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For nonlinear systems with asymmetric input saturation, an adaptive fixed-time control strategy via multi-
dimensional Taylor network (MTN) is proposed to effectively solve the tracking control problem. Firstly, the
Gaussian error function and the differential mean value theorem are used to simulate the asymmetric input
saturation model, that is, the nonlinear model is transformed into a linear model with a bounded perturbation.
Secondly, MTNs are applied to control the design process, which approximate the nonlinear structures with
linear combination of polynomials. Thirdly, in addition to the tracking error converging to an arbitrarily small
neighborhood around the origin within a fixed time, the proposed control scheme not only guarantees that

any signal in the controlled system remains bounded, but also avoids the problem of finite-time control relying
on the initial state. Finally, three examples are used to validate the feasibility and superiority of the scheme.

1. Introduction

In recent years, nonlinear system control has attracted more and
more attention and many meaningful research have been reported
(Jayaprakash & Mackunis, 2022; Lensvelt, Speetjens, & Nijmeijer, 2022;
McAllister & Rawlings, 2023; Mesbah, 2016; Wu, Jin, Liu, Yu, & Yang,
2024; Wu & Yang, 2023). Among them, the most representative is adap-
tive control, which can automatically adjust the controller parameters
or control laws in the system to adapt to the dynamic characteristics
of system objects and disturbances. However, when there is structural
uncertainty rather than parameter uncertainty in the system, the tra-
ditional adaptive control cannot achieve satisfactory control results.
To overcome this problem, neural networks (NNs) (Li & Xiang, 2019;
Wang, Chen, Lin, Zhang, & Meng, 2018; Zhang, Ge, & Hang, 2000)
and fuzzy logic systems (FLSs) (Sun, Su, Wu, & Xia, 2021; Yang,
Sun, & Fang, 2022) are integrated into the framework of the back-
stepping approach, and NN-based or FLSs-based adaptive controllers
are constructed recursively. However, the above two approximation-
based adaptive control methods have certain limitations. For example,
NN-based control strategy has slow convergence speed and partial
minimum; FLSs-based control strategy has strong subjectivity in the
selection of fuzzy rules, and the control performance is easily affected
by parameter changes. To address the above concerns, a NN with a

special structure, multi-dimensional Taylor network (MTN), has been
proposed (He, Zhu, Li, & Han, 2023a; Li, Han, He & Zhu, 2022; Wang,
Zhu, Liu, Du, & Han, 2023b). The core idea of MTN is to approximate
unknown nonlinear function by a linear combination of polynomials. As
a result, MTN has the advantages of simple structure, fast convergence
speed, low complexity and easy to solve. Therefore, MTN has been suc-
cessfully applied to control problems of nonlinear systems, and many
adaptive MTN-based control strategies have been obtained for different
systems (He, Zhu, Li, & Han, 2023; Kang & Yan, 2022; Wang, Han, Lu,
& Zhu, 2024; Wang, Yan, & Zheng, 2023a). Despite many developments
have been achieved based on MTN, fewer results focus on the dynamic
performance of the nonlinear system with input constraints.

In reality, due to the mechanical design and physical limitations of
practical engineering systems, the input saturation is almost inevitable.
The presence of input saturation has a significant impact on system
performance, even disrupting the stability of the system. Therefore, in
order to eliminate the influence of input saturation on the controlled
system, approximation method and compensation method have been
proposed and produced substantial far-reaching outcomes (Wang &
Chen, 2021; Wen, Zhou, Liu, & Su, 2011). Compared with the latter,
the former has the advantages of simplifying the design complexity
of the controller, and being easy to apply in practice. Therefore, the
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former is widely applied to different types of nonlinear systems subject
to input saturation, such as nonlinear systems (Han, Li, He, & Zhu,
2021; Li, Zhu, He & Han, 2022), large-scale nonlinear systems (Zhu
& Han, 2022), stochastic nonlinear systems (Wang, Chen, Liu, Liu &
Lin, 2014), and uncertain nonlinear systems (Li, Tong, & Li, 2016).
However, although the above literatures addressed the control accuracy
issue of the controlled systems, its control efficiency is still relatively
low.

