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ABSTRACT
This paper proposes a novel event-triggered adaptive asymptotic tracking control (ATC) method for stochastic non-linear sys-
tems with unknown hysteresis. Firstly, in order to reduce the depletion of network resources while optimizing the asymp-
totic tracking performance of the system, a switching threshold mechanism (STM)-based event-triggered control (ETC) strat-
egy is adopted. Secondly, a first-order filter is utilized to address the problem of the contradiction between event-triggered
mechanism (ETM) output and rate-dependent hysteresis actuator input. By incorporating an enhanced backstepping tech-
nique and a bounded estimation method, it is rigorously demonstrate that the system achieves zero tracking error, effectively
compensates for unknown hysteresis, and ensures that all closed-loop signals remain bounded in probability. Meanwhile, the
Zeno phenomenon is excluded. Finally, the effectiveness and superiority of the proposed control scheme are verified by the
simulation results.

1 | Introduction

With the increasing accuracy of the systems under consideration,
the factor of stochastic disturbances becomes non-negligible.
Hence, it is of great practical importance to study various con-
trol approaches for stochastic non-linear systems, such as adap-
tive backstepping control [1, 2], Lyapunov function approach
[3] and robust control [4]. Among them, adaptive backstepping
control has emerged as a powerful technique to solve control
problems of uncertain non-linear stochastic systems. In addition,
fuzzy logic systems (FLSs) [5, 6], neural networks (NNs) [7–9]

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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and multi-dimensional Taylor network (MTN) [10–13] control
have also become effective control methods to compensate for
the effects of unknown uncertainties and strong non-linearities.
While these control schemes can limit the tracking error to
the vicinity of the origin by adjusting design parameters, they
still cannot guarantee zero tracking error in the system output.
Thereby, the research focus has been shifted to asymptotic track-
ing control (ATC) [14, 15]. Nevertheless, the local controllers
developed in the above-mentioned literature operate continu-
ously, which may lead to unnecessary communication traffic and
computational difficulties.

2324 International Journal of Robust and Nonlinear Control, 2025; 35:2324–2341
https://doi.org/10.1002/rnc.7799

https://orcid.org/0000-0001-9503-6433
https://orcid.org/0009-0002-3316-1911
https://orcid.org/0000-0002-9055-2954
https://doi.org/10.1002/rnc.7799
http://crossmark.crossref.org/dialog/?doi=10.1002%2Frnc.7799&domain=pdf&date_stamp=2025-01-05


Over the past few decades, multiple types of event-triggered
mechanisms (ETMs) have been reported. For example, fixed
threshold mechanism (FTM)-based event-triggered con-
trol (ETC) strategy was applied in consensus control of
multi-intelligent systems and output feedback control of micro-
electromechanical system gyroscope in [16] and [17]. It is worth
noting that such static ETM may result in conservative esti-
mates for the number of event-trigger, potentially leading to
suboptimal control performance. In this case, some ETMs based
on time-varying thresholds were further developed in [18–21].
For example, different ETMs with dynamic relative thresholds
were used for adaptive fixed-time control of non-strict feedback
systems and scheduling stabilization control tasks for non-affine
systems in [18] and [21]. In [22] and [23], two novel dynamic
ETMs were designed to address the problem of disturbance rejec-
tion control and fault detection in networked control systems,
respectively. However, it is worth pointing out that strong signal
impulses may be applied to the systems under these dynamic
ETMs, affecting the tracking performance [24]. Based on the
above discussion, the ingenious combination of the above ETMs
will bring the possibility to further optimize the asymptotic
tracking performance realized in [25–28]. Therefore, the motiva-
tion of the current research is to develop an intelligent switching
threshold mechanism (STM) that automatically identifies the
amplitude of the control signal, enabling continuous switch-
ing between dynamic relative threshold mechanisms (RTM)
and FTM.

In addition to the influence of the aforementioned ETMs on sys-
tem tracking performance, actuator non-linearity also inevitably
affects system performance, such as hysteresis [29–31], satura-
tion [32, 33] and dead-zone [34–37]. Among them, actuator hys-
teresis, as a significant non-smooth non-linearity, has attracted
extensive attention of scholars and numerous control schemes
have been developed to compensate for various types of hys-
teresis for diverse non-linear systems, such as switched stochas-
tic pure-feedback systems [38], multi-agent systems [39, 40] and
non-linear time-varying delay systems [41]. Notably, a novel
adaptive ATC method for stochastic non-linear systems with
backlash-like hysteresis was proposed in [42] and by introduc-
ing ETC strategy, an adaptive leaderless consensus control was
studied in [43] for non-linear multi-agent systems with unknown
hysteresis. However, the research [44–46] shows that hysteresis
is rate-dependent, which means that the shape of hysteresis will
be affected by the input signal rate. For this reason, discrete sig-
nals generated by ETMs cannot be directly applied as inputs to
hysteresis actuators, posing an additional challenge in designing
controllers that effectively compensate for hysteresis.

Based on the above statements, an adaptive ATC problem for
a class of stochastic non-linear systems with unknown hystere-
sis is considered, which uses the MTN approximation method,
Nussbaum function, adaptive backstepping technique, ETC strat-
egy, and bounded estimation method. In short, our contributions
include four aspects.

1. For a class of stochastic non-linear systems with unknown
hysteresis, an event-triggered adaptive MTN asymptotic
tracking controller with strong performance and the lower
energy consumption is designed, which can not only

compensate for stochastic disturbances and unknown
hysteresis, but also ensure that the system output with zero
tracking error.

2. A universal first-order filter is innovatively employed to
ensure that the discrete control signals generated by the
ETM are smooth and differentiable, thereby resolving the
conflict with the input rate-dependence of the hysteresis
actuator. However, the introduction of this first-order filter
results in the generation of an additional state, rendering the
conventional 𝑛-step backstepping design unsuitable. Con-
sequently, this paper proposes an improved backstepping
design method to address this issue.

3. Compared to the RTM-based event-triggered ATC meth-
ods reported in [25–28], this paper introduces an intelli-
gent switching ETM, aiming to further optimize the asymp-
totic tracking performance of the system by maintaining the
regular operation of the system components. Although the
STM has been discussed in [24], its application to stochastic
non-linear systems remains unexplored. This mechanism
enhances the system’s robustness against stochastic distur-
bances and internal uncertainties, enabling the system to
sustain stable performance across diverse operating condi-
tions, thereby ensuring the efficacy of the control strategy.

4. For the first time, this paper considers unknown actua-
tor hysteresis, event-triggered control, and adaptive track-
ing control within a unified theoretical framework for
stochastic non-linear systems. It is worth pointing out
that event-triggered ATC methods have been reported
in [25–28]. However, the controlled systems are diverse
non-linear systems rather than stochastic non-linear sys-
tems with unknown hysteresis. Even though the ATC strat-
egy for stochastic non-linear systems with unknown hys-
teresis has been proposed in [42], the problem of lim-
ited network resources cannot be solved. Therefore, the
systems and problems considered in this paper are more
comprehensive.

2 | Problem Statement and Some Preliminaries

Notations:

a. 𝑅, 𝑅𝑛 and 𝑅
+ represent the set of all non-negative real num-

bers, the real 𝑛-dimensional vector space, and the set of all
non-negative real numbers, respectively. In addition, 𝑅𝑛×𝑟

represents the real 𝑛 × 𝑟 matrix space.

b. 𝐶
2,1 denotes the sets of all non-negative functions 𝑉 (𝑥, 𝑡),

which are 𝐶
2 in 𝑥 and 𝐶

1 in 𝑡, where 𝐶
𝑖 represents the set

of all functions with continuous 𝑖-th partial derivatives.

c. For a given vector or matrix 𝐻 , Tr{𝐻} and 𝐻
T repre-

sent its trace (when 𝐻 is square matrix) and its transpose,
respectively.

