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ARTICLE INFO ABSTRACT

Recommended by T Parisini This paper presents a referential adaptive asymptotic tracking control scheme for nonlinear multi-input and
multi-output (MIMO) systems with time-varying full-state constraints and unknown hysteresis input. In order
to achieve good asymptotic tracking effect, a zero-limit positive continuous function is introduced into the
adaptive backstepping design process while thoroughly considering the impact of disturbance-like terms on the
tracking effect. Additionally, a new variable is also imported to replace the reciprocal of unknown coefficient
of the Bouc-Wen hysteresis model. Then, a new adaptive law about the new variable is added by combining
the positive function, which can not only lessen the impact of the unknown hysteresis input on the tracking
effect, but also avoid the “singularity” problem. Aiming at the time-varying full-state constraints, a appropriate
time-varying log-type barrier Lyapunov function (TLBLF) is constructed to ensure that all the states of the
system are restricted within the constraint scope. Finally, a significant adaptive asymptotic tracking scheme is
designed based on multi-dimensional Taylor network (MTN) approximation technology. Apart from achieving
high-precision asymptotic tracking performance, the proposed scheme ensures the boundedness of all signals
of the closed-loop system without violating the full-state constraints. And, three simulations are given to verify
the effectiveness of the scheme.
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1. Introduction linearly parameterized. Therefore, the traditional adaptive backstep-

ping method cannot be used to construct the controller. In view of

Tracking control of nonlinear systems has always been a significant
research direction in control theory, which has been paid considerable
attention to in the past decades. In order to achieve effective track-
ing control for nonlinear systems, various control methods have been
proposed, such as adaptive backstepping control (Song et al., 2020; Xi
et al., 2023; Zhao et al., 2019), H,, control (Liu et al., 2020; Zhao &
Wang, 2022), sliding mode control (Echreshavi et al., 2022; Qi et al.,
2023; Sun et al., 2023), fault-tolerant control (Zong et al., 2022). And
it is universally acknowledged that adaptive backstepping control is a
rather useful tool in dealing with control problems on nonlinear sys-
tems with parameter uncertainty. Consequently, it has been employed
extensively in various nonlinear systems, such as switched systems (He
et al., 2021; Wang & Long, 2022), stochastic systems (Chen et al., 2014;
Meng et al., 2022; Sui et al., 2019), MIMO systems (Meng et al., 2015;
Ruan et al., 2022). Nevertheless, not all system uncertainties can be

the above background, intelligent approximators, such as fuzzy logic
systems (FLSs) and neural networks (NNs), attracted considerable atten-
tion which possess excellent ability to approximate unknown nonlinear
terms. Since then, the combination of adaptive backstepping control
and the above approximators has produced many fruitful results (Deng
et al.,, 2022; Li & Li, 2021; Liang et al., 2022; Liu et al., 2023; Zhan
et al.,, 2022; Zhu et al., 2023). It bears emphasizing that MTN, a
special type of NNs, has been successfully integrated with adaptive
backstepping control to effectively control nonlinear systems and has
led to substantial notable research outcomes (Han, 2020; Han et al.,
2021a; He et al., 2023; Li et al., 2022b). However, the aforementioned
works just can achieve practical tracking control only when the tracking
error is bounded without guaranteeing asymptotic convergence of the
tracking error. In fact, high precision tracking effect is often required
in practical system. Therefore, since asymptotic tracking control is
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more suitable for the actual industrial process, it has aroused much
attention among scholars, which can be seen in Li et al. (2022a), Ma
et al. (2022), Pan et al. (2022). For example, authors in Ma et al.
(2022) realized asymptotic tracking control for nonlinear systems with
actuator faults by introducing a novel cs-modification term. Authors
in Pan et al. (2022) studied the asymptotic tracking control problem
for MIMO systems with unknown control directions. However, all the
above works ignore the influence of hysteresis on tracking performance.

Actually, with the constant enhance of system performance re-
quirements in modern industry, many new physical materials such as
magnetostriction are gradually applied. So, hysteresis effect is chal-
lenging to eliminate in real-world systems such as biology optics,
mechanical actuators, and electronic relay circuits. Furthermore, it is
important to recognize that hysteresis, being a nonlinear characteristic,
can undermine the stability of the controlled system. Therefore, how to
reduce the influence of hysteresis on the system stability and improve
the control effect has been one of the pretty essential research hotspots.
Up to now, many excellent research schemes have been produced to
solve the above problem (Han et al., 2022; Liu et al., 2021; Su et al.,
2021; Wang et al.,, 2022b; Wu et al., 2023; Xu et al., 2022; Zhang
et al., 2022). For example, authors in Han et al. (2022) combined the
Nussbaum-type function with adaptive backstepping method to deal
with the influence of Bouc-Wen hysteresis on the system stability.
Moreover, the authors of Capuano et al. (2022) proposed a more ac-
curate and computationally efficient solution algorithm for a modified
Bouc-Wen hysteresis. Authors in Zhang et al. (2022) used the PI model
to describe the asymmetric hysteresis, and compensated the hystere-
sis effect by constructing an implicit inverse compensator. Authors
in Liu et al. (2021) counteract the state hysteresis by incorporating
the inverse hysteresis model into the adaptive backstepping method.
Additionally, authors in Vaiana and Rosati (2023a, 2023b) studied the
rate-independent hysteresis model. However, all the control schemes
proposed in the above work are no longer applicable to constrained
systems. To put it simply, the control effect achieved by the above
schemes is greatly reduced for constrained systems.

As is known to all, constraints problem such as state constraint (Gao
et al., 2022; Xie et al., 2022b) are inevitable in some practical physical
systems. In fact, states in real systems are almost always limited. There-
fore, once the full-state constraints issue is ignored, the instability of the
controlled system will be caused. Recently, a lot of work has been done
on full-state constraints (Gao et al., 2022; Jin & Li, 2021; Wang et al.,
2022a; Xie et al., 2022a, 2022b). Authors in Wang et al. (2022a) used
one-to-one nonlinear mapping to handle full-state constraints. Different
from Wang et al. (2022a), authors in Li et al. (2022b) proposed a novel
asymmetric time-varying BLFs to cope with full-state constraints. On
this basis, (Xie et al., 2022a) further implemented asymptotic tracking
control by introducing a positive integrable function to design the
controller for the state-constrained system, ensuring that the tracking
error tends to zero asymptotically.

