaptive law
_̂
u1 can be

defined as

_̂
u1 = r1z1Pm1

� s1û1 ð36Þ

where s1 . 0 is a design parameter.
Now, substituting (35)–(36) to (31), the time differen-

tiation of V1 is

_V1 ł � k1z
2
1 +

1

2
z21 +

1

2
z22

+
1

2
I�1

2 +
1

2
c21 +

s1
~uT
1 û1

r1
ð37Þ

In addition, since ~u1 = u1 � û1, the following
inequality holds

s1
~u
T

1 û1

r1
ł � s1

~u
T

1
~u1

2r1
+

s1jju1jj2

2r1
ð38Þ

Thus, combining (37) and (38), the time differentia-
tion of V1 can be rewritten in the following form

_V1 ł � k1 �
1

2

� �
z21 +

1

2
z22 �

s1

2r1
~u
T

1
~u1

+
1

2
I�1

2 +
1

2
c21 +

s1

2r1
jju1jj2 ð39Þ

Step i(i=2, � � � , n� 1): On the basis of step 1, the
Lyapunov function Vi is designed as follows

Vi =
z2i
2

+
~uT
i

~ui

2ri
ð40Þ

where ~ui = ui � ûi, ri is a design parameter.
Similar to the procedure as step 1, it follows

_Vi = zi _zi �
1

ri
~u
T

i
_̂
ui ð41Þ

Combining zi = xi � ai�1, one has

_zi = zi+1 +ai + fi + ti(t)� _ai�1 ð42Þ

Then, a new form of the time differentiation of Vi

can be expressed as

_Vi = zi zi+1 +ai + fi + ti(t)� _ai�1½ � �
~u
T

i
_̂
ui

ri
ð43Þ

where _ai�1 =
Pi�1
j=1

∂ai�1
∂xj

xj+1 + fj + tj

� �
+
Pi�1
j=0

∂ai�1
∂yr (j)

yr
(j+1) +

Pi�1
j=1

∂ai�1
∂ûj

_̂
uj.

According to Lemma 3, inequalities (44) and (45)
can be obtained

zizi+1 ł
1

2
z2i +

1

2
z2i+1 ð44Þ

ziti(t)ł
1

2c2i
z2i t

2
i (t)+

1

2
c2i ð45Þ

where ci . 0 is the constant.
In order to ensure the validity of the proposed con-

trol scheme and based on the adaptive backstepping
design, the virtual control signal ai is designed as

ai = � kizi � û
T

i Pmi
ð46Þ

where ki is a positive design parameter.
In the view of the virtual control signal ai and ana-

lyzing (43)–(45), the time differentiation of Vi can be
rewritten as

_Vi ł � kiz
2
i +

1

2
z2i � ûT

i ziPmi

+ ziFi +
1

2
c2i +

1

2
z2i+1 �

~u
T

i
_̂
ui

ri
ð47Þ

where Fi = fi � _ai�1 +
1
2c2i

zit
2
i (t) is a combination of

nonlinear functions.
Since Fi cannot be directly used for controller design.

Therefore, a MTN can be employed to approximate Fi

by Lemma 1, that is to say, for 8I�i . 0, the following
formula can be established

Zhao et al. 1211



Fi = uT
i Pmi

(zi)+ Ii(zi), Ii(zi)j jł I�i ð48Þ

where zi = z1, z2, � � � , zi½ �T, Ii(zi) is the approximation
error.

Thus, based on (48), one has

ziFi = ziu
T
i Pmi

+ ziI
�
i ð49Þ

Then, according to Lemma 3, one has

ziI
�
i ł

1

2
z2i +

1

2
I�i

2 ð50Þ

Thus, combining (49) and (50) to obtain the follow-
ing inequality

ziFi ł ziu
T
i Pmi

+
1

2
z2i +

1

2
I�i

2 ð51Þ

In an effort to ensure the effectiveness of the proposed
control scheme, the adaptive law can be defined as