2.1 | Problem Statement

Considering the stochastic non-linear system with unknown
hysteresis as follows
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⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝑑𝑥
𝑖
=
(
𝑓
𝑖

(
𝒙
𝑖

)
+ 𝑥

𝑖+1
)
𝑑𝑡 + ℎ

T
𝑖

(
𝒙
𝑖

)
𝑑𝝎

𝑖 = 1, 2, . . . , 𝑛 − 1
𝑑𝑥

𝑛
=
(
𝑓
𝑛

(
𝒙
𝑛

)
+𝐻(𝜗)

)
𝑑𝑡 + ℎ

T
𝑛

(
𝒙
𝑛

)
𝑑𝝎

𝑦 = 𝑥1

(1)

where 𝒙
𝑖
= [𝑥1, 𝑥2, . . . , 𝑥𝑖

]T ∈ 𝑅
𝑖
, 𝑖 = 1, 2, . . . , 𝑛 is the state vec-

tor of the system. 𝐻(𝜗) ∶ 𝑅 → 𝑅 and 𝑦 ∈ 𝑅 represent the system
input signal and output signal, respectively. Especially, the sys-
tem input signal 𝐻(𝜗) is subjected to the unknown hysteresis
non-linearity, which will be given later. 𝑓

𝑖
(⋅) ∶ 𝑅

𝑖 → 𝑅 and ℎ
𝑖
(⋅) ∶

𝑅
𝑖 → 𝑅 are the unknown smooth non-linear functions and sat-

isfy 𝑓
𝑖
(𝟎) = 0, ℎ

𝑖
(𝟎) = 0; 𝝎 is a standard Wiener process.

For system (1) with unknown hysteresis, the objectives of the pro-
posed control strategy in this paper include the following three
aspects:

a. For a given reference signal 𝑦
𝑑

, the tracking error 𝑦 − 𝑦
𝑑

con-
verges to a small neighbourhood of zero.

b. All closed-loop signals are bounded in probability on
[0,+∞).

c. There is no Zeno phenomenon.

Assumption 1. The given reference signal 𝑦
𝑑

is continuously
differentiable and bounded, and its 𝑖-th time derivative 𝑦

(𝑖)
𝑑

is
also continuously differentiable and bounded, where 𝑖 = 1, 2, . . . ,
𝑛 + 1.

Remark 1. It is worth noting that Assumption 1 is a normal
assumption for non-linear systems [10, 13] which ensures the fea-
sibility of controller design.

To reduce the depletion of network resources, an emerging STM
about ETC is co-designed with an adaptive controller.

𝜗(𝑡) = 𝜛

(
𝑡
𝑘

)
,∀𝑡 ∈

[
𝑡
𝑘
, 𝑡

𝑘+1
)

(2)

𝑡
𝑘+1 =

{
inf{𝑡 ∈ 𝑅 ∶ |𝑒(𝑡)| ≥ 𝑚}, |𝜗(𝑡)| > ℏ

inf
{
𝑟 ∈ 𝑅 ∶ |𝑒(𝑡)| ≥ 𝜍|𝜗(𝑡)| + 𝑚1

}
, |𝜗(𝑡)| ≤ ℏ

(3)

where ℏ, 0 < 𝜍 < 1, 𝑡
𝑘
, 𝑘 ∈ 𝑍

+, 𝑚, 𝑚1 are known positive design
parameters; 𝑡

𝑘
is the controller update moment; whenever (3)

is triggered, we mark the time as 𝑡
𝑘+1 and the controller’s out-

put 𝜗

(
𝑡
𝑘+1
)

will be applied to the actuator; from (2), during the
time 𝑡 ∈

[
𝑡
𝑘
, 𝑡

𝑘+1
)
, the actuator’s input value 𝜗(𝑡) will remain

unchanged as a constant 𝜗

(
𝑡
𝑘

)
; 𝑒(𝑡) = 𝜛(𝑡) − 𝜗(𝑡) stands for the

measurement error.

For emerging STM, the following definition is given to facilitate
the design of subsequent event-triggered controller

𝑒1 = max
{
𝜍ℏ + 𝑚1, 𝑚

}
(4)

2.2 | Stochastic Stability

To elaborate on the definition of a stochastic non-linear system,
the general form of the system can be expressed as

𝑑𝒙(𝑡) = 𝑓 (𝒙, 𝑡)𝑑𝑡 + ℎ(𝒙, 𝑡)𝑑𝝎 (5)

where 𝒙 ∈ 𝑅
𝑛 is the system state vector; 𝝎 is an 𝑟-dimensional

standard Wiener process; the local Lipschitz functions 𝑓 (𝒙, 𝑡) ∈
𝑅

𝑛 and ℎ(𝒙, 𝑡) ∈ 𝑅
𝑛×𝑟 satisfy conditions that 𝑓 (𝟎, 𝑡) = 𝟎 and

ℎ(𝟎, 𝑡) = 𝟎, respectively.

Definition 1. ([37, 47]). For any function 𝑉 (𝒙, 𝑡) ∈ 𝐶
2,1

associated with system (5), the differential operator 𝐿 is defined
as follows

𝐿𝑉 (𝒙, 𝑡) = 𝜕𝑉 (𝒙, 𝑡)
𝜕𝑡

+ 𝜕𝑉 (𝒙, 𝑡)
𝜕𝑥

𝑓 + 1
2

Tr
{

ℎ
T 𝜕

2
𝑉 (𝒙, 𝑡)
𝜕𝑥

2 ℎ

}

(6)

Lemma 1. ([37]). If there exists a function 𝑉 (𝒙, 𝑡) ∈ 𝐶
2, for

all 𝑥 ∈ 𝑅
𝑛 and 𝑡 > 𝑡0, one has

{
℘1(|𝒙|) ≤ 𝑉 (𝒙, 𝑡) ≤ ℘2(|𝒙|)
𝐿𝑉 (𝒙, 𝑡) ≤ −𝑐1𝑉 (𝒙, 𝑡) + 𝑐2

(7)

where ℘1(⋅) and ℘2(⋅) are class 𝐾∞-functions, and 𝑐1 > 0, 𝑐2 > 0
are constants. Then, for each 𝑥0 ∈ 𝑅

𝑛, the system (5) has a unique
strong solution, and all its states are bounded.

2.3 | Hysteresis Characteristic

As stated in [41], the system input signal 𝐻(𝜗) can be expressed
as the following Bouc–Wen hysteresis non-linearity

𝜉̇ = A𝜗̇ − 𝛾|𝜗̇|𝜉|𝜉|𝑛−1 − 𝛽𝜗̇|𝜉|𝑛 (8)

𝐻(𝜗) = 𝜌1𝜗 + 𝜌2𝜉 (9)

where A is the restoring force amplitude control parameter and
satisfies A = 1; 𝜗 and 𝐻(𝜗) represent the hysteresis input and out-
put, respectively; 𝑛 > 1 affects the smoothness of the transition
from the initial slope to the asymptotic slope; 𝛾 ≥ |𝛽|, 𝛾 and 𝛽 are
control parameters that describe the shape and amplitude of hys-
teresis; 𝜌1 and 𝜌2 as constants represent the control direction of
the hysteresis and satisfy 𝑠𝑖𝑔𝑛

(
𝜌1
)
= 𝑠𝑖𝑔𝑛

(
𝜌2
)
; the auxiliary vari-

able 𝜉(𝑡) satisfies |𝜉(𝑡)| ≤ 𝑛

√
1

𝛾+𝛽
, and 𝜉

(
𝑡0
)
= 0.

Assumption 2. The 𝑠𝑖𝑔𝑛

(
𝜌1
)

is unknown and satisfies 0 ≤
𝜌

1
≤ ||𝜌1

|
| ≤ 𝜌1, ||𝜌1

|
| ≠ 0, 𝜌

1
and 𝜌1 are constants.

Remark 2. Since the actual engineering environment is com-
plex, unlike the hysteresis phenomenon concerned in [29, 30], the
control direction 𝜌1 studied in this paper is unknown.

2.4 | Nussbaum-Type Function

If there exists a function 𝑁(𝜂) that satisfies the following two
given properties, then it is named as Nussbaum-type function.

lim
𝜅→±∞

sup 1
𝜅

𝜅

∫
0

𝑁(𝜂)𝑑𝜂 = +∞ (10)

lim
𝜅→±∞

inf 1
𝜅

𝜅

∫
0

𝑁(𝜂)𝑑𝜂 = −∞ (11)
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It should be noted that there are many functions with the above
properties, such as 𝜂

2 cos(𝜂), 𝑒𝜂2 cos(𝜂), 𝑒𝜂2 and 𝜂
2 sin(𝜂).