However, it is important to note that in many practical engineering
systems, it is quite common for full-state constraints and hysteresis
phenomenon to exist simultaneously. For example, in electric motor
control, hysteresis phenomenon often occurs in permanent magnet
synchronous motors, induction motors, and other types of motors. For
applications requiring high-precision control, it is crucial to consider
the influence of hysteresis on the system’s dynamic characteristics.
And full-state constraints can be adopted to design controllers that
ensure the system operates within performance requirements and state
boundaries. Therefore, how to solve the coexistence problem in the
framework of asymptotic tracking control is a very potential research
direction. Motivated by this, this paper displays a MTN-based adap-
tive asymptotic tracking control scheme for nonlinear MIMO systems
with Bouc-Wen input hysteresis and time-varying full-state constraints.
Firstly, in order to solve the time-varying full-state constraints problem,
a novel TLBLF is introduced. Additionally, the Bouc-Wen hysteresis
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model is applied to describe the hysteresis nonlinearity, and an adap-
tive law is designed ingeniously by approximating the inverse of the
completely unknown coefficient of the hysteresis model. More impor-
tantly, in order to realize a satisfactory tracking effect, intermediate
adaptive laws about disturbance-like items are added. Meanwhile, pos-
itive continuous functions are introduced which are designed into the
controllers and adaptive laws to obtain the high-precision asymptotic
tracking control effect. In contrast to prior work, this paper presents
several key contributions as follows:

(1) For nonlinear MIMO systems with time-varying full-state con-
straints and unknown hysteresis input, an innovative adaptive
asymptotic tracking control scheme based on MTN technology
has been put forward. MTN is leveraged to approximate the
unknown nonlinear terms, consequently reducing the computa-
tional burden and simplifying the controller structure. Although
the MTN approximation technique is widely applied in nonlinear
systems (Du et al., 2023; Han et al., 2021b; Zhu & Han, 2022),
its application has not been extended to MIMO nonlinear systems
that are subjected to both time-varying full-state constraints and
input hysteresis.

(2) Unlike the approaches in Refs. Liu et al. (2021), Qiu et al. (2020),
this paper opts not to compensate for hysteresis through the
construction of an inverse hysteresis model or direct approxima-
tion of the unknown slope parameters of the hysteresis model.
Instead, by approximating the reciprocal of the entirely unknown
parameters of the hysteresis model, an additional adaptive law
is incorporated to mitigate the impact of hysteresis nonlinearity
on system stability. This method not only simplifies the controller
design process but also effectively circumvents the “singularity”
issue.

(3) What makes this paper different from Jin and Li (2021), Li
et al. (2022b), Su et al. (2021) lies in that it not only takes
time-varying full-state constraints and input hysteresis into con-
sideration simultaneously, but also extends the actual tracking
control to asymptotic tracking control by introducing a zero-limit
positive continuous function into the controllers and adaptive
laws. Most importantly, in order to achieve the high-precision
asymptotic tracking control effect, intermediate adaptive laws
about disturbance-like items are also fully considered.

2. Problem statement and preliminary knowledge
2.1. Problem statement

This paper considers the following nonlinear MIMO systems with
unknown hysteresis input:

g = dmjrr + Doy (Zmj) + by (Emj)
j=1..,n,-1

. _ (€Y
){m,nm =uy, + Fm,nm (/Y) + ¢m,nm (/Ym,nm>
Ym = /Ym,l
where m = 1,...,n. %,,; = [;(mvl,;(myz,...,;(m’j]T € R’ represents the
state vector of the system with y = [7,,,... ,;Zm,nm]T. I, ; () denotes

unknown nonlinear smooth function with I}, ;(0) = 0. ¢,, ; is defined as
the unknown but bounded time-varying disturbance. y,, € R represents
the output of the controlled system. u,, is the control input and the
output of the hysteresis. For the purpose of addressing the issue of
hysteresis input on system stability, the following Bouc-Wen hysteresis
model is introduced to characterize the hysteresis nonlinearity:

Uy = £m(vm) = me,] Unm + fm,zpm (2)

where v, is the hysteresis input. £,,,, ¢,,, are unknown parameters
with sgn(¢,, ;) = sgn(¢,,,)- sgn(x) is the sign function of . ¢,, is the
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Fig. 1. The structural diagram of MTN.

auxiliary variable, satisfying the following differential equation:
. . . -1 _
pm:Um_l|Um||0m|K gm_(pum|0m|x

= 0, A(0y: V) = 0

3)

where 1, @ and x are hysteresis parameters with 1 > ||, « > 1.
Moreover, based on (3), 4A(g,,, U,,) is

|K—]

A0y 0) = 1= 5g0(0,)1| 0| 0y = @] 0] Q)]

According to Han et al. (2022), Wang et al. (2016), ¢,, is bounded
and satisfies
. 1
<ot =4%— (5)
low| < o), oy
where ¢} > 0 is the constant.

Remark 1. The states of the closed-loop system (1) are confined in
a compact set: Q, := {){m,j € R, |;(m’j‘ < ﬂcm'j(t)} with Q’cm,,- () : Rt >
RY, for m=1,2,...,n.

The primary goals of this paper are to design the adaptive asymp-
totic tracking controller to make sure that

(i) the system output y,, could asymptotically track the reference
signal y,, ,;

(ii) all signals of the closed-loop system are bounded;

(iii) all states y,, ; are within the given constraint range, namely,
‘;(m,,-| <¥, (O with, () R* =R, form=12..nj=1...n,

2.2. Multi-dimensional Taylor network

In this paper, MTNs will be used to approximate unknown non-
linear functions. It is worth emphasizing that MTN is a new kind
of feedforward neural networks, the structural diagram of MTN is
shown as Fig. 1, where z,,z,,...,z, are the input of MIN and 6 =
61,0, ... ,0,]T € R is the weight vector of MTN. For more details on
the MTN, see Du et al. (2023), Han et al. (2022), Zhu and Han (2022),
here, only the following Lemma is given.