_̂
ui = riziPmi

� siûi ð52Þ

where si . 0 is a design parameter.
Now, substituting (51) and (52) into (47), the time

differentiation of Vi is

_Vi ł � kiz
2
i +

1

2
z2i +

1

2
z2i+1 +

1

2
I�i

2

+
1

2
c2i +

si
~u
T

i ûi

ri
ð53Þ

In addition, since ~ui = ui � ûi, the following inequal-
ity holds

si
~u
T

i ûi

ri
ł � si

~u
T

i
~ui

2ri
+

sijjuijj2

2ri
ð54Þ

Thus, combining (53) and (54), the time differentia-
tion of Vi can be rewritten in the following form

_Vi ł � ki �
1

2

� �
z2i +

1

2
z2i+1 +

1

2
I�i

2 +
1

2
c2i

�si
~u
T

i
~ui

2ri
+

sijjuijj2

2ri
ð55Þ

Step n: Considering the following Lyapunov func-
tion Vn as

Vn =
z2n
2

+
~uT
n

~un

2rn
ð56Þ

where ~un =un � ûn, rn is a design parameter.

Similar to the procedure as step 1 and step i, it
follows

_Vn = zn _zn �
~u
T

n
_̂
un

rn
ð57Þ

Combining zn = xn � an�1, one has

_zn = _xn � _an�1 =@(v)+ fn(�xn)+ tn(t)� _an�1 ð58Þ

Then, a new form of the time differentiation of Vn

can be expressed as

_Vn = zn @(v)+ fn + tn(t)� _an�1½ � �
~u
T

n
_̂
un

rn
ð59Þ

where _an�1 =
Pn�1
j=1

∂an�1
∂xj

xj+1 + fj + tj

� �
+
Pn�1
j=0

∂an�1
∂yr (j)

yr
(j+1) +

Pn�1
j=1

∂an�1
∂ûj

_̂
uj.

According to Lemma 3, the following inequality can
be obtained

zntn(t)ł
1

2c2n
z2nt2n(t)+

1

2
c2n ð60Þ

where cn . 0 is the constant.
Based on the adaptive backstepping design, the real

control signal v is designed as

v=
1

i
�knzn � û

T

n Pmn

� �
ð61Þ

where kn is a positive design parameter.
Thus, combining (3), (59)–(61) to have

_Vn ł iznv(t)+ zn,(v)+
1

2
c2n + znFn �

~u
T

n
_̂
un

rn
ð62Þ

where Fn = fn � _an�1 +
1
2c2n

znt
2
n(t) is a combination of

nonlinear functions.
Since Fn cannot be used directly for controller

design. Therefore, a MTN can be employed to approxi-
mate Fn by Lemma 1, that is to say, for 8I�n . 0, the fol-
lowing formula can be established

Fn = uT
n Pmn

(zn)+ In(zn), In(zn)j jł I�n ð63Þ

where zn = z1, z2, � � � , zn½ �T, In(zn) is the approximation
error.

Thus, based on (63), one has

znFn ł znu
T
n Pmn

+ znI
�
n ð64Þ

Then, according to Lemma 3 along with (5), one has
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znI
�
n ł

1

2
z2n +

1

2
I�n

2 ð65Þ

zn,(v)ł
1

2
z2n +

1

2
,�2 ð66Þ

Thus, substituting (65) to (64) gives

znFn ł znu
T
n Pmn

+
1

2
z2n +

1

2
I�n

2 ð67Þ

Therefore, combining (66) and (67), (62) can be rewritten as

_Vn ł iznv(t)+ z2n + znuT
n Pmn

�
~u
T

n
_̂
un

rn

+
1

2
c2n +

1

2
,�2 +

1

2
I�n

2 ð68Þ

Making every effort to ensure the validity of the pro-
posed control scheme, the adaptive law