Lemma 2. ([37]). Considering the stochastic system (5),
assume that there exists a function 𝑉 (𝒙, 𝑡) with the same definition
as in Definition 1, the smooth function 𝜂(𝑡) ∶ 𝑅

+ → 𝑅, the bounded
function 𝜙(𝒙, 𝑡) and the Nussbaum-type function 𝑁(𝜂) are all
defined in

[
0, 𝑡

𝑓

)
; 𝜓 > 0 and 𝑏 > 0 are random variables, 𝑀(𝑡) is

a real valued continuous local martingale and satisfies condition
𝑀(0) = 0 such that

𝑉 (𝒙, 𝑡) ≤ 𝜓 + 𝑒
−𝑏𝑡
∫

𝑡

0
(𝜙(𝒙, 𝑡)𝑁(𝜂) + 1)𝜂̇𝑒𝑏𝜎𝑑𝜎 +𝑀(𝑡)

∀𝑡 ∈
[
0, 𝑡

𝑓

)
(12)

Then, for 𝑥0 ∈ 𝑅
𝑛, the following functions 𝜂(𝑡), 𝑉 (𝒙, 𝑡) and

∫
𝑡

0 (𝜙(𝒙, 𝑡)𝑁(𝜂) + 1)𝜂̇𝑑𝜎 are bounded in probability on
[
0, 𝑡

𝑓

)
. Fur-

thermore, it follows from Proposition 2 in [36] that 𝑡
𝑓
→∞ when

the solution of the closed-loop system is bounded.

2.5 | MTN and Necessary Lemmas

In this paper, MTNs are used to approximate unknown
non-linearities that arise during the controller design process.
MTN is a three-layer neural network with a special structure, its
structural diagram is shown in Figure 1. Especially, the approxi-
mation principle of the MTN is described as follows.

Lemma 3. ([10, 11, 48]). Given a continuous and unknown
function T(𝑍) defined on a compact set X ∈ 𝑅

𝑛, for ∀𝜀 > 0,
there exist an MTN denoted as 𝝋TP

𝑚
𝑛

(𝑍) satisfying the following
expression

T(𝑍) = 𝝋𝑇 P
𝑚

𝑛

(𝑍) + 𝛿(𝑍), |𝛿(𝑍)| ≤ 𝜀 (13)

FIGURE 1 | The structural diagram of MTN.

where 𝑍 =
[
𝑧1, . . . , 𝑧𝑛

]T ∈ X ⊂ 𝑅
𝑛 is the input vector of MTN,

P
𝑚

𝑛

(𝑍) =
[
𝑧1, . . . , 𝑧𝑛

, 𝑧
2
1, 𝑧1𝑧2, . . . , 𝑧1𝑧𝑛

, 𝑧2𝑧3, . . . , 𝑧
2
𝑛
, 𝑧

𝑚

1 , . . . , 𝑧
𝑚

𝑛

]T

∈ 𝑅
𝑙 stands for the intermediate input layer of MTN and

𝝋 =
[
𝜑1, . . . , 𝜑𝑙

]T ∈ 𝑅
𝑙 denotes the weight vector of MTN. 𝛿(𝑍)

represents the error of MTN in approximation.

Remark 3. As a network structure similar to a radial basis
function neural network (RBFNN), the MTN consists of three lay-
ers: an input layer, a middle layer, and an output layer. Unlike
the middle layer of an RBFNN, the MTN is composed of a
set of polynomials instead of Gaussian functions, effectively
simplifying the RBFNN structure and reducing computational
complexity.

In addition, the following two lemmas will be used in the con-
troller design process.

Lemma 4. ([14]). For a given bounded and continuous func-
tion 𝜐(𝑡) > 0 and 𝜏 ∈ 𝑅, the following inequality is true

|𝜏| ≤
𝜏

2
√

𝜏
2 + 𝜐

2(𝑡)
+ 𝜐(𝑡) (14)

where 𝜐(𝑡) satisfies lim
𝑡→+∞∫

𝑡

𝑡0
𝜐(𝑠)𝑑𝑠 ≤ 𝜐 < +∞ and 𝜐 > 0 is a

constant.

Lemma 5. ([18]). Given a continuous function 𝜁 (𝑡) > 0, ∀𝑡 ≥
0 and Ψ > 0, the following property holds

0 ≤ |Ψ| − Ψ tanh
(
Ψ
𝜁 (𝑡)

)

≤ 0.2785𝜁 (𝑡) (15)

3 | Controller Design and Stability Analysis

3.1 | Event-Triggered Asymptotic Controller
Design

In this subsection, a novel adaptive MTN controller via combin-
ing ETM and bounded estimation method is designed.

To reduce the depletion of network resources, an event-triggered
controller is designed, which will result in discrete control output
signals. However, the Bouc–Wen hysteresis phenomenon con-
sidered in this paper is input rate-dependent, which will lead to
conflicting control design of the system. Therefore, to solve the
above problem, a first-order filter is used to generate a smooth and
differentiable signal to act on the input of the hysteresis actuator,
as shown in Figure 2.

For the stochastic systems, the first-order filter has the
following form

𝑑𝜗
𝑠
=
(
𝑏

(
𝜗 − 𝜗

𝑠

))
𝑑𝑡 (16)

where 𝜗
𝑠

and 𝑏 represent the accessible state and output, and the
control coefficient of the filter, respectively.

By introducing the first-order filter, the system (1) can be
represented as

2327
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FIGURE 2 | The control flow of the proposed strategy.

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

𝑑𝑥
𝑖
=
(
𝑓
𝑖

(
𝒙
𝑖

)
+ 𝑥

𝑖+1
)
𝑑𝑡 + ℎ

T
𝑖

(
𝒙
𝑖

)
𝑑𝝎

𝑖 = 1, 2, . . . , 𝑛 − 1
𝑑𝑥

𝑛
=
(
𝑓
𝑛

(
𝒙
𝑛

)
+𝐻

(
𝜗
𝑠

))
𝑑𝑡 + ℎ

T
𝑛

(
𝒙
𝑛

)
𝑑𝝎

𝐻

(
𝜗
𝑠

)
= 𝜌1𝜗𝑠

+ 𝜌2𝜉

𝑑𝜗
𝑠
=
(
𝑏

(
𝜗 − 𝜗

𝑠

))
𝑑𝑡

𝑦 = 𝑥1

(17)

Remark 4. Due to the introduction of the first-order filter, an
additional state 𝜗

𝑠
is added, which will make the design of the

control system more difficult. To address the effect of the added
state 𝜗

𝑠
in the control design process, a novel backstepping design

with 𝑛 + 1 steps is proposed.

Based on the backstepping technique, we define the correspond-
ing coordinate transformations as follows

⎧
⎪
⎨
⎪
⎩

𝑧1 = 𝑥1 − 𝑦
𝑑

𝑧
𝑖
= 𝑥

𝑖
− 𝛼

𝑖−1, 𝑖 = 2, . . . , 𝑛
𝑧
𝑛+1 = 𝜗

𝑠
− 𝛼

𝑛

(18)

where 𝛼
𝑖
, 𝑖 = 1, . . . , 𝑛 denotes the virtual control law, and 𝑧

𝑖
, 𝑖 =

1, . . . , 𝑛 + 1 is the error variable.

The unknown parameters in this paper will be disposed of via
using the bounded estimation method, therefore, we need to have
the following definition.

𝑊
𝑖
= ‖‖𝝋𝑖

‖
‖, 𝜄𝑖 = 𝜀

𝑖
+ 3

2
|
|Φ𝑖

|
|, 𝑖 = 1, 2, . . . , 𝑛 + 1 (19)

𝑊̃
𝑖
= 𝑊

𝑖
− 𝑊̂

𝑖
, 𝜄̃

𝑖
= 𝜄

𝑖
− 𝜄

𝑖
(20)

where 𝑊̃
𝑖

and 𝜄̃
𝑖

represent the parameter errors 𝑊
𝑖

and 𝜄
𝑖
, respec-

tively, and Φ
𝑖

will be defined in Lemma 6.