Lemma 1 (Du et al. (2023), Han et al. (2022), Zhao et al. (2024a, 2024),
Zhu and Han (2022)). Supposing I (z) is a continuous and unknown
function defined on the compact set Q, € R", for constant ¥ > 0, there
exists a MTN used to estimate I' (z) such that

I'(z)=0"H, (2)+¥(2) 6)

where z = [zl,zz,...,z,,]T € R"and 0 = [01,92,...,91]T € R are
the input vector and the weight vector of MTN, respectively. ¥ (z) denotes
the error generated in the estimation with |¥(z)| < ¥. H, », (2) represents
the middle intermediate input layer of MTN, which can be described as
H, (z)=[zl,...,zn,z%,zlzz,...,zlzn,zzz3,... 72 FAOUN-4 LN

TR STRE

Remark 2. MTN is a network structure similar to the radial basis
function neural network (RBFNN) in existing research (Deng et al.,
2022; Li & Li, 2021; Zhu et al.,, 2023), consisting of three layers:
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input layer, middle layer, and output layer. Unlike the middle layer
of RBFNN, MTN is composed of a set of polynomials instead of a
Gaussian function set, effectively simplifying the structure of RBFNN
and reducing computational complexity.

2.3. Preliminary knowledge

In order to facilitate the design of the control scheme, some neces-
sary Assumptions as well as Lemmas are presented as follows.

Assumption 1.  ¢,,;(-) is a bounded and unknown time-varying
function. Then, there exists a constant q§m, ; > 0, such that

|61, 0)| < B @)

Assumption 2. The reference signal y,, . and its kth time derivative yf,f),

are continuous and bounded. Meanwhile, there exist several functions
A @ RY - RY,m=1,...,n,j=0,....n, —1satisfy |y, .| < A,,®
and )yf,lf),| < A0, k=0,1,...,n,, Vt > 0, where /im,O is the upper
bound of 4,,,.

Remark 3. Assumption 1 shows that the disturbance of the system
(1) is bounded, which will be used in the subsequent design of the con-
troller. This assumption is a normal assumption for nonlinear systems
with external disturbance, as can be seen in Han (2020).

Remark 4. Assumption 2 implies that the reference signal y,, . can be
used for controller design, which is a common consideration in tracking
control problem for nonlinear system. The limits on the reference
signal y,, and its derivatives yf,’,‘), are widely adopted in full-state
constraint condition, as cited in Refs. Lan et al. (2021), Li et al. (2022b).
This assumption makes it feasible to design a controller that satisfies

full-state constraints.

Lemma 2 (Sun et al. (2019), Xie et al. (2022a),Barbalat Lemma). For
continuous and unknown function I1(t) : Rt — R*, if lim,_, II(¢) = 0,
then [° M(e)de = IT < oo holds, where IT is a known nonnegative
constant.

Lemma 3 (Sun et al. (2019)). @(t) is a uniformly continuous function de-
fined on [0, o). Suppose /0°° @(e)de exists and is finite. Then, lim,_, ,, &(t) =
0 holds.

Lemma 4 (Han et al. (2021a), He et al. (2023),Young’s Inequality). For
Y(®,, A,,) € R, the following inequality holds

]
13

DA, < —m|d5m|” + 1
U

A v
Ve |4, ®

where ¢,, > 0 is the constant. y>1and v> 1 with(u—D(v-1)=1.

Lemma 5 (Li et al. (2022b)). For VO € R and VY, € R, if |O]| < Y,
the following inequality holds
Yc25 @2S

n Y2s — @2 < Y2s — @2 (9)
c c

where s > 0 is a constant, and In(-) is the logarithmic of -.

3. Main results
3.1. Controller design

In this section, an adaptive asymptotic tracking controller for MIMO
systems (1) is designed. The controller design is based on the following
coordinate transformation.

{zm,l =Xm1 = Ymr (10)

Zmj = Xmj ~ ¥mj-1



W. Zhao et al.
wherem=1,...,n,j =1,....n,. y, . is the reference signal. Ay iy is the
virtual control signal satisfying a,, ;_; < A,, ;_; ().

In order to handle time-varying full-state constraints, referring
to (Jin & Li, 2021; Li et al., 2022b), construct TLBLFs V,:lyj as
a, ®

VI =-In| —2% an
CRER Ty
m.j >

where z,; € Q, = {z,; € R, |z,
Be,, @ = Ao, By (O =0, ()= Ay ;_ 1(t), m= 1

, (0} with (6,, 1(t)

nj=2,..,n,.
Remark 5. Compared with the existing BLFs such as tan-type BLFs and
integral BLFs, (11) may simplify controller design because of its simpler
mathematical form, leading to improved computational efficiency in
control tasks. Meanwhile, it can handle both constant and time-varying
constraints, making it more widely applicable in constraint control.
And for simplicity of calculation, the variable # will be ignored in the
following.

Then, taking the time derivative of (11), one has

ﬂb ﬂ g[7 Zm Ni mj
AT i TR 12)
. 2 2
"y ﬂbm,] -z

The detailed process of controller design is given below.

Step m,1(1 < m < n): The existence of hysteresis nonlinearity
and unknown functions brings great obstacles to achieve asymptotic
tracking control. Therefore, the following Lyapunov function V,,, is
considered

1o 1
— ! &
Vm,l_V +2/1m1+§ m,1 s
where 4,,; = [16,,,]| denotes unknown constant, 6,,, is the weight
vector of MTN. 4,,; = A,,; — 4,,, and 1,,; is the estimation of 4,,;. 4,
is the estimation error. Similarly, £,,, = =,,, — &, is the estimation
error with 5, | =%, + &,

Remark 6. In this paper, =, ; is defined to compensate for the
disturbance-like items including approximation error ¥, ; generated
by the process of MTN approximating unknown nonlinear term, the
bounded disturbance ¢,,; and the bounded term g,, of the input hys-
teresis model. Furthermore, in order to reduce the influence of the
above disturbance-like items on the tracking effect, the positive contin-
uous functions I7,,, (1) are introduced into adaptive laws and controllers
to realize the asymptotic tracking control.