As we all know, the control strategy of the system usually needs
to meet certain rapidity (Saravanan & Meenasaranya, 2018, 2022).
Therefore, in order to achieve rapidity, finite time control is generated.
Its advantages include strong anti-interference, short convergence time,
high convergence accuracy and fast convergence speed. As a result,
finite time control of nonlinear systems has been favored by scholars
and achieved many brilliant results (Liu, Gao, Liu, & Tong, 2020; Wang,
Wen, & Liu, 2019). However, when the initial state is unknown, the
finite time control will fail, so the tracking effect cannot be achieved. In
recent years, in order to overcome the limitation of finite time control
dependence on initial state, the concept of fixed time stability has
been proposed (Polyakov, Efimov, & Perruquetti, 2015). Its appearance
compensates for the deficiency of systems with unknown initial states
that cannot adopt finite time control (Zuo, 2015; Zuo, Tian, Defoort,
& Ding, 2018). However, it requires any solution of the system to
converge to the equilibrium point in a fixed time, which is too strict.
Because of the interference and unknown parameters in the actual
system, it is difficult for the system to achieve fixed time stability.
In recent years, the concept of practical fixed time stability has been
proposed. This concept only requires any solution of the system to
converge to a sufficiently small neighborhood of the equilibrium point,
greatly relaxing the conditions for fixed time control (Chen, Wang, &
Liu, 2021; Liu, Yu, He, & Sun, 2021; Ning, Han, & Zuo, 2019; Tao, Fan,
Fu, Wang, & Wang, 2022). Therefore, the practical fixed time stability
has more practical value. However, to my knowledge, there is currently
no literature that can apply adaptive multidimensional Taylor network
control and fixed time control within a unified framework to nonlinear
systems with input saturation.

Based on the above analysis, the problem of adaptive MTN fixed-
time tracking control for a class of nonlinear systems with asymmetric
input saturation is discussed in this paper. Compared with existing
achievements, the main innovations of this article include:

(1) For tracking control of nonlinear systems with asymmetric input
saturation, a fixed time MTN control programme is presented for the
first time. In this scheme, the output of the system can achieve tracking
of the desired target when the initial state is unknown. The scheme
has the advantages of easy application, low computational complexity,
simple structure and no dependence on the initial state.

(2) Compared with Gao, Sun, Wen, and Wang (2017) and Li, Bai,
Zhou, Lu, and Wang (2017), a fixed time control scheme is developed
for nonlinear systems with input saturation. Therefore, the control
scheme proposed in this paper has shorter convergence time and faster
convergence speed. Compared with Tao et al. (2022), the control
scheme in this paper not only adopts fixed time control, but also
considers the input saturation problem, which improves the control
accuracy. In addition, authors in Sun, Gao, and Zhao (2022) has de-
veloped a finite time control scheme for nonlinear systems with input
saturation. Although this scheme has strong anti-interference, due to its
dependence on the initial state, it is far from the practical application
range of fixed time control schemes.

2. Preliminaries and formulation
2.1. Fixed-time theory

The following nonlinear system is considered

x(0) =f(x®) (€Y
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where x (1) € R" and f (-) represent system state vector and continuous
nonlinear function, respectively. At the same time, x(0) = x; and

f©=0.

Definition 1 (Xu et al, 2023). The equilibrium point x(0) = x, of
system (1) is said to be practical fixed-time stable if for any 1 > T, (x,)
and € > 0, such that Hx (£, %) ” < ¢ holds, where T, (xo) is the certain
upper bound of the convergence time T and ¢ > T, (x,) does not depend
on the initial state of the system.

Lemma 1 (Ba, Li, & Tong, 2019). The system (1) is practical fixed-time
stable, if there exists a Lyapunov function V (x) satisfies
V) < =i V) = iV () + 0 @

where u; > 0, i, > 0,0 <h <1, 1> 1,0 < O < oo are constants.
Furthermore, its settling-time T, (x,) is estimated to be

1 1
T, (xo) < + - 3
a(x0) < e = 1) ®3

where 0 < w < 1 is constant. Moreover, the residual set of the solution of
system (1) is given by

1 1
. o\ (_e Y
XV oS min <(1—w)u1> ’<<1—W>ﬂz) ¥

The following necessary lemmas are given, which play an important
role in the design of the controller.