_̂
un can be

defined as

_̂
un = rnznPmn

� snûn ð69Þ

where sn is a positive design parameter.
Now, substituting (69) into (68), the time differentia-

tion of Vn will change into the following form

_Vn ł � (kn � 1)z2n +
1

2
,�2 +

1

2
I�n

2 +
1

2
c2n +

sn
~u
T

n ûn

rn

ð70Þ

In addition, since ~un = un � ûn, the following
inequality holds

sn
~u
T

n ûn

rn
ł � sn

~u
T

n
~un

2rn
+

snjjunjj2

2rn
ð71Þ

Hence, it follows immediately by substituting (71)
into (70) that

_Vn ł � (kn � 1)z2n �
sn

~u
T

n
~un

2rn

+
1

2
,�2 +

1

2
I�n

2 +
1

2
c2n +

snjjunjj2

2rn
ð72Þ

Stability analysis of the system

Up to now, the adaptive MTN-based PPTC controller
design has been completed by adopting adaptive back-
stepping technique. The main study result will be pre-
sented by the following Theorem 1.

Theorem 1: Consider uncertain nonlinear system (1)
with backlash-like hysteresis that satisfies Assumption

1. If the real control input (61), virtual signals (30),
(46), and adaptive laws (36), (52), and (69) are selected,
the designed controller guarantees that (i) all signals of
the controlled system remain bounded; (ii) the system
output is capable of tracking the desired reference sig-
nal; (iii) the tracking error converges to an arbitrarily
small neighborhood of the origin with staying in the
constraint region set by the PPTC.

Proof: For the stability analysis of uncertain nonlinear
system (1), considering the following form of Lyapunov
function V:

V=
Xn
i=1

Vi ð73Þ

Furthermore, the time derivative of V is

_Vł � l1z21 �
Xn
j=2

ljz
2
j �

Xn
j=1

sj
~u
T

j
~uj

2rj
+

1

2
,�2

+
1

2

Xn
j=1

I�j
2 + c2j +

sjjjujjj2

2rj

 !
ð74Þ

where l1=k1 � 1
2 .0 and lj= kj � 3

2 . 0 for j=2, 3, ::, n.
Let =0 = minf2lj,sjg, j=1, 2, � � � , n and g0 =

1
2
,�2 + 1

2

Pn
j=1

I�j
2 + cj

2 +
sjjjujjj2

2rj

� �
such that (74) can be

expressed as

_V(t)ł � =0V(t)+ g0, tø 0 ð75Þ

Multiplying e=0t by both sides of (75) produces

0łV(t)ł V(0)� g0

=0

� �
e�=0t +

g0

=0
łV(0)e�=0t +

g0

=0

ð76Þ

and

V(t)łV(0)+
g0

=0
ð77Þ

where V(0)= 1
2 z21(0)+

1
2

Pn
i=2

z2i (0)+
Pn
i=1

~uT
i

~ui

2ri
(0). Thus,

according to (77) and the definition of V, it can be con-

cluded that z1, zi and ~ui remain bounded. In view of ui

is a constant, thus ûi is also bounded. Hence, ai keeps
bounded. Additionally, it follows from (61) that v is
bounded. In conclusion, all signals of the closed-loop
system remain bounded.

Next, it can be obtained from (76) that

V(t)ł
g0

=0
, t! ‘ ð78Þ

Furthermore, one has
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z21 +
Xn
i=2

z2i ł 2V(t)ł
2g0

=0
ð79Þ

Therefore, z1 and zi can eventually converge to the
following compact set ~O

~O= z1, zijz21 +
Xn
i=2

z2i ł
2g0

=0

( )
ð80Þ

It can be seen that by adopting appropriate design
parameters, the tracking error can converge to the vici-
nity of the origin.

Simulation results

In this section, three simulation examples are employed
to prove the validity of adaptive MTN-based PPTC
control scheme proposed in Theorem 1.