Denote £, == ﬂzb'”'ll and 9,,, = ﬂi—iz’“ then, the time derivative
of v, is transformed into the followmg form by combining (13)
Vi = Vm,l - /1m,1/1m,1 '—m,l':m,l
=0 1Zm12m1 — Zm,ljmrl
. 14
B, £, s
- ﬂbm.l m Zml T =m1=m,1
Then, based on (1) and (10), the time derivative of z,,; is
1= Xmd = Ymr = Xm2 t Dt + Gt = Yy (15)

Furthermore, by combining (14) and (15), the time derivative of
| becomes

V 1_8m12m1(1m2+

+ 19m.lZm,l‘bm,l - Am,llm,l

192
) m,1 ml (16)

—'ml—'ml

'm,1 'm,1

r . 9 £
=Lyt VYmr— 2
Om1 By, | By, 1=£;,

of nonlinear functions. Based on the MTN approximation technique in

where [}, |

+9,,.12,,,1 is @ combination
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Lemma 1, for any constant ¥, | > 0, [, | can be approximated by one
MTN, that is, the following formula can be established

L, = ",Tn,alm_. + ¥ [Pt | € P 17)

where ¥,, | is the approximation error of the combination term I}, | and
T
01y, -
Then, substituting (17) into (16) and taking (10) into account, it can
be obtained that
; 2 2
Vm,l = ’9m,lzm,1 (Zm,Z + am,l) - lgm,lzm,l

+ 19m,lzm,19T H Pm,1 + Sm,lzm,l(¢m,l +5Um,l) (18)

m1Am1 — Sm 1 Em1

-1

Moreover, if V¢ € R, g > 0 holds, then, 0 < |{| - — < g will
hold. So, combining it with (18), the following inequa 1t ﬁolds

’gm 12m 19 p,,l '9m,lzm,l(¢m,l + mrl)
Am 92 HT
m,1 m I Pm,1 " Pm1
< = - = + A I
\/Igm 1%m,1 H HPm,l + Hm,] (19)

= 2 2
'—mv“gm,lzm,l —_

+ —+ 5, 1,

92 72 4 J1?
m,1 " m,1 m,1

Applying Lemma 4 on 9,,2,,12,, gives

Lo

2 m 2 (20)

2
<19lml+

19m,lzm,lZ =2%m

Then, substituting (19) and (20) into (18), Vm, | can be changed into

1912
. =m,1Ym,1%m,1
Vm,l < 19m,l Zm,lam,l + 19m,l Zm,l

2 2
19ml ml”m,l
A"'sllg'"-l Zm,1 Hpm 1 Hl’m,l
+ 19m,lzml ) (21)
\/Sml 'm,1 PmlHﬂml+H
+ Aml(Tml m,l)+‘:m,l(’m,l Eml)
1 -
+ 5 2 + 10, (A + E,0)
92 HT H 92 2
1 1 P, Pm,1 ¢
where 7, = ol o O lm1:$
9222 Hy H, +II2 ’ 92 +IT2
m,1 ml Pm,1 " Pm,1 m,1 ml

According to the adaptive backsteppmg design process the follow-
ing virtual controller and adaptive laws are given

19m,lzm,l‘ém,l
Em) = “Hm1%m,1 —
9z I
m, 1 m, 1
. (22)
19m lzm llm lHl’m,l Hpm,l
2
\/19m 1%m, 1 HPm.l + Hm,l
Am) = Ty = Hm,l'lml (23
ém,l =lm1 — Hm,lém,l (24)

where y,, | > 0 is the design parameter.
Then, integrating (21)-(24), the time derivative of ¥, ; can be
transformed as

1 5 —
le —Him1Om, 12,,,1 + 52 T 1Ay + Z50)

2
+ nm,l Am,l'lm,l + nm,IEm,IEm,l

(25)

Remark 7. %z will be coped with in step m, 2.

Step m, k(1 < m < n,2 <k < n, — 1): Similar to (13), the following
Lyapunov function V,, k is considered

+1z2 (26)

72
Viuk = Ving—1 + V,:,,k + = /1 5 Emk

2mk



W. Zhao et al.

where 4,,, = 16,1 denotes unknown constant, 6, , is the weight
vector of MTN. 1, = A i — Ay and Amyc is the estimation of 4, ;. 4,
is the estimation error. Similarly, Z,,, = Z,,, — 5, is the estimation
error with 5, , =¥, st P

Zm.k 1
and 9 = —
9, m.k 2 2

Then, taking the time

Denote £y =~ =
" m ke by mk
derivative of V,, > One has
Vi = Vi /1mMmk Z ok E i+ Vs
= Ok ZmkZmk — ’1m kj'mk —E k'ém,k
27)
ﬂbm,k £bm.k V
- S S— m.k
Doy By, (1= £; )
Then, based on (1) and (10), the time derivative of z,, , is
Znge = Xmba1 F Do + P — Ot (28)

Furthermore, combining (27) and (28), the time derivative of V,,
becomes

Viuk = O jeZm gt + Toni) =

2 mk
-9z mk mk + '9m kZm, k¢mk Am,k}“m,k (29)
— —Emk—mk‘*‘Vm,_ I i, .
where I, = I — &y 1 — v9mkﬂb::WmZZ)+‘9mkzmk+zg ~Zn

is a combination of nonlinear functions. Based on the MTN appr0x1—
mation technique in Lemma 1, for any constant ¥, , > 0, I, can
be approximated by one MTN, that is, the following formula can be
established

T _
Foge =0, Hy i |Pse] <Pk (30)
where ¥,,, is the approximation error of the combination term £, , and
9T

mk P

Then substltutlng (30) into (29) and taking (10) into account, it can
be obtained that

o _ 2 2
Vink = OmkcZmk (Zm k+1t am,k) =9k

+ 19m kzm ke ka +’9m kzm k(¢mk + Y/m,k) (3])

1 5 -
- Ezm,k_)'m,k}‘m.k = k—mk+Vm,k—1

Similar to (19) in step m, 1, one has

lgm kZm, kem kT Pk ‘()m kZm k(¢m,k + lPm,k)
T
Am klgm k“m ka & Hpm,k
< > T 3 + Am,k Hm,k
\/(()m k“mk Hp k Hpm,k + Hm,k (32)
= 2
“m»k’gm,kzm,k _
+ + Zm,k Hm,k
9? +117
m, k m, k