Lemma 6. ([49]). For the non-linear functions Ξ
𝑖
=

𝑧
3
𝑖
P𝑇

𝑚
𝑖

P
𝑚
𝑖√

𝑧
6
𝑖
P𝑇

𝑚
𝑖

P
𝑚
𝑖

+𝜐2
𝑖

and Φ
𝑖
= 𝑧

𝑖
H2

𝑖√
𝑧

4
𝑖
H2

𝑖
+𝜐2

𝑖

, 𝑖 = 1, 2, . . . , 𝑛 + 1, we get

𝑧
3
𝑖
𝝋

𝑇

𝑖
P
𝑚

𝑖

≤ 𝑊
𝑖
𝑧

3
𝑖
Ξ

𝑖
+𝑊

𝑖
𝜐
𝑖

(21)

𝑧
2
𝑖
H

𝑖
≤ 𝑧

3
𝑖
Φ

𝑖
+ 𝜐

𝑖
(22)

where H
𝑖

will be defined later.

Step 1: According to (17) and (18), we obtain the derivative of 𝑧1 as

𝑑𝑧1 =
(
𝑥2 + 𝑓1 − 𝑦̇

𝑑

)
𝑑𝑡 + ℎ

T
1𝑑𝝎 (23)

To achieve ATC, the following first Lyapunov function is chosen

𝑉1 =
1
4
𝑧

4
1 +

1
2
𝑊̃

2
1 +

1
2
𝜄̃
2
1 (24)

where 𝑊̃ 1 and 𝜄̃1 are defined in (20).

By using Definition 1 on (23) and (24), we get

𝐿𝑉1 = 𝑧
3
1
((

𝑧2 + 𝛼1
)
+ 𝑓1 − 𝑦̇

𝑑

)
+ 3

2
𝑧

2
1H1 − 𝑊̃ 1

̇
𝑊̂ 1 − 𝜄̃1

̇
𝜄1

(25)
where H1 = ‖‖ℎ1

‖
‖

2.

Then, by using Young’s Inequality and Lemma 6, the following
two inequalities are obtained

𝑧
3
1𝑧2 ≤

3
4
𝑧

4
1 +

1
4
𝑧

4
2 (26)

3
2
𝑧

2
1H1 ≤

3
2
𝑧

3
1Φ1 +

3
2
𝜐1 (27)

By combining (26) and (27), (25) can be rewritten as

𝐿𝑉1 ≤ 𝑧
3
1

(
𝛼1 + T1 +

3
2
Φ1

)
+ 1

4
𝑧

4
2 +

3
2
𝜐1 − 𝑊̃ 1

̇
𝑊̂ 1 − 𝜄̃1

̇
𝜄1

(28)
where T1 = 𝑓1 − 𝑦̇

𝑑
+ 3

4
𝑧1. It is easy to see that T1 in (28) is an

unknown smooth non-linear function, so for ∀𝜀1 > 0, there exists
an MTN that is used to approximate it as follows

T1 = 𝝋T
1 P

𝑚1

(
𝑍1
)
+ 𝛿

(
𝑍1
)
,
|
|
|
𝛿1
(
𝑍1
)|
|
|
≤ 𝜀1 (29)

where 𝑍1 = [𝑧1, 𝑦𝑑
, 𝑦̇

𝑑
]T and 𝛿1

(
𝑍1
)

represent the input vector
and the approximation error of MTN, respectively.
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According to (19) and (29), and using Lemma 6, we get

𝑧
3
1

(
T1 +

3
2
Φ1

)
=𝑧3

1

(
𝜑

T
1 P

𝑚1

(
𝑍1
)
+ 𝛿

(
𝑍1
)
+ 3

2
Φ1

)
𝑊1𝑧

3
1Ξ1

+𝑊1𝜐1 +
|
|
|
𝑧

3
1
|
|
|

(
𝜀1 +

3
2
|
|Φ1
|
|

)

=𝑊1𝑧
3
1Ξ1 +𝑊1𝜐1 +

|
|
|
𝑧

3
1
|
|
|
𝜄1

(30)

Then, using the Lemma 4, we can further get the following
inequality

|
|
|
𝑧

3
1
|
|
|
𝜄1 ≤

𝜄1𝑧
6
1

√
𝑧

6
1 + 𝜐

2
1

+ 𝜄1𝜐1 (31)

By combining (30) and (31), (28) can be expressed as

𝐿𝑉1 ≤ 𝑧
3
1𝛼1 + 𝑊̂ 1𝑧

3
1Ξ1 +

𝜄1𝑧
6
1

√
𝑧

6
1 + 𝜐

2
1

− 𝑊̃ 1

(
̇

𝑊̂ 1 − 𝑧
3
1Ξ1

)

− 𝜄̃1

⎛
⎜
⎜
⎜
⎝

̇
𝜄1 −

𝑧
6
1

√
𝑧

6
1 + 𝜐

2
1

⎞
⎟
⎟
⎟
⎠

+
(
𝑊1 + 𝜄1 +

3
2

)
𝜐1 +

1
4
𝑧

4
2

(32)

Based on (32), the virtual control law 𝛼1 and the adaptive laws
̇

𝑊̂ 1, ̇𝜄1 are selected as

𝛼1 = −𝑘1𝑧1 − 𝑊̂1Ξ1 −
𝜄1𝑧

3
1

√
𝑧

6
1 + 𝜐

2
1

(33a)

̇
𝑊̂ 1 = 𝑧

3
1Ξ1 − 𝜐1𝑊̂1 (33b)

̇
𝜄1 =

𝑧
6
1

√
𝑧

6
1 + 𝜐

2
1

− 𝜐1𝜄1 (33c)

where 𝑘1 is a positive constant.

Then, substituting (33) into (32) yields

𝐿𝑉1 ≤ −𝑘1𝑧
4
1 + 𝜐1𝑊̃ 1𝑊̂1 + 𝜐1 𝜄̃1𝜄1 +

1
4
𝑧

4
2 +
(
𝑊1 + 𝜄1 +

3
2

)
𝜐1

(34)
Step 𝑖(2 ≤ 𝑖 ≤ 𝑛 − 1): According to (17) and (18), we obtain the
derivative of 𝑧

𝑖
as

𝑑𝑧
𝑖
=
(
𝑥
𝑖+1 + 𝑓

𝑖
− ∇𝛼

𝑖−1
)
𝑑𝑡 + ℎ

T
𝑖
𝑑𝝎 (35)

where ∇𝛼
𝑖−1 =

∑
𝑖−1
𝑗=1

𝜕𝛼
𝑖−1

𝜕𝑥
𝑗

(
𝑥
𝑗+1 + 𝑓

𝑗

)
+
∑

𝑖−1
𝑗=1

𝜕𝛼
𝑖−1

𝑊̂
𝑗

̇
𝑊̂

𝑗
+
∑

𝑖−1
𝑗=1

𝜕𝛼
𝑖−1

𝜄
𝑗

̇
𝜄
𝑗
+
∑

𝑖−1
𝑗=0

𝜕𝛼
𝑖−1

𝜕𝑦
(𝑗)
𝑑

𝑦
(𝑗+1)
𝑑

+ 1
2

∑
𝑖−1
𝑗,𝑘=1

𝜕
2
𝛼
𝑖−1

𝜕𝑥
𝑗
𝜕𝑥

𝑘

ℎ
T
𝑗
ℎ
𝑘

and ℎ
𝑖
= ℎ

𝑖
−

∑
𝑖−1
𝑗=1

𝜕𝛼
𝑖−1

𝜕𝑥
𝑗

ℎ
𝑗
.

To achieve ATC, the following 𝑖-th Lyapunov function is chosen

𝑉
𝑖
= 𝑉

𝑖−1 +
1
4
𝑧

4
𝑖
+ 1

2
𝑊̃

2
𝑖
+ 1

2
𝜄̃
2
𝑖

(36)

where 𝑊̃
𝑖

and 𝜄̃
𝑖

are defined in (20).