Lemma 2 (Wang & Lin, 2015). The following inequality holds, for Vs € R,

)
0L |s| <7+ —— 5)

Vs?+ 12

where © > 0 is a constant.

Lemma 3 (Jin, 2019). For §; € R,i = 1,2,...,n and 1 € (0,1], the
following formula is obtained

(Z|ﬂk|> < DAl ©)
k=1 k=1
Lemma 4 (Jin, 2019). For p; > 0, the following inequality holds

n 2 n
(Zl’k> <ny pl @)
k=1

k=1

Lemma 5 (Wang, Chen, & Liu, 2021). For o; >0, 0, >0, 03 >0, y; >0,
72 = 0, y3 > 0, the following inequality is true

o

o 0 0 171+02
0y 0y 2 1 o1+oy 0
Y Y3 S X Y. 7
b optoy  |og(oy+0y) | 2 07? ®)

01+0y
+ o037,

Lemma 6 (Wang, Chen & Lin, 2014). For any Vo,,®, € R, the following
inequality is true

1
€54

ST e o
@10 < €—|w1| + |z ©)
1
where ¢ >0, ¢, > 1, ¢;> 1 and (e, — 1) (e, — 1) = 1.

2.2. Problem description

In this paper, a class of nonlinear systems with asymmetric input
saturation is studied, their mathematical expressions can be described



Y.-F. Zhou et al.

as follows
X =g (’_‘[> Xig1 + fi (’_‘f)
i=1,2,....,n—1
X, =g, (%,)u@+ /, ()

y=x1

(10

where x|,x,,...,x, are the system states, X; = [x|,x,, ... ,x,~]T € R, for
i = 1,2,...,n. y indicates the system output. f;(-) and g; (-) represent
unknown nonlinear functions with f;(0) = 0. u(v) € R is the system
input of (10). Furthermore, the input signal u(v) € R subjects to
saturation nonlinearity can be described as follows

S, v>S8
uw)=3v, I<v<S§ 1)
I, v<I

where v is the input of saturation model, S > 0 and I < O represent the
supremum and infimum of u (v), respectively.

The main work of this article is to develop an adaptive fixed time
controller to ensure that the system is practical fixed time stable,
thereby achieving the following two control objectives:

(1) all signals in the closed-loop controlled system remain bounded;

(2) system output y can track the given control target y, and
the tracking error of the system converges to an arbitrarily small
neighborhood around the origin in a fixed time.

For the sake of controller design, the following Assumptions are
needed.

Assumption 1. The tracking target y, and its derivatives up to n are
continuously bounded.

Assumption 2. The function g; (-),i = 1,...,n in system (10) satisfy the
following inequality

0<g < lgi ()] < (12)
where g are constants. Without losing generality, g; (-) are assumed to
=i

be strictly positive.
2.3. Preprocessing of asymmetric input saturation model

The presence of sharp corners in the asymmetric input saturation
model, as seen in (11), reduces the smoothness of the system input.
Consequently, this leads to a diminished control effect and may even
result in system instability. Based on this, the Gaussian error function
and the differential mean value theorem are used in this section to
preprocess the saturation model.

Firstly, the following Gaussian error function is introduced to
achieve the purpose of approximating the saturation model:

ﬁv)

13

u(u):?iw‘?( R

where R = (S + é) + (S - %) sign(v). I (x) is a Gaussian error
function, whose mathematical expression is J (x) = 2 /OX e ds.
b4
Obviously, S (x) is a real-valued and continuous differentiable func-
tion. Therefore, according to the differential mean value theorem, u (v)
can be converted to the following form

u@)=co+ =) (14)

where ¢ > 0 is a constant, = (v) denotes the bounded perturbation.