Applying Lemma 4 on 8, 4 Zyy i Zm 1 8iVES

1>

Il 2
1<)m,kzm,kzm,k+1 < E'()m,kzm,k + Ezm,k+l (33)

Then, substituting (32) and (33) into (31), the time derivative of
V. can be changed into
1

. . 1 2 >
Vinke < Viri— 1+19mkzmk0‘mk+2 ket T 3 Fmk
Am,ksm,kzm,k HPm,k Hpm'k
+ l9m,k Zm,k 5 T )
\/19m k™m ka,,, k HPm.k + Hm,k
z 34
':m,k&m,k Zm,k ( )
+ 19m,kzm,k
92 +1T7

mk mk

+ Hm,k(im,k + Em k)

+ Ak Tnp — mk)+—m ke = Z i)
92 22 HT H 92 2
k k Pm k ¢
where Ty = mk=mk " Pmk  Pm, m.k " m.k

1 =
2 2 gt g a2 Mk 92 2 +1?
mk m.k Pk~ Pm,k m.k mk “m,k m.k
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According to the adaptive backstepping design process, the follow-
ing virtual controller and adaptive laws are given
8m,kzm¢kém,k
Xk = _Mm,kzm,k -
92 22+ 12
m,k“m,k mk
(35)

S ZmiAmi H JHy

2
\/19m k= m,k p kam,k + Hmyk

Hm,k A’m,k (36)

Doy
|

mk = Tmk —

Ek = tax =11 37

mk ém,k
where 4, , > 0 is the design parameter.
Then, integrating (34)-(37), Vm,k can be transformed as
Vi < _.Mm,k&m,kz,zn,k + I ) ke + Ei)
+ Mg A g Amge + Mg Zp i E (38)

1,

l
+ Ezm,kJrl 2 mk+Vm’< 1

In light of (25), V,

Z.Mmj m,j mj+z

' can be further changed into
A+ Emj)

(39)

+
.M*

Moy Ay + Z 1,55,
=1

~.
Il

+
N

Remark 8. 122  (k=1,. n,,—1) will be coped with in step m, k+1.

2 “mk+1
Step m, n,,: Slmlrfar to (13) and (26), the following Lyapunov function
Viun, s considered
4
k) 1 2o m1 o
Vur, = Vi, -1 + V':w + 2/1'” + z; —2 e (40)

where 4,,, = 6,,, |l denotes unknown constant, 6,,, is the weight

vector of MTN. 4, "= Ay, = Am,, and Z , is the estimation of 4, ,
/1,,1{, is the estlmatlon error. S1m11arly, Epny = Sy, — ~Em_,,,m is the
estimation elrror with £ Sy = =Y, o T quy,,m + fm,zé):;s and ¢, = ¢, — &
with CSm = m. .
Denote £, =" and¥,, = L. Then, take the time
o gy . ”bmn -
derivative of V,, , > One has
Vm,nm = Vm Ny —1 + 19m My Zm nm Zm,nm
- Am,nm Am,nm - ‘-m,nm‘—'m,nm - fm,] Emgm
. (41)
gbm,n £bm n,
] - = 2 Zm.nm
s B, (1= £5 )

Then, based on (1) and (10), taking the time derivative of Zyup,,
produces

Z.m,nm =uy + Fm,nm + ¢m,nm - dm,nm—l (42)

Furthermore, combining (41) and (42), the time derivative of V,
becomes

Viw =19

2 2
m,n,, m,n,, Zm,n,,, (um + Fm,nm) - '9m,nm mn,,
1 5 1 A
- zzm,n + 19m My Zm iy ¢m,n,,, - )'m,nm Am,nm (43)
- Em,nm Em,nm fm lgme Vi My —1
#, £y
. 1 Db mm
where I, =T,, —q -_—— 4 +
Ml Mt =1 19"‘v"m ﬂbm,nm ﬂbm i (1_£im n ) i o o
! i
M;zm,,,m is a combination of nonlinear functions. Based on the MTN
o -
approximation technique in Lemma 1, for any constant ¥, , >0 I, i
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can be approximated by one MTN, that is, the following formula can
be established

I —_oT
rmv"m - em,n,,, HPm,n,,, + T’"v"m’ ‘va"m

<y (44)

— © mny

where ¥,
and BT H

Then subst1tut1ng (44) into (43) along with taking (2) and (10) into
account, it can be obtained that

y _ T
Vm,nm - fm,l 19m,nm Zm,nm Uy + Igm,nm Zm,nm om,nm HPm,nm

is the approximation error of the combination term fm,,,

+ 19m,nm Zm,nm (¢m,nm + ,Pm,nm + fm,me)

2 2 1o = A

4 - =Z - = =
m,n,, “m,n,, 2 m,n, m,ny, = m,n,,

- fm,limém + I./m,nm—l

(45)

Similar to (19) in step m, 1, (32) in step m, k and taking (2), (5) into
account, one has

T
19m»"m Zm,nyy Om,nm H[’m.nm
+ 19mn mn, (Tm My + ¢m,nm + Z’pm,Zom)
192 T
mnm m,n, mn Py, Py
2
\/19”' i '""m Pm M Hpm.n,,, + nm.n,,, (46)
2 2
+ Znt man Fmn +E, I

m,ny, " m,n,

2 2 2
1g'm,nm zm,nm + ”m,nm

+ Am,nm nm,n,,,
Then, substituting (46) into (45), the time derivative of mem can
be recomputed as
IA/m,nm < fm,l Qm,nm Zm,nm Uy + Hm,nm (}'mﬁm + Em,nm)
i 2 2 T

MmNy = m,n,, “mn, pm,,,m Pm,ny,

+
92 22 HY H + I12
BN Y SN m,ny,
= 2 2
i, Sm,nm Zon, 1 (47)
+ =Zmn
2 2 2 o
19m,n,,, zm,n + nm,n
+ Am,nm(rmn )+‘—'mn (lmnm_:mnm)
- fm,lgmgm + Vm,nmfl
2 2 T 2 2
h _ in R Hpm~"m _ I, o Zm,
where 7, = —— = => lmn,, = >
gmn,,,zmnm Pmn Hpm,, I, ‘9mn,,, mnm+nmn

Similar to step m, 1, the f'nollowmg virtual controller and adaptive
laws are given

1>

o =y 2 _ ‘()m,n,,, Zim, iy =y,
mpn, — Ny, S m,n,
2 2 2
19m,n,,, Zm,nm + Hm,nm
9 3 T (48)
m,n, Zm Ny imuny, Py, Pm,ny,
2
\/8 m,n,, mnm . Hpm.nm + Hm,nm
Uy = gmam,nm (49)
mny = Tmn, ~ nm,n,,, Am,nm (50)
Zmny, = tmn,, nmnm‘:mnm (1)
Cm = _19m,nm Zm,nm am,nm - Hm,nm Sm (52)

where 4, , >0 is the design parameter.