By using Definition 1 on (35) and (36), we get

𝐿𝑉
𝑖
= 𝐿𝑉

𝑖−1 + 𝑧
3
𝑖

((
𝑧
𝑖+1 + 𝛼

𝑖

)
+ 𝑓

𝑖
− ∇𝛼

𝑖−1
)

+ 3
2
𝑧

2
𝑖
H

𝑖
− 𝑊̃

𝑖

̇
𝑊̂

𝑖
− 𝜄̃

𝑖

̇
𝜄
𝑖

(37)

where H
𝑖
= ‖‖
‖
ℎ
𝑖

‖
‖
‖

2
.

Then, with the help of Lemma 6 and Young’s Inequality, the fol-
lowing two inequalities are obtained

𝑧
3
𝑖
𝑧
𝑖+1 ≤

3
4
𝑧

4
𝑖
+ 1

4
𝑧

4
𝑖+1 (38)

3
2
𝑧

2
𝑖
H

𝑖
≤

3
2
𝑧

3
𝑖
Φ

𝑖
+ 3

2
𝜐
𝑖

(39)

By combining (38) and (39), (37) can be rewritten as

𝐿𝑉
𝑖
≤ 𝐿𝑉

𝑖−1 + 𝑧
3
𝑖

(
𝛼
𝑖
+ T

𝑖
+ 3

2
Φ

𝑖

)

− 1
4
𝑧

4
𝑖
+ 1

4
𝑧

4
𝑖+1 +

3
2
𝜐
𝑖
− 𝑊̃

𝑖

̇
𝑊̂

𝑖
− 𝜄̃

𝑖

̇
𝜄
𝑖

(40)

where T
𝑖
= 𝑓

𝑖
− ∇𝛼

𝑖−1 + 𝑧
𝑖
.

Similarly, T
𝑖

is an unknown smooth non-linear function, so for
∀𝜀

𝑖
> 0, there exists an MTN that is used to approximate it as

follows
T
𝑖
= 𝝋T

𝑖
P
𝑚

𝑖

(
𝑍

𝑖

)
+ 𝛿

(
𝑍

𝑖

)
,
|
|
|
𝛿
𝑖

(
𝑍

𝑖

)|
|
|
≤ 𝜀

𝑖
(41)

where 𝑍
𝑖
= [𝑧1, . . . , 𝑧𝑖

, 𝑦
𝑑
, . . . , 𝑦

(𝑖)
𝑑
, 𝑊̂1, . . . , 𝑊̂𝑖−1, 𝜄1, . . . , 𝜄𝑖−1]T

and 𝛿
𝑖

(
𝑍

𝑖

)
represent the input vector and the approximation

error of MTN, respectively.

According to (19) and (41), and similar to the derivation of (30),
we get

𝑧
3
𝑖

(
T
𝑖
+ 3

2
Φ

𝑖

)
≤ 𝑊

𝑖
𝑧

3
𝑖
Ξ

𝑖
+𝑊

𝑖
𝜐
𝑖
+ ||
|
𝑧

3
𝑖

|
|
|
𝜄
𝑖

(42)

Then, using the Lemma 4, we can further get the following
inequality

|
|
|
𝑧

3
𝑖

|
|
|
𝜄
𝑖
≤

𝜄
𝑖
𝑧

6
𝑖

√
𝑧

6
𝑖
+ 𝜐

2
𝑖

+ 𝜄
𝑖
𝜐
𝑖 (43)

By combining (42) and (43), the (40) can be expressed as

𝐿𝑉
𝑖
≤ 𝐿𝑉

𝑖−1 + 𝑧
3
𝑖
𝛼
𝑖
+ 𝑊̂

𝑖
𝑧

3
𝑖
Ξ

𝑖
+

𝜄
𝑖
𝑧

6
𝑖

√
𝑧

6
𝑖
+ 𝜐

2
𝑖

− 𝑊̃
𝑖

(
̇

𝑊̂
𝑖
− 𝑧

3
𝑖
Ξ

𝑖

)
− 𝜄̃

𝑖

⎛
⎜
⎜
⎜
⎝

̇
𝜄
𝑖
−

𝑧
6
𝑖

√
𝑧

6
𝑖
+ 𝜐

2
𝑖

⎞
⎟
⎟
⎟
⎠

+
(
𝑊

𝑖
+ 𝜄

𝑖
+ 3

2

)
𝜐
𝑖
− 1

4
𝑧

4
𝑖
+ 1

4
𝑧

4
𝑖+1

(44)

Based on (44), the virtual control law 𝛼
𝑖
and the adaptive laws ̇

𝑊̂
𝑖
,

̇
𝜄
𝑖

are selected as

𝛼
𝑖
= −𝑘

𝑖
𝑧
𝑖
− 𝑊̂

𝑖
Ξ

𝑖
−

𝜄
𝑖
𝑧

3
𝑖

√
𝑧

6
𝑖
+ 𝜐

2
𝑖

(45a)
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̇
𝑊̂

𝑖
= 𝑧

3
𝑖
Ξ

𝑖
− 𝜐

𝑖
𝑊̂

𝑖
(45b)

̇
𝜄
𝑖
=

𝑧
6
𝑖

√
𝑧

6
𝑖
+ 𝜐

2
𝑖

− 𝜐
𝑖
𝜄
𝑖 (45c)

where 𝑘
𝑖

is a positive constant.

Then, substituting (45) into (44) yields

𝐿𝑉
𝑖
≤ −

𝑖∑

𝑗=1
𝑘
𝑗
𝑧

4
𝑗
+

𝑖∑

𝑗=1
𝜐
𝑗
𝑊̃

𝑗
𝑊̂

𝑗
+

𝑖∑

𝑗=1
𝜐
𝑗
𝜄̃
𝑗
𝜄
𝑗

+
𝑖∑

𝑗=1

(
𝑊

𝑗
+ 𝜄

𝑗
+ 3

2

)
𝜐
𝑗
+ 1

4
𝑧

4
𝑖+1

(46)

Step 𝑛: According to (17) and (18), we obtain the derivative of 𝑧
𝑛

as

𝑑𝑧
𝑛
=
((

𝜌1𝜗𝑠
+ 𝜌2𝜉

)
+ 𝑓

𝑛
− ∇𝛼

𝑛−1
)
𝑑𝑡 + ℎ

T
𝑛
𝑑𝝎 (47)

where ∇𝛼
𝑛−1 =

∑
𝑛−1
𝑗=1

𝜕𝛼
𝑛−1

𝜕𝑥
𝑗

(
𝑥
𝑗+1 + 𝑓

𝑗

)
+
∑

𝑛−1
𝑗=1

𝜕𝛼
𝑛−1

𝑊̂
𝑗

̇
𝑊̂

𝑗
+

∑
𝑛−1
𝑗=1

𝜕𝛼
𝑛−1
𝜄
𝑗

̇
𝜄
𝑗
+
∑

𝑛−1
𝑗=0

𝜕𝛼
𝑛−1

𝜕𝑦
(𝑗)
𝑑

𝑦
(𝑗+1)
𝑑

+ 1
2

∑
𝑛−1
𝑗,𝑘=1

𝜕
2
𝛼
𝑛−1

𝜕𝑥
𝑗
𝜕𝑥

𝑘

ℎ
T
𝑗
ℎ
𝑘

and ℎ
𝑛
=

ℎ
𝑛
−
∑

𝑛−1
𝑗=1

𝜕𝛼
𝑛−1

𝜕𝑥
𝑗

ℎ
𝑗
.

To achieve ATC, the following 𝑛-th Lyapunov function is chosen

𝑉
𝑛
= 𝑉

𝑛−1 +
1
4
𝑧

4
𝑛
+ 1

2
𝑊̃

2
𝑛
+ 1

2
𝜄̃
2
𝑛

(48)

where 𝑊̃
𝑛

and 𝜄̃
𝑛

are defined in (20).

By using Definition 1 on (47) and (48), we get

𝐿𝑉
𝑛
= 𝐿𝑉

𝑛−1 +
3
2
𝑧

2
𝑛
H

𝑛
− 𝑊̃

𝑛

̇
𝑊̂

𝑛
− 𝜄̃

𝑛

̇
𝜄
𝑛

+ 𝑧
3
𝑛

((
𝜌1
(
𝑧
𝑛+1 + 𝛼

𝑛

)
+ 𝜌2𝜉

)
+ 𝑓

𝑛
− ∇𝛼

𝑛−1
) (49)

where H
𝑛
= ‖‖
‖
ℎ
𝑛

‖
‖
‖

2
.