Assumption 3 (Ma, Ge, Zheng, & Hu, 2015). There exist constants 4,
¢~ and ¢* with 4> 0, ¢ > 0 and ¢* > 0, such that ¢ € [¢7,¢*] and

Ex<4 (15)
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Fig. 1. The structure block diagram of MTN.

Remark 1. It should be noted that the method for dealing with input
saturation in this paper is based on Han et al. (2021) and Li, Zhu
et al. (2022). Since the input saturation is a typical nonlinear behavior,
the nonlinear control problem can be transformed into a linear control
problem with a bounded perturbation by linear decomposition, which
is convenient for controller design and analysis. This treatment is
commonly found in many literatures, such as Han et al. (2021), Li, Zhu
et al. (2022), Ma et al. (2015) and Wang, Chen, Liu et al. (2014).

2.4. Multi-dimensional Taylor network

In this paper, MTNs are used to approximate unknown nonlinear
functions. Therefore, the following lemma is given.

Lemma 7 (Du, Zhu, Zhai, & Han, 2023; He, Zhu, Lu, & Han, 2024; Zhou
et al, 2024). Assuming Q () is a continuous nonlinear function defined
in a compact set Q, for any constant € > 0, there exists a MTN with an
approximation error of § (g) that satisfies

Q) =0"P, (@)+5(P).16(@) <e (16)

where g = [hl,hz,---,hn]T € R"and 0 = [fl,fz,n-,fl]T € R! represent
the input vector and weight vector of MIN, respectively. P, (g) is the
middle layer of MTN, which can be expressed as

P, (§) = [hys oo s by 2 by by, oo B2, B ] € R

Remark 2. Fig. 1 shows the structure of MTN. From Fig. 1, it can
be seen that MTIN is a three-layer neural network with a special
structure. Specifically, the intermediate layer of MTN is composed of an
array of polynomials, which only contains addition and multiplication.
The above characteristics effectively simplifies the structure of MTN,
thereby reducing the training time, improving the convergence speed,
and reducing the computational complexity.

3. Main results
3.1. Controller design

Before designing the controller, the following coordinate transfor-
mation will be carried out.

Zy=x—Y
1 1~ Va a7
Zp =X =0

where i = 2,...,n. a;_; are the virtual controllers in the backstepping
design process.

Remark 3. In order to prove the convenience of derivation, in the
following design process, let the parameters 7 = %, 1=2in (2).
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Step 1: Taking the derivative of the first equation of (17) yields
Zy=fi+81z+&a — gy (18)

For the first subsystem, the Lyapunov function is constructed as
follows

1 2 1 %
Vi=-z22+ —06; 19
=3 z+ 2 19
where r; > 0 represents the constant, §, = 6, — §; denotes the

approximation error.

Then, the first order derivative of the Lyapunov function V; is
. = 1, ~ A
Vi=z (g122+g1a1+f1)—521 p 0,0, (20)

1

where 7, = f| -y, + lzl is an unknown nonlinear function.

In line with Lemma 7, for Ve; > 0, there is a MTN GT (g)l)
with bounded error 6, (g, ), such that function f; satisfies the followmg

equation
f_1:91TPml (@1)"‘51 (@1),"31 (S’Jl)‘<91 @1

T
where g, = [z] .

According to Lemma 6 with ¢, = ¢; = 2 and ¢ = 1, the following
formula can be obtained:

1, 1,
R (22)

Then, substituting (22) into (20), produces

21 f1 < zlemel +

; 1,4 1
i<z (g120+ &) +2,6] P, — Zelel + Eeﬁ (23)

On the basis of (23), the following forms of adaptive law and virtual
controller are constructed