Remark 9. Different from the method of directly approximating
the unknown hysteresis parameter 7, in Li et al. (2012), this paper

approximates the new intermediate variable ¢,, = KL and further adds
m,1
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a new adaptive law, which makes the difficulty caused by the unknown
hysteresis input settled. It should be emphasized that the problem of the
denominator to be zero may occur by the method in Li et al. (2012).
On the contrary, it can be seen from (49) that the method proposed in
this paper can avoid the above “singularity” problem.

Then, integrating (47) to (52), the time derivative of Vi,
transformed as
Vm,n < Lom 18m My mnmgm m,n,, + Hm,nm(ﬁm,nm + Em,n )

192 T

m"m mhy, mnm Py Py

T 2
\/8 m,n,, m N HPm,nm Hllm,,,m + Hm,nm

2 2
—m My M, < mn,, 1 2
+ - i Zm,nm
32 mny, mn +Hr%1 Ny (53)
+ My Ay Ay + 11, )

m,n,, "m,n, m,ny, ‘—'m o =,y

can be

+ Hm,nm fm,lgmém + I'/m,n,,,fl

P

2 =
- _”m,nm'9 Z + Hm,nm Zmn

MMy = m,ny, M

+ 1, Ay +Epp )+ H,WZ pl

m,n, "m,n,,

[x

m,ny,

1
- Ez,znn +Z’pm,l gmgm mnm 1
Basedon 9, ; = ﬁ and z,,; € 2, :={z,; ER, )zm’j| < ﬂ,,“},

m,j

, can be further transformed as

2 < =
- Z ”m,j&m,jzm,j + Z nm,j(lm.j + ‘:‘m,j)
j=1 Jj=1

the time derlvatlve of V

Ry, Ry

+ Z Moy Ao + Z 1,55,
= =

+ 2l

m, N Smbm

2 54)
Z Hmj| 3 = 2
j= B, = Zmi) =
nm "ﬂl
+ Y My Gy + Zp )+ Y M, 5 E
=1 =1
+ fm,le,nmimém

Then, applying Lemma 5, the time derivative of V,,, can be further

obtained
gz
Vinay < Zﬂmj ra—
-z .
bm/ m,j
+ ZHm’jijim,j + ZH,,,J(A,,,J +2,)) (55)
j=1 j=1

M

+ Z ”m,j EmJ Em.j + fm,l Hm,nm 5m€m
=1

Now, the design of the controller has been completed using the
backstepping method.

3.2. Stability analysis

In this part, the stability analysis is given by Lyapunov stability
and Lemma 3, which is also a proof of the efficiency of the design
algorithm in Section 3.1. The main results are summarized by the
following Theorem 1.

Theorem 1. Considering nonlinear MIMO systems (1) with time-varying
full-state constraints and input hysteresis under Assumptions 1-2, if the
actual controller (49), the virtual control signals (22), (35), (48) and adap-
tive laws (23),(24), (36),(37), (50)—(52) are selected, then the proposed
controller can achieve the following goals:



W. Zhao et al.

(1) the tracking error can converge to gzero asymptotically, i.e.,
lim, g0 Zyy = 0;

(2) all signals of the closed-loop system remain bounded;

(3) all states of the system are within the given time-varying constraints.

Proof. According to Lemma 4, the following inequalities hold
1

2
Anjomy < =T +/1m,/1m,—4/1m, (56)
= A %) = _ 1 -2
i Emy < =2t EmiEm, < Z:m’j (57)
= o o 1
Enbm S =G+ Cnn < 76 (58)
Then, combining (56)-(58), the time derivative of Vi, can be
further obtained
(62 )
bm,j
T
=1 m/ m,j
1 Ry
2
tya anllm/ + Zﬂml(ﬂfw + )
j =1
! (59)
1
Z ZHMJ m,j + - fmlenmgm
" " i
m.j
Jj=1 by j m,j Jj=1

where 1, ; = Ay + Zp; + 222+ 252 (m—l nj=1,n,=1),

47%mj 47 m,j f
— 142 12 m,
Nm.n,, = Am,nm += “mv"m + 4" m,ny, 4“m,nm 4 gm'

Remark 10. The design parameter u,,; is introduced to ensure
that the controller can achieve more accurate tracking performance.
Moreover, by defining 4,, ; = ”6,,, ;|| to estimate the norm of 0, ; rather
than themselves, the computational burden of controller is greatly re-
duced. According to the controller design process, design the Lyapunov
function V for the closed-loop system as V =V,

Therefore, based on (55), one has

n M 2
VY=Y tyyin g2+ +anj i (60)
m=1 Jj=1 by j Z m,j
According to Lemma 2, integrating (60) with respect to ¢ from ¢, to

¢ and taking the known constraints ‘Zm, j‘ < (Zﬁbmj into account, one has
N :

bp,j
U 3y L
W

m=1 j= f bunj m.j

M
55 f o o

m=1 j=1

<V(t0)+zznmj m,j

m=1 j=

(i) According to (61), z,, 4,,, =,; and ¢, are bounded with
|Zm1| < @5, - Furthermore, it can be concluded that 4,,;, Z,,; and &,
are bounded Therefore, based on z,, | = ¥,, | —¥,,, and the boundedness
of y,,,, it can be concluded that y,, | is bounded. In addition, it can be
deduced from (22) that a,,; is bounded. Then, since z,,, = 4,2 — %1,
Xm2 is bounded. And so on to conclude that all signals of the closed-loop
system are bounded.