Since the direction 𝜌1 of hysteresis is unknown, the control
design is more complex. By introducing Nussbaum-type func-
tion 𝑁(𝜂) = 𝜂

2 cos(𝜂), a novel auxiliary part 𝛼
𝑛

is ingeniously
constructed for virtual control signal 𝛼

𝑛
= −𝑁(𝜂)𝛼

𝑛
to solve this

problem, and the value of 𝜂 can be gotten through equation 𝜂̇ =
−ℵ𝑧

3
𝑛
𝛼
𝑛
. Thus, we have

𝑧
3
𝑛
𝜌1𝛼𝑛

= −
(
𝜌1𝑁(𝜂) + 1

)
𝑧

3
𝑛
𝛼
𝑛
+ 𝑧

3
𝑛
𝛼
𝑛

= 1
ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇ + 𝑧

3
𝑛
𝛼
𝑛

(50)

Then, according to Young’s Inequality and Lemma 6, the follow-
ing two inequalities are obtained

𝑧
3
𝑛
𝜌1𝑧𝑛+1 ≤

3
4
𝜌

4
3
1 𝑧

4
𝑛
+ 1

4
𝑧

4
𝑛+1 (51)

3
2
𝑧

2
𝑛
H

𝑛
≤

3
2
𝑧

3
𝑛
Φ

𝑛
+ 3

2
𝜐
𝑛

(52)

By combining (50–52), the (49) can be rewritten as

𝐿𝑉
𝑛
≤ 𝐿𝑉

𝑛−1 + 𝑧
3
𝑛

(
𝛼
𝑛
+ T

𝑛
+ 3

2
Φ

𝑛

)
− 1

4
𝑧

4
𝑛
+ 1

4
𝑧

4
𝑛+1

+ 3
2
𝜐
𝑛
+ 1

ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇ − 𝑊̃

𝑛

̇
𝑊̂

𝑛
− 𝜄̃

𝑛

̇
𝜄
𝑛

(53)

where T
𝑛
= 𝑓

𝑛
− ∇𝛼

𝑛−1 +
3
4
𝜌

4
3
1 𝑧𝑛

+ 𝜌2𝜉 +
1
4
𝑧
𝑛
.

Similarly, T
𝑛

is an unknown smooth non-linear function, so for
∀𝜀

𝑛
> 0, there exists an MTN that is used to approximate it as

follows

T
𝑛
= 𝝋T

𝑛
P
𝑚

𝑛

(
𝑍

𝑛

)
+ 𝛿

(
𝑍

𝑛

)
,
|
|
|
𝛿
𝑛

(
𝑍

𝑛

)|
|
|
≤ 𝜀

𝑛
(54)

where 𝑍
𝑛
= [𝑧1, . . . , 𝑧𝑛

, 𝑦
𝑑
, . . . , 𝑦

(𝑛)
𝑑
, 𝑊̂1, . . . , 𝑊̂𝑛−1, 𝜄1, . . . , 𝜄𝑛−1]T

and 𝛿
𝑛

(
𝑍

𝑛

)
represent the input vector and the approximation

error of MTN, respectively.

According to (19) and (54), and similar to the derivation of (30),
we get

𝑧
3
𝑛

(
T
𝑛
+ 3

2
Φ

𝑛

)
≤ 𝑊

𝑛
𝑧

3
𝑛
Ξ

𝑛
+𝑊

𝑛
𝜐
𝑛
+ ||
|
𝑧

3
𝑛

|
|
|
𝜄
𝑛

(55)

Then, using the Lemma 4, we can further get the following
inequality

|
|
|
𝑧

3
𝑛

|
|
|
𝜄
𝑛
≤

𝜄
𝑛
𝑧

6
𝑛

√
𝑧

6
𝑛
+ 𝜐

2
𝑛

+ 𝜄
𝑛
𝜐
𝑛 (56)

By combining (55) and (56), (53) can be expressed as

𝐿𝑉
𝑛
≤ 𝐿𝑉

𝑛−1 + 𝑧
3
𝑛
𝛼
𝑛
+ 𝑊̂

𝑛
𝑧

3
𝑛
Ξ

𝑛
+

𝜄
𝑛
𝑧

6
𝑛

√
𝑧

6
𝑛
+ 𝜐

2
𝑛

− 𝑊̃
𝑛

(
̇

𝑊̂
𝑛
− 𝑧

3
𝑛
Ξ

𝑛

)
− 𝜄̃

𝑛

⎛
⎜
⎜
⎜
⎝

̇
𝜄
𝑛
−

𝑧
6
𝑛

√
𝑧

6
𝑛
+ 𝜐

2
𝑛

⎞
⎟
⎟
⎟
⎠

+
(
𝑊

𝑛
+ 𝜄

𝑛
+ 3

2

)
𝜐
𝑛
+ 1

ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇ − 1

4
𝑧

4
𝑛
+ 1

4
𝑧

4
𝑛+1
(57)

Based on (57), the auxiliary part 𝛼
𝑛
, the virtual control law 𝛼

𝑛
and

the adaptive laws ̇
𝑊̂

𝑛
, ̇𝜄

𝑛
are selected as

𝛼
𝑛
= −𝑘

𝑛
𝑧
𝑛
− 𝑊̂

𝑛
Ξ

𝑛
−

𝜄
𝑛
𝑧

3
𝑛

√
𝑧

6
𝑛
+ 𝜐

2
𝑛

(58a)

𝛼
𝑛
= −𝑁(𝜂)𝛼

𝑛
(58b)

̇
𝑊̂

𝑛
= 𝑧

3
𝑛
Ξ

𝑛
− 𝜐

𝑛
𝑊̂

𝑛
(58c)

̇
𝜄
𝑛
=

𝑧
6
𝑛

√
𝑧

6
𝑛
+ 𝜐

2
𝑛

− 𝜐
𝑛
𝜄
𝑛 (58d)

where 𝑘
𝑛

is a positive constant.
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Then, substituting (58) into (57) yields

𝐿𝑉
𝑛
≤ −

𝑛∑

𝑗=1
𝑘
𝑗
𝑧

4
𝑗
+

𝑛∑

𝑗=1
𝜐
𝑗
𝑊̃

𝑗
𝑊̂

𝑗
+

𝑛∑

𝑗=1
𝜐
𝑗
𝜄̃
𝑗
𝜄
𝑗

+
𝑛∑

𝑗=1

(
𝑊

𝑗
+ 𝜄

𝑗
+ 3

2

)
𝜐
𝑗
+ 1

ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇ + 1

4
𝑧

4
𝑛+1

(59)

Step 𝑛 + 1: According to (17) and (18), the derivative of 𝑧
𝑛+1 can

be obtained as

𝑑𝑧
𝑛+1 =

(
𝑏

(
𝜗 − 𝜗

𝑠

)
+ 𝑓

𝑛+1 − ∇𝛼
𝑛

)
𝑑𝑡 + ℎ

T
𝑛+1𝑑𝝎

(60)

where ∇𝛼
𝑛
=
∑

𝑛−1
𝑗=1

𝜕𝛼
𝑛

𝜕𝑥
𝑗

(
𝑥
𝑗+1 + 𝑓

𝑗

)
+ 𝜕𝛼

𝑛

𝜕𝑥
𝑛

(
𝜌1𝜗𝑠

+ 𝜌2𝜉 + 𝑓
𝑛

)
+

∑
𝑛

𝑗=1
𝜕𝛼

𝑛

𝑊̂
𝑗

̇
𝑊̂

𝑗
+
∑

𝑛

𝑗=1
𝜕𝛼

𝑛

𝜄
𝑗

̇
𝜄
𝑗
+
∑

𝑛

𝑗=0
𝜕𝛼

𝑛

𝜕𝑦
(𝑗)
𝑑

𝑦
(𝑗+1)
𝑑

+ 1
2

∑
𝑛

𝑗,𝑘=1
𝜕

2
𝛼
𝑛

𝜕𝑥
𝑗
𝜕𝑥

𝑘

ℎ
T
𝑗
ℎ
𝑘

and ℎ
𝑛+1 = −

∑
𝑛

𝑗=1
𝜕𝛼

𝑛

𝜕𝑥
𝑗

ℎ
𝑗
.