R g
0, =’1Pm121—’1191—r—19? 24
1
2,
g = @5)
2.2, 2
&VEY T
3
i

2 A
where & = -K|; (%) —¥., - Ku(%) z3 -7 P, . The design parame-
1
ters satisfy n; > 0, &, > 0, 7; > 0, K;; > 0 and K;, > 0. ¥, is defined in

the following form

3
(Z%)4’|Z1| 2 T

v, =4 U
2 Gi(#) ()
=

3 (26)
2| <70

where 7, > 0 is a small constant and the values of the coefficients

C;,(j =1,2,...,n) meet with
_ 1 -
C, El
4
G 5(3_1)
ox|cy|=[*\*
n=2
) il
/=0 |
with
1 1 1 1
1 2 n—1 n
0 2:1 « (m=-D®m=-2) nm-1
@ = . : :
0 0

n—2 n—2
[Me-1-» [Je-»
j=1 Jj=0
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According to Lemma 2, Assumption 2 and (25), z,g,&; can be
reduced to the following form
zd; )
<7+ 214 @7
78 + 17

z1gop £ =

By substituting (24), (27) and the expression of &, into (23), V; can
be further written as

; % T
Vi<zigizo+ 1+ 218 + 210, B,

+12—i§1<r1P zl_'llel_g_l )
ry r

2 1
3
1\ 12 28)
“Ku(3) ", —Ku(3) 4
+ 2,82 + 'Z—'élél + %éléf +o0
1

where o} = 7, + 32 > 0.
Case 1, when |z|| > 75 > 0, (28) can be changed to the following
form

. 1 ,\7 1 2\2
Vi S—Kn(zzl) —K|2<§Zl> + 21812y
£ (29)
+ 20,0, + 20,07 + o,
rl rl

3
4 1 ,\3 1 1
<k (4) - ka(32) + k(=)'

2 J*% 2 *J’+%
(11) (710)

_/\
|
>
=

R (30)

.3
3 n /73
1 1 1
+ Kn(zz%) 1- CI<TTZ%>

10

ST

.3
=3
Denote D = K, (2 %) -3, q(%ﬁ) , then D satisfies

the following inequality

: [1 . 2‘1 |c,-|] 31
£

1 7
D < Kii(375)

Remark 4. It can be seen from (31) that D is a bounded term,
which can be regarded as a small increment of ¢,. Therefore, for the
convenience of discussion, only the Case 1 will be discussed in the
subsequent theoretical analysis.

Step i (2 <i < n— 1) Taking the derivative of z;, the following for-
mula is correct

Z;=8iZiy 8% + fi — &y (32)

On the basis of V;
sion is as follows

_1, V; is constructed and its mathematical expres-

+3a+ 2—92 (33)

where r; > 0 represents the constant.
Then, the first order derivative of the above equation is

Vi=Vi

. . ) 1~ 4
Vi=Vig+zz - :91'91‘ (34)
1
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By substituting (32) into (34), the following inequality can be
obtained

(35)

where f; = z;_g;_;+fi—d&;_, +%z,~ denotes unknown nonlinear function.

Similarly, in line with Lemma 7, for Ve; > 0, there is a MTN

P, (¢;) with bounded error §; (g;), such that function f; satisfies
the following equation

fi= HITPm, (1) +6; (1) - ‘5:' (@:)| g (36)

[21,22,...,2,-]T.

Similar to (22), the following formula can be obtained

where g, =

z,f; < z,0' P, +1z2

221 + =

12
S€i (37)

The adaptive law éi and the intermediate virtual controller o; are
designed as follows

A & a
0; =ri Py z; —n;0; - r_l‘g? (38)
1

e 39)

2
lei’z -K ,.2( z - HTP . The design parameters
g

7, >0, K;; >0 and K,2 > 0. ¥, is defined in the

B
N—

3
where &; = —K;; (%) !
satisfy #; > 0, & > 0,
following form

<>% 2 > 7o

qui = 2\J
ch(z
=1

_i43 (40)
rz) j+4,|z,.| <7y

where 7;, > 0 is a small constant and (of take the same value as (26).
By adopting the same processing method as (27), the following
formula can be obtained

z;8i0; < T; + z;; (41)

Substituting (37), (38), (41) and the expression of &; into (35), we
can obtain

(42)

where 0, = o, + 17, + 367 > 0.
Step n: By combining (10), (14), and (17), the following equation
can be obtained