(ii) It can be concluded from Assumption 1 that [Xmi| < |2mi] +
Y| < By, )+ Ay = 6, L), Le., [4m1] < 0, @ Next because
| @1 | <Am1(t), | Xma| < |zm2|+|am1| <@y, (t)+Am1(t) =4, holds,
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Zm,j = Z"L}*] + FM.J (Zn,/ ) +¢M.1 (Z'LJ ) 2

P i, =ty (2) s, (Zo )
Y= XmpsM=12,--n,j, =1,---,m, 1
a, =—H,,Z, S E“ s lﬂm"H
%m1 = Fm1“m) T >
\/'22" ml \/‘92 Zm, HPM.HFMJ +n’"-'
s = -1L,,4,,
s ¢——
E,1 =1, 1L, E
—
9,.2,,5 9.7 ,1", H, H, v
> A Hon i Zm i izt Mkz Aok ”1 ka
\/ +n \/ m.k mk p,,, +nm,k
e =T _Hm,klmk
£ = <
:‘m k= lm,k _Hm,k:‘m k
— :
v =C.a _
> m Am m,n, 7z 5
i 'gmn Zmn, Em;.,, mw Zm j’n l',..,,, P
s Z, =
NEn T G, £, 2 H, H, +T,
—lgmn,,,zmnm ‘m,n, Hmnmgm
A -
ﬂ'm n, = 71_[ j'm,n,,, D
‘:‘m nm = lm,nm _Hm "m ‘:‘m nm

Fig. 2. The system control block diagram.

e, |ama| < (Z}Cm'z(t). Similarly, ‘ Zm. j| < (Z}Cm'/(t), which means that the
time-varying full-state constraints are not violated.

(iii) In addition, according to (15) and the boundedness of all
signals, z, is bounded. Therefore, it can be further to know z,, is
uniformly continuous. Then, by applying Lemma 3, we can conclude
that lim,_ z,,(#) = 0,m = 1,...,n, that is, the tracking error can
converge to zero asymptotically.

Remark 11. 11, ; is introduced to ensure asymptotic tracking effect,
while y,, ; is added to ensure the better tracking performance. In theory,
we can increase y,, ; and I7,, arbitrarily. However, from (22), (35), and
(48), increasing p,,; or decreasing II,,; may increase the amplitude
of control signals. So, there should be a tradeoff between tracking
performance and control effort to ensure better control performance.

Remark 12. In this paper, the robustness against approximation
errors, external disturbances, and the hysteresis nonlinearity can be
guaranteed by constructing the adaptive laws (24), (37) and (51) to
approximate the upper bound of the disturbance-like terms containing
approximation errors ¥, ;, external disturbances ¢,, ;, and the bounded
terms ¢,, of the hysteresis model. Meanwhile, it is essential that by
introducing positive continuous functions I7,, ; into adaptive laws and
controllers, the high-precision asymptotic tracking control effect can be
realized.

Remark 13. Figs. 2 and 3 illustrate the system control block diagram
and the algorithm mechanism flow, respectively.
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Nonlinear MIMO RG]
Systems (1)

output

Virtual controllers

(22),(35),(48)

O, o Adaptive laws (23),
-IIII 71(24),36),(37),(50)-(52)

» Actual controller (49)

\ 4
A

Bouc-Wen Um
m Hysteresis (2)

v,

Fig. 3. The flowchart of the control algorithm in this paper.

Table 1
Design parameters of system (62).

Parameter Value

21(0) = x,(0) = [0,0]"

The initial state of
the controlled system

Reference signals y1, = 0.55int, y,, = 0.6sint

The positive continuous
functions

1, = 0.002¢=00, [T, , = 0.001e=0, [T, | =
1T, = 0.0015¢00

Controller parameters iy =Hip =Hy = Mpp =5

1=12,p=1,k=3,0,, =3,{p2 =2

Bouc-Wen hysteresis
parameters

4. Simulation results

In order to verify the validity of the proposed control strategy, a
numerical simulation, a practical simulation based on the inverted dou-
ble pendulums and a comparison test are accomplished in Example 1,
Example 2 and Example 3, respectively.

Example 1. Considering the following MIMO nonlinear systems with
input hysteresis to verify the validity of the proposed scheme.

np=xia+tn;+¢;,

Zipg=w + T+
Y1 =X

T =xopt+ Dy +doy

T =+ p+don

(62)

Y2 = X2

where I' | = 0.02sin(y; 1), I, = 0.1x5c08(y1 1), I1p1 = 0.5sin(y, 1),
r,, = —0-1)(12])(2,2 cos(xy 1)y B11 = 0.2c0s?(x1 ), ¢, = —0.1sin(2y,,)
cos(x1.1)s a1 = —0.2¢05%(x21), bas = 0. (i = 1,2) is the system input
constrained by hysteresis which is defined as (2). The constraints are
specified as #, = 08sinz + 15, §, , = sint +08, §, = sint +2,
@.,, = 1.5sint +2.3. And the design parameters are selected as By, , =
0.35sin740.7, gbl,z =0.5sin7+1.1, ﬂbz‘l = 0.5sin7+0.6, gbz,z =04sint+1.

In simulation, the initial conditions are given as y;; (0) = x;, (0) =
22,1 (0) = x»,(0) = 0. The design parameters of the control structure are
presented in Table 1.

In the simulation part, the positive continuous function 17, ; is
designed as an exponential function form. It should be noted that
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Fig. 4. The tracking effect with constraints in Example 1.

i3
15 ™ x10 ‘ . ‘ ; ;

L __0 \/\_/\ - The tracking error z;; i
W7D R P 0, I
05k :‘6‘ ‘\\-‘, -— ==y, _ 4

0 0 0.1 0.2
05F T TN PN
R - s B -7 s
15 1 1 | I L 1 I I I
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15 T T T T T T T
. (/)Q(’l)\ = T ’Elac tracking error zp
N _— \ s,
-0.01 R '}
0.5F -0.02 . N IR 1
0 F o ~-05 N7 ~e-
/"_\ \ Ca - N //-h\‘
-0.5F 7 N I . P AN
X 57 Y P Ne /,/ ‘\
AF St L Mt N
15 1 1 | 1 L 1 I I I
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Fig. 5. The tracking error trajectory with constraints in Example 1.

positive continuous functions in the form of exponential functions are
commonly found in many literatures about asymptotic tracking control,
such as Du et al. (2023), Li et al. (2022a), Wu et al. (2023).