To achieve ATC, the following 𝑛 + 1-th Lyapunov function is
chosen

𝑉
𝑛+1 = 𝑉

𝑛
+ 1

4
𝑧

4
𝑛+1 +

1
2
𝑊̃

2
𝑛+1 +

1
2
𝜄̃
2
𝑛+1 (61)

where 𝑊̃
𝑛+1 and 𝜄̃

𝑛+1 are defined in (20).

TABLE 1 | Parameters of Example 1.

Parameter Value Parameter Value Parameter Value

𝑘1 20 𝛾 2 ℏ 10
𝑘2 4 𝛽 1 𝜍 0.1
𝑘3 4 A 1 𝜐1 5𝑒−0.1𝑡

𝑏 10 𝑛 2 𝜐2 2𝑒−0.5𝑡

ℵ 10 𝑚 2 𝜐3 20𝑒−0.01𝑡

𝜌1 1 𝑚1 0.5
𝜌2 1 𝑚 3

By using Definition 1 on (60) and (61), we get

𝐿𝑉
𝑛+1 = 𝐿𝑉

𝑛
+ 𝑧

3
𝑛+1
(
𝑏

(
𝜗 − 𝜗

𝑠

)
+ 𝑓

𝑛+1 − ∇𝛼
𝑛

)

+ 3
2
𝑧

2
𝑛+1H

𝑛+1 − 𝑊̃
𝑛+1

̇
𝑊̂

𝑛+1 − 𝜄̃
𝑛+1

̇
𝜄
𝑛+1

(62)

where H
𝑛+1 =

‖
‖
‖
ℎ
𝑛+1
‖
‖
‖

2
.

Then, by using the Lemma 6, the following inequality is obtained

3
2
𝑧

2
𝑛+1H

𝑛+1 ≤
3
2
𝑧

3
𝑛+1Φ𝑛+1 +

3
2
𝜐
𝑛+1 (63)

Substituting (63) into (62) yields

𝐿𝑉
𝑛+1 = 𝐿𝑉

𝑛
+ 𝑧

3
𝑛+1

(
𝑏𝜗 + T

𝑛+1 +
3
2
Φ

𝑛+1

)

− 1
4
𝑧

4
𝑛+1 +

3
2
𝜐
𝑛+1 − 𝑊̃

𝑛+1
̇

𝑊̂
𝑛+1 − 𝜄̃

𝑛+1
̇
𝜄
𝑛+1

(64)

where T
𝑛+1 = 𝑓

𝑛+1 − ∇𝛼
𝑛
− 𝑏𝜗

𝑠
+ 1

4
𝑧
𝑛+1.

Similarly, T
𝑛+1 is an unknown smooth non-linear function, so for

∀𝜀
𝑛+1 > 0, there exists an MTN that is used to approximate it as

follows

T
𝑛+1 = 𝝋T

𝑛+1P
𝑚

𝑛+1

(
𝑍

𝑛+1
)
+ 𝛿

(
𝑍

𝑛+1
)
,
|
|
|
𝛿
𝑛+1
(
𝑍

𝑛+1
)|
|
|
≤ 𝜀

𝑛+1 (65)

where𝑍
𝑛+1 = [𝑧1, . . . , 𝑧𝑛+1, 𝑦𝑑

, . . . , 𝑦
(𝑛+1)
𝑑

, 𝑊̂1, . . . , 𝑊̂𝑛
, 𝜄1, . . . , 𝜄𝑛]T

and 𝛿
𝑛+1
(
𝑍

𝑛+1
)

represent the input vector and the approximation
error of MTN, respectively.

According to (19) and (65), and similar to the derivation of (30),
we get

𝑧
3
𝑛+1

(
T
𝑛+1 +

3
2
Φ

𝑛+1

)
≤ 𝑊

𝑛+1𝑧
3
𝑛+1Ξ𝑛+1 +𝑊

𝑛+1𝜐𝑛+1 +
|
|
|
𝑧

3
𝑛+1
|
|
|
𝜄
𝑛+1

(66)

FIGURE 3 | The trajectories of 𝑦
𝑑

and 𝑦 of Example 1.
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FIGURE 4 | The trajectories of tracking error 𝑦 − 𝑦
𝑑

and state 𝑥2 of Example 1.

FIGURE 5 | The trajectories of controller 𝜛(𝑡) and control signal 𝜗(𝑡) of Example 1.

Then, using the Lemma 4, we can further get the following
inequality

|
|
|
𝑧

3
𝑛+1
|
|
|
𝜄
𝑛+1 ≤

𝜄
𝑛+1𝑧

6
𝑛+1

√
𝑧

6
𝑛+1 + 𝜐

2
𝑛+1

+ 𝜄
𝑛+1𝜐𝑛+1 (67)

By combining (66) and (67), the (64) can be expressed as

𝐿𝑉
𝑛+1 ≤ 𝐿𝑉

𝑛
+ 𝑧

3
𝑛+1𝑏𝜗 + 𝑊̂

𝑛+1𝑧
3
𝑛+1Ξ𝑛+1 +

𝜄
𝑛+1𝑧

6
𝑛+1

√
𝑧

6
𝑛+1 + 𝜐

2
𝑛+1

− 𝑊̃
𝑛+1

(
̇

𝑊̂
𝑛+1 − 𝑧

3
𝑛+1Ξ𝑛+1

)

− 𝜄
𝑛+1

⎛
⎜
⎜
⎜
⎝

̇
𝜄
𝑛+1 −

𝑧
6
𝑛+1

√
𝑧

6
𝑛+1 + 𝜐

2
𝑛+1

⎞
⎟
⎟
⎟
⎠

+
(
𝑊

𝑛+1 + 𝜄
𝑛+1 +

3
2

)
𝜐
𝑛+1 −

1
4
𝑧

4
𝑛+1 (68)

Based on (68), the event-triggered controller 𝜛, the virtual con-
trol law 𝛼

𝑛+1 and the adaptive laws ̇
𝑊̂

𝑛+1, ̇𝜄
𝑛+1 are selected as

𝜛(𝑡) = 𝛼
𝑛+1 − 𝑚 tanh

(
𝑧

3
𝑛+1𝑚

𝜐
𝑛+1

)

(69a)

𝛼
𝑛+1 =

1
𝑏

⎛
⎜
⎜
⎜
⎝

−𝑘
𝑛+1𝑧𝑛+1 − 𝑊̂

𝑛+1Ξ𝑛+1 −
𝜄
𝑛+1𝑧

3
𝑛+1

√
𝑧

6
𝑛+1 + 𝜐

2
𝑛+1

⎞
⎟
⎟
⎟
⎠

(69b)

̇
𝑊̂

𝑛+1 = 𝑧
3
𝑛+1Ξ𝑛+1 − 𝜐

𝑛+1𝑊̂ 𝑛+1 (69c)

̇
𝜄
𝑛+1 =

𝑧
6
𝑛+1

√
𝑧

6
𝑛+1 + 𝜐

2
𝑛+1

− 𝜐
𝑛+1𝜄𝑛+1 (69d)
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FIGURE 6 | The trajectories of filter output signal 𝜗
𝑠
(𝑡) and hysteresis output signal 𝐻

(
𝜗
𝑠

)
of Example 1.

FIGURE 7 | The trajectories of adaptive parameters 𝑊̂
𝑖
, 𝑖 = 1, 2, 3 and 𝜄

𝑖
, 𝑖 = 1, 2, 3 of Example 1.

where 𝑘
𝑛+1 and 𝑚 ≥ 𝑒1 are positive constants.

Remark 5. In time interval 𝑡 ∈
[
𝑡
𝑘
, 𝑡

𝑘+1
)
, from (7) and (8),

we can get 𝜛(𝑡) = 𝜗(𝑡) + 𝜆(𝑡)𝑒1, where 𝜆(𝑡) is time-varying
parameter satisfying |𝜆(𝑡)| < 1. Thus, we have 𝜗(𝑡) = 𝜛(𝑡)
− 𝜆(𝑡)𝑒1.