Z,=g,c0+ g, = () + f, — &,_; (43)
Similar to (33), we construct a Lyapunov function V, as follows
1 52
Vo=V + =22+ 2—9 (44)

where r, > 0 represents the constant.
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Take the derivative of (44), and then substitute (43) into V, to get
the following formula

n—1 1 % n—1 1 2
2
<=2 K(3%)" - ZKa(37)
Jj=1 J=1
n— n—1
M5 4 §i 55
+ _.0191 + 2 = /-6’1. +0,_ (45)
j=1" j=1";
+ z, (gev+8,EW+ f,)
1 2 1, 4 1 22
- Ez”_ag”g"_zz”g"
where f, = f, — &, + %Zn + %zngfl + z,_18,_; indicates unknown

nonlinear function.
According to Lemma 6 with ¢, = ¢, = 2 and ¢ = 1, and taking
Assumption 3 into account, the following formula can be obtained:

1 1
z,8,= (v) < Ezigz + EAZ (46)

Similarly, in line with Lemma 7, for Ve, > 0, there is a MTN

0r P,, (%,) with bounded error 5, (4, ), such that function f, satisfies
the following equation

fa=01P, (@,)+ (@u)| <& 47

84 (9) - |8

T
[zl,zz, ,zn] .

According to Lemma 6 and (47), z,f, can be reduced to the follow-
ing form

where @, =

1,

ann < znen Pm + 2zn + 26" (48)
By substituting (46) and (48) into (45), we get
—_ 3 —
I
Z‘ ,1(2 /) ZKJZ(z /)
Vl— Vl_
5 x4 49
+ E r—{&ﬂ% + —;0/-6’13 +0,_1+2z,8,cv (49)
j=t" j=17;

+ éA2+z Oy P, + =

The adaptive law 5,, and actual control input v are designed as
follows

< &
Hn =rannZn _nnen_ r_n9: (50)
n
52
z,|a
v=— L sgn (Zn) (51)
g N /2282 + 22
3
where &, = —-K,,| ; ¢ ZLY/ZH Kn2< ; ¢9TP . The design parame-

ters satlsfy n,>0,6>0,7,>0,K,>0 and is defined in

the following form

2>O v,

3
(22)4’|Zn| = Ty
5”'" ={ n : 3 (52)
T R (2) () Tz < o
j=1

where 7,5 > 0 is seen as a small constant and C; take the same value
as (26).
From Lemma 2, Assumptions 2, and 3, it can be obtained that
252
znan

252 2
‘/zn(xn +7.'n

Z,8,C0 < — <7, + z,a, (53)
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Substituting (50), (53) and the expression of &, into (49) can obtain

(54

where 6, =0,_, + 1, + %Az + %ez > 0.
Using Lemmas 3 and 4, the following two inequalities are reason-
able

2y 2

Zizj> (55)
Sk, (lz2)2<_@ 31z 2 (56)
&2\ T 27

Ko}y iy =min {Kp5, Ky, ..o, Ky b
According to Lemma 6, the following inequality can be derived

& N e T
J A A J 2 J A2
200,250 -2 50 €
j=1"J j=1"J j=1"J

where f, =min{K”,K2],...

By substituting (55), (56) and (57) into (54), the following formula
can be seen

=
IA
|
=
—
=
N —
N
~ N
N———
B L)
|
oD
™M=
S
Y
N————
7

_ n 2 n n %
H 15 i (58)
B —<Zl zzf> +<Z _2;».9/)
Jj= j=

n n n
n; nj - TN
2 i 7 i 5 43
+§ 0 E—9+ =0.07 +o
J o 2707 n
= 2 j=1 2r) j=17j
_ _ 1 _ 3 _ 3 _ _ N\ nj 52
Make o; = 1 =0, = 7,00 = 3, 03 = 0,03, 1| _1’72_Zj:12_rjj’

73 = 1, according to Lemma 5, the following formula can be obtained

3
n 4 n
n; = nj =
—0 < — 0 59
<j212rj j> ‘D3+Z12rj ; (59)

According to the cubic formula of difference, it can be obtained that

003 —ppl3_p4 a3 252
0,03 =,00 - 6! +30,0° - 3620° (60)