The corresponding simulation results are shown in Figs. 4-7. The
system output y, and the desired signal y, , under the time-varying
constraints are displayed in Fig. 4. It is obvious that despite giving
different desired trajectories, the proposed strategy can ensure the
system output track the reference signal which can be observed from
Fig. 5. Fig. 6 shows the trajectory of system states. Apparently, full-
state constraints are not violated. Fig. 7 shows that hysteresis input,
output and disturbance items are bounded. As the above figures show,
all signals of the closed-loop system are bounded.
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I T
State variable x1;

1
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Table 2
Design parameters of system (64).

Parameter Value

Time (sec)

Fig. 6. The system states with time-varying constraints in Example 1.

s50F . . T T T T T 9
Hysteresis output u;
0 g i Hysteresis input v,
=50 I I I L L ! I L L =
0 2 4 6 8 10 12 14 16 18 20
Time (sec)
100 T T T ‘ ! ; :
| Hysteresis output uy
0 b Hysteresis input vy
-100 . ’ ' " i ' : 1 1
0 2 4 6 8 10 12 14 16 18 20
Time (sec)
0 2 T T T T
) Disturbance ¢;1
01k SR LA - = = = Disturbance ¢
of_.-~ S~ -7 N
01 - I I e I
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Time (sec)
0.1 T T T T T T
e e i ey e e e
-0.1F
0.2 N I n ! I N | T ]
0 2 4 6 8 10 12 14 16 18 20
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Fig. 7. Hysteresis output, input and disturbance items in Example 1.

Example 2. This example takes the inverted double pendulums (Bikas
& Rovithakis, 2019) as the object to study the effectiveness of the pro-
posed controller. The dynamics model of the inverted double
pendulums is as follows

mgh

6, =
1=

Ih? . . u)
_ 0 1
aT, )sin(6;) + T,

2 .
+ th (w—¢q)+ I sin(6,)
2T, 4T, 63)

h 2
MagR 1M oo, + 22

g, =
2 (T2 4T, T,

lh n* .
+ ﬁ(w—q)+ Esm(el)

The initial state of x1(0) = x,(0) = [0,0]"
the controlled system

Reference signals y1, =0.5sint, y,, = 0.6sint

I, =1, = 0.002¢=%% T, | = ,, =
0.002¢=0:01

The positive continuous
functions

Controller parameters Mg = Hip = Moy = Hyp =5

1=12,p=1k=3,0,,=3,(,,=2

Bouc-Wen hysteresis

parameters

Table 3

The parameters of system (63).
Parameters Description Value Unit
my,m, the pendulum mass 1 kg
T,,T, the moment of inertia 1 kg
h the pendulum height 0.1 m
g the gravity acceleration 9.8 m/s?
I the spring coefficient 10 N/m
w the spring length 0.5 m
q the distance between the 0.4 m

pendulum hinges

where 6,, and ,, are the angular position and the angular velocity,
respectively. Then, denote y,| = 8, x1, = 0|, 121 = 05, 122 = 05,
system (63) can be rewritten as

X1 =X12

1
o= —u +T
ZI,Z T1 1 1,2

y =
. 1= X1 (64)
X201 = 222
1
72y = =t + T
222 T2u2 22
Y2 =221
. h
with I, = (% - )sm()(l]) + o 51n(;(22)+ ZT I w - q), Iy =
h o Ih
(m%f iT )9111(}(21)+4T sin(y 2)+2T (W O Ty =hhy=¢11=¢ip=

br1 = oy =0.u,(i =1, 2) is the 1nput of the system which is defined as
(2). The constraints are specified as @, = =0.8sint+1.5, (/) = sint+0.8,
g, =sint+2,0,, =15sini+1.9. Therefore, the design parameters are
selected as #, | =0.35sin7+0.7, 4, , = 0.5sint+1.1, 6, =05sin7+0.6,
@y,, = 0.4sint Y

Table 2 and Table 3 present the design parameters of the controller
and the inverted double pendulums, respectively.

The corresponding simulation results are exhibited in Figs. 8-11.
The system output y,, and the desired signal y,, . under the time-varying
constraints are displayed in Fig. 8. It is clearly seen from Fig. 9 that the
proposed scheme achieve a satisfactory tracking effect. Fig. 10 shows
the system states are within the time-varying constraints boundary.
Fig. 11 shows that both hysteresis input and output are bounded. All
results indicate that the designed controller is effective for the inverted
double pendulums.

Example 3. To underscore the superiority of the control scheme based
on MTN approximation technology in this paper, a comparative test has
been set based on Example 2, which involves evaluating the tracking
performance of the MTN-based scheme proposed in this paper against
the RBFNN-based control scheme proposed in Deng et al. (2022), Li and
Li (2021), Zhu et al. (2023).

As depicted in Fig. 12, both control schemes exhibit good tracking
performance. Nevertheless, the MTNs-based control scheme proposed
in this paper generally displays a superior tracking effect compared to
the RBFNNs-based control scheme. This further implies the superiority
of the control scheme put forth in this paper.
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Fig. 8. The tracking effect with constraints in Example 2.
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Fig. 9. The tracking error trajectory with constraints in Example 2.
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Fig. 10. The system states with time-varying constraints in Example 2.
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Fig. 12. Tracking effect comparison of two different scheme in Example 3.

5. Conclusion

In this paper, the asymptotic tracking control issue for nonlinear
MIMO systems with time-varying full-state constraints and unknown
hysteresis input is investigated. Firstly, by introducing new positive
continuous functions, adaptive laws concerning the disturbance-like
terms are designed to achieve excellent asymptotic tracking perfor-
mance. To address the issue of hysteresis input, an adaptive law is
added by approximating a new variable, which not only reduces the
hysteresis effect but also avoids the “singularity” problem. In addition,
time-varying full-state constraints are handled by using TLBLFs which
ensure that all states of the controlled system stay within the constraint
range. Finally, the simulations show the superiority of the proposed
MTN-based control method in guaranteeing asymptotic tracking perfor-
mance. Future research could explore the implementation of adaptive
tracking control for nonlinear systems under deception attacks, with a
novel hysteresis model proposed to characterize the hysteresis behavior
of the input.
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