Firstly, the required parameters during the design of
the controller in Example 1 and Example 2 are shown
in the following Table 1

Example 1: Considering the following nonlinear system
with unknown hysteresis input

_x1 = x2 � 1:5x1 +0:7 sin t

_x2 = x3 � x1 +0:04 sin t

_x3 =@(v)� 50x3 +0:1 sin t

y= x1

8>>>><
>>>>:

ð81Þ

The simulation results are shown in Figures 3 to 6.
Figure 3 shows the tracking effect, from which it can
be seen that the control scheme proposed in this paper
achieves excellent tracking performance. Figure 4 dis-
plays that tracking error z1 does not exceed the perfor-
mance limit area under the PPTC and converges near
the origin. Figure 5 illustrates the states x1, x2, and x3

of the system (81) is bounded. Figure 6 shows the
backlash-like hysteresis output @ and input v.

Example 2: To further verify the feasibility of the pro-
posed control scheme, a class of uncertain Duffing-

Table 1. Design parameter.

Parameter Value in Example 1 Value in Example 2

The initial state of the controlled system ½x1(0), x2(0), x3(0)�T

= ½0, 0, 0�T
½x1(0), x2(0)�T

= ½0, 0�T
Reference signals yr = 0:35 sin t yr = 0:4 sin t
Controller parameters k1 = 50, k2 = 10, k3 = 25 k1 = k2 = 2
Adaptive law parameters r1 = 1, r2 = 1:2, r3 = 2 r1 = 1, r2 = 1:2
The performance function v = 0:3e�0:1t + 0:05
Backlash-like hysteresis parameters �h = 1, i = 3:1635, L = 0:345

Figure 3. The desired trajectory yr and the system output y in
Example 1.

Figure 4. Tracking error trajectory under the PPTC in
Example 1.
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Holmes control system is considered, which is often
used to describe actual systems. According to Sun,40

the dynamic equation of the system is described as

_x1 = x2 +0:4 sin t

_x2 =@ � 2x1 � x2 � x3
1 +0:01 sin t

y= x1

8><
>: ð82Þ

The simulation results are shown in Figures 7 to 10.
Figure 7 shows the tracking effect, from which it can be
seen that the control scheme proposed in this paper
achieves excellent tracking performance. Figure 8 shows
the trajectory of tracking error z1 under the PPTC,
which is clearly to get that the trajectory of the tracking
error z1 is within the performance limit area and con-
verges near the origin. Figure 9 shows the states x1 and

Figure 5. The system state variables in Example 1.

Figure 6. The backlash-like hysteresis output and input in
Example 1.

Figure 7. The desired trajectory yr and the system output y in
Example 2.

Figure 8. Tracking error trajectory under the PPTC in
Example 2.

Figure 9. The system state variables in Example 2.
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x2 of the system (82) is bounded. Figure 10 shows the
backlash-like hysteresis output @ and input v.

Example 3: In order to highlight the superiority of the
control scheme based on MTN approximation technol-
ogy in this paper, a comparison test has been added by
comparing the tracking performance of the MTN-
based scheme with RBFNN-based control scheme in.33

As shown in Figure 11, both control schemes
demonstrate good tracking performance; however, the
MTN-based control scheme proposed in this paper
generally exhibits a better tracking effect than the
RBFNN-based control scheme in.33 This further shows
the superiority of the control scheme proposed in this
paper.

Conclusion

In this paper, a MTN-based adaptive PPTC controller
for uncertain nonlinear systems with backlash-like hys-
teresis input is designed. The backlash-like hysteresis
model is applied to deal with the complex hysteresis
nonlinearity by converting it to a continuous linear
term, which not only avoids the singularity problem
but also makes the controller feasible. Meanwhile, the
performance function and error transformation func-
tion are introduced to improve the tracking perfor-
mance of the controlled system. Additionally, MTN is
used to solve the uncertainty and input nonlinearity
problems. As a result, a novel MTN-based adaptive
PPTC scheme is obtained to achieve the desired track-
ing effect. By virtue of the simple structure of MTN,
the calculation burden is greatly decreased. To con-
clude, the simulation results show that the scheme
ensures that all signals in the closed-loop system are
bounded, and the tracking error can converge to an
arbitrarily small neighborhood around the origin with-
out violating PPTC method. Future work may focus
on how to implement adaptive asymptotic tracking
control in finite time for constrained nonlinear systems
subject to unknown hysteresis input.
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