Substituting (59) and (60) into (58) to yield

1.\ oo
-2 =72 +Z L g?
n\ &2 4 r.J
j=1 j=1 4" (61)
n n n
$5 S 3 5
+Z_29/01_ 20+ 2,09
=17 =17 =17

n n n
g 3¢ g
2oed <y ZLe22+ Y —Lo? (62)
= ,.12_ I = rjz. S ; 12r12. J
4
o 38 o 3¢ & 963
33 J g4 J 4
r 0/¢9j < 4c4p2 Y +Z’ 472 ©3
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By substituting (62) and (63) into (61), the following formula can
be seen

~
IA
|
_‘R\
—
il \ok
-
N
X,
~_
Blw
|
Z \
™M=
Q=
<
~_

n . n 36 n 9§g’
J 74 J 4 JS° 4
-y za+y GED é
il rjz. J il 4g4rJ2, J il 4r12, J (64)
+ 0,+03

Jj= Jj=1""j
h go—= i % G = mi 3 —yn g2
where fi; = (min{#;})%, ji, = min{ (4-9¢3 )¢ ¢, © = Yo 5007 +
J
n & p4 n 3 4
Yl + X et tontos

From Lemma 4, the following formula can be obtained

" 3 " 3
V, < —ﬁ1<z 525) - ﬁ](Z ;93)
j=1 j=1 <" (65)
- n 1 2 - n 1 2
Ha 2 H 52
- = —z: | - = —07 ) +0
n<;221> n<j§2rj 1>

RPN . E .
Denote y; = min {iy, ji; }, fi, = min { L2 e }, rearranging Lemmas 3

and 4, (65) can be corresponded to the following form

(66)

3.2. Stability of closed-loop system

Theorem 1. For the asymmetric input saturated nonlinear system (10),
if the adaptive law is designed in the form of (24), (38), (50), and the
virtual control signal along with actual control input are designed in the
form of (25), (39) and (51) respectively. Then system (1) is considered to be
practical fixed time stable. The following control objectives can be achieved
under the premise that Assumptions 1-3 are true:

(1) All signals in the closed-loop controlled system can be guaranteed to
be bounded.

(2) The tracking error converges to an arbitrarily small neighborhood
around the origin in a fixed time.

Proof. Choosing V = V, as the Lyapunov function of the closed-loop
system, then we have

. 3
V<-uVi-uV*+0 (67)

Based on Lemma 1 and (67), we can deduce that V' is bounded. From
the expression for V' = V,, we can further deduce that z;,i = 1,2,...,n
and 6;,i = 1,2, ..., n are also bounded. At the same time, we can clearly
see the boundedness of a;,i = 1,...,n — 1 and v according to their
expressions. From (17), it follows that x;,i = 1,...,n are bounded. In
summary, any signal in the closed loop system remains bounded.
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Additionally, according to Lemma 1 and (67), the convergence time
can be determined as follows
T, < i + L (68)
mw ™

The residual set of the solution of system (67) is given by

4 1
. €] 3 €] E
veyemnt (=0) (=) ©9

According to the definition of V, the following formula will be obtained

2
2
o ) (70)
1 =)y

It can be seen that by selecting appropriate constant parameters, the
tracking error converges to an arbitrarily small neighborhood around
the origin in a fixed time.

[y = vl <2<

Remark 5. In theory, the tracking control can be achieved when the
given parameters satisfy n, > 0, & > 0, 7; > 0, 7;pb, > 0, K;; > 0O
and K;, > 0. However, in practical applications, we need to choose
appropriate controller design parameters in order to achieve more
satisfactory control results.

4. Simulation study

To further demonstrate the availability of this control scheme, the
following three simulation examples are presented in this paper.

Example 1. In order to verify the rationality of the proposed control
scheme, the following form of nonlinear system with asymmetric input
saturation is considered.

Lo -x?
X; =X —Xxpe

Xy =u(v) = x3x; +cos (x;) — 1 (71)
y=x
where x;,i = 1,2 and y represent the system state and system output,

respectively. The initial state vector is [x; (0),x, (0)]T = [0,0]". At the
same time, the system input u (v) is as follows

10, v>10
u(vy=<4v, -9<v<I10 (72)
-9, v<-9

The control strategy of the nonlinear system (71) is designed based
on Theorem 1.