Then, substituting (69) into (68), and using Lemma 5
simultaneously yields

𝐿𝑉
𝑛+1 ≤ −

𝑛+1∑

𝑗=1
𝑘
𝑗
𝑧

4
𝑗
− 𝑏
|
|
|
𝑧

3
𝑛+1𝑚

|
|
|
− 𝑏𝜆(𝑡)𝑧3

𝑛+1𝑒1

+
𝑛+1∑

𝑗=1
𝜐
𝑗
𝑊̃

𝑗
𝑊̂

𝑗
+

𝑛+1∑

𝑗=1
𝜐
𝑗
𝜄̃
𝑗
𝜄
𝑗
+

𝑛∑

𝑗=1

(
𝑊

𝑗
+ 𝜄

𝑗
+ 3

2

)
𝜐
𝑗

+
(
𝑊

𝑛+1 + 𝜄
𝑛+1 +

3
2
+ 0.2785𝑏

)
𝜐
𝑛+1

+ 1
ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇ (70)

Furthermore, the following inequalities hold

𝑊̃
𝑗
𝑊̂

𝑗
= 𝑊̃

𝑗

(
𝑊

𝑗
− 𝑊̃

𝑗

)
= −𝑊̃ 2

𝑗
+ 𝑊̃

𝑗
𝑊

𝑗
≤ −1

2
𝑊̃

2
𝑗
+ 1

2
𝑊

2
𝑗

(71)

𝜄̃
𝑗
𝜄
𝑗
= 𝜄̃

𝑗

(
𝜄
𝑗
− 𝜄̃

𝑗

)
= −𝜄̃2

𝑗
+ 𝜄̃

𝑗
𝜄
𝑗
≤ −1

2
𝜄̃
2
𝑗
+ 1

2
𝜄
2
𝑗

(72)

By combing (71) and (72), the (70) can be transformed into the
following inequality
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FIGURE 8 | The trajectories of hysteresis of Example 1.

FIGURE 9 | The triggering moments and interevent intervals of Example 1.

TABLE 2 | Parameters of Example 2.

Parameter Value Parameter Value Parameter Value

𝑀 1 ℵ 20 𝑚1 1

𝐵 1 𝜌1 3 𝑚 5.5

𝑚2 1 𝜌2 2 ℏ 10

𝑙 1 A 1 𝜍 0.05

𝑘1 25 𝛾 2 𝜐1 10𝑒−0.01𝑡

𝑘2 3 𝛽 1 𝜐2 20𝑒−0.01𝑡

𝑘3 3 𝑛 2 𝜐3 30𝑒−0.01𝑡

𝑏 2.5 𝑚 2

𝐿𝑉
𝑛+1 ≤ −

𝑛+1∑

𝑗=1
𝑘
𝑗
𝑧

4
𝑗
−

𝑛+1∑

𝑗=1

⎛
⎜
⎜
⎝

𝑊̃

2
𝑗
+ 𝜄̃

2
𝑗

2

⎞
⎟
⎟
⎠

𝜐
𝑗

+
𝑛+1∑

𝑗=1
𝑜
𝑗
𝜐
𝑗
+ 1

ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇

(73)

where 𝑜
𝑗
=

𝑊
2
𝑗
+𝜄2

𝑗

2
+𝑊

𝑗
+ 𝜄

𝑗
+ 3

2
, 𝑗 = 1, . . . , 𝑛, 𝑜

𝑛+1 =
𝑊

2
𝑛+1+𝜄

2
𝑛+1

2
+

𝑊
𝑛+1 + 𝜄

𝑛+1 +
3
2
+ 0.2785𝑏.

Remark 6. In this paper, the application of the bounded esti-
mation method and defining variable 𝜄

𝑖
makes the existence of

stochastic disturbances to be subtly eliminated. Moreover, by
introducing function 𝜐

𝑖
and constructing smooth functionsΞ

𝑖
,Φ

𝑖
,

the ATC of system (17) can be achieved.
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FIGURE 10 | The trajectories of 𝑦
𝑑

and 𝑦 of Example 2.

FIGURE 11 | The trajectories of tracking error 𝑦 − 𝑦
𝑑

and state 𝑥2 of Example 2.

Remark 7. It is worth noting that whenever the controller
is triggered under huge signal amplitude, the system will
inevitably be subjected to strong signal impulses, so the FTM
is adapted to provide a bounded measurement error to main-
tain the regular operation of the system components, thus indi-
rectly optimizing the asymptotic tracking performance of the
system. Otherwise, when the signal amplitude is small, the
RTM is used to obtain more precise control performance. There-
fore, the system’s asymptotic tracking performance and con-
trol performance are intelligently balanced, further improving
the asymptotic tracking performance of the controller. In addi-
tion to that, since the simple structure of MTN was elaborated
in [11, 13, 48], the event-triggered adaptive MTN asymptotic
tracking controller is designed in this paper with lower energy
consumption.

3.2 | Stability Analysis

Theorem 1. Considering the stochastic non-linear system (1)
subject to unknown hysteresis and limited network resources, the
proposed event-triggered controller (69a), the virtual control laws
(33a), (45a), (58b), (69b) and the adaptive laws (33b), (33c), (45b),
(45c), (58c), (58d), (69c), (69d). For any bounded initial condition,
we can conclude

1. all signals of the closed-loop system are bounded in probability
on [0,+∞);

2. the system output with zero tracking error can be achieved

3. Zeno phenomenon is excluded.
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FIGURE 12 | The trajectories of controller 𝜛(𝑡) and control signal 𝜗(𝑡) of Example 2.

FIGURE 13 | The trajectories of filter output signal 𝜗
𝑠
(𝑡) and hysteresis output signal 𝐻

(
𝜗
𝑠

)
of Example 2.

Proof. Since 𝜐
𝑖

is a positive bounded and continuous func-
tion, there exist positive constants 𝑙

𝑖
and 𝑞 such that 𝑙

𝑖
≤ 𝜐

𝑖
and

∑
𝑛+1
𝑗=1𝑜𝑗𝜐𝑗 ≤ 𝑞. Next, let 𝑝 = min

{
4𝑘

𝑗
, 𝑙

𝑗
, 𝑗 = 1, 2, . . . 𝑛 + 1

}
, the

(73) can be rewritten as

𝐿𝑉
𝑛+1 ≤ −𝑝𝑉𝑛+1 +

1
ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇ + 𝑞 (74)

Obviously, it can be obtained by using the 𝐼𝑡ô formula

𝑑

(
𝑒
𝑝𝑡

𝑉
𝑛+1
)
= 𝑒

𝑝𝑡

(
𝑝𝑉

𝑛+1 + 𝐿𝑉
𝑛+1
)
𝑑𝑡 + 𝑒

𝑝𝑡Λ𝑑𝝎(𝑡) (75)

where Λ = 𝜕𝑉
𝑛+1

𝜕𝑧1
ℎ

T
1 +
∑

𝑛

𝑖=2
𝜕𝑉

𝑛+1

𝜕𝑧
𝑖

(
ℎ
𝑖
−
∑

𝑖−1
𝑗=1

𝜕𝛼
𝑖−1

𝜕𝑥
𝑗

ℎ
𝑗

)T
+ 𝜕𝑉

𝑛+1

𝜕𝑧
𝑛+1(

−
∑

𝑛

𝑗=1
𝜕𝛼

𝑛

𝜕𝑥
𝑗

ℎ
𝑗

)T
.

Integrating (75) over 0 to 𝑡 yields

𝑉
𝑛+1(𝑡) ≤ 𝑒

−𝑝𝑡
𝑉
𝑛+1(0) +

𝑞

𝑝

(
1 − 𝑒

−𝑝𝑡)

+ 𝑒
−𝑝𝑡
∫

𝑡

0

1
ℵ

(
𝜌1𝑁(𝜂) + 1

)
𝜂̇𝑒

𝑝𝜎

𝑑𝜎

+ 𝑒
−𝑝𝑡
∫

𝑡

0
𝑒
𝑝𝜎Λ𝑑𝝎(𝜎