In the simulation, the expected target is y; = 0.3sin(r) + 0.2 and the
design parameters are selected as r; = 1000, r, = 10, 1, = & = 0.1,
'72=52=§1 =§2=K22=72=720=1, Ky = Kpp = Ky =5, 7 =001,
7,0 = 0.001, ¢~ = 100.

Figs. 2-5 display the simulation results of the nonlinear system (71).
Fig. 2 shows the expected target y, = 0.3sin(r) + 0.2 and actual output
y = x,. Fig. 3 displays the tracking error, which shows that the tracking
error of the system converges to an arbitrarily small neighborhood
around the origin with a fixed time. Fig. 4 shows the relationship
between the saturation model input v and the system input u(v). Fig. 5
represents the trajectory of the system state x,.

Example 2. To further demonstrate the superiority of this scheme in
practical systems, the following Duffin-Holmes chaotic system with
asymmetric input saturation is considered

X =Xy
Xy =u@)+x; — x5 — x? + 0.25 cos(0.37) (73)

y=x
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Fig. 2. The reference signal y, = 0.3sin(s)+0.2 and the system output y of Example 1.
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Fig. 3. The tracking error y — y, of Example 1.
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Fig. 4. The system input u (v) and the saturation model input v of Example 1.

where x;,i = 1,2 and y are system states and system output, respec-
tively. The initial state vector is [x; (0), x, (O)]T =[0,0.25]". At the same



Y.-F. Zhou et al.

1.4 T T
1.2 q

1 ]
0.8 ]
0.6 q
0.4 b
02 4

ol
-0.2 b
04 . . . . .

0 10 20 30 40 50 60
Time (sec)
Fig. 5. The state variable x, of Example 1.
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Fig. 6. The reference signal y, = 0.3sin(r)+0.01 and the system output y of Example 2.

time, the input signal u (v) is described as follows

1, v>1
u()=4qv, -3<v<l 74)
-3, v<-3

The control strategy of the nonlinear system (73) are designed based
on Theorem 1.

In the simulation, the expected target is y, = 0.3sin(r) + 0.001 and
the design parameters are selected as r; = 10000, r, = 10, n, =&, = 0.1,
m=6=8 =8 =Kn=n=1=c =1 K, =K,=Ky =5,
7, =0.01, 7, = 0.001.

Figs. 6-9 display the simulation results of the nonlinear system (73).
As we can see from Fig. 6, the trace scheme developed in this article
is quite superior. From Fig. 7, it can be found out that the system’s
tracking error converges to a small neighborhood of the origin within
a fixed time. Fig. 8 shows the relationship between the saturation model
input v and the system input u(v). Fig. 9 displays the trajectory of the
system state x,.

Example 3. In order to further verify the superiority of the control
scheme proposed in this paper, a comparative experiments is intro-
duced for system (71). The specific approach is to replace the MTN with
radial basis function neural network (RBFNN) in the control structure.
The simulation results are shown in Fig. 10.
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Fig. 7. The tracking error y — y, of Example 2.
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Fig. 8. The system input «(v) and the saturation model input v of Example 2.
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The state variable x,
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Fig. 9. The state variable x, of Example 2.

It can be seen from Fig. 10 that both control strategies can achieve
satisfactory tracking control effects. However, the control method pro-
posed in this article has better control effects and requires less compu-
tation. In other words, the control method proposed in this article can
achieve better control effects at a lower cost.
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Fig. 10. Tracking trajectories of two different control strategies of Example 3.

5. Conclusion

The issue of fixed time control for nonlinear systems subject to
asymmetric input saturation is discussed. Firstly, the saturated model
is transformed into a linear model with bounded perturbation by con-
structing auxiliary function. Secondly, a new adaptive control strategy
is invented by combining fixed time control with MTN. It effectively
solves the problem that the finite time control cannot get rid of the
initial state. Finally, three examples illustrate the feasibility of the
scheme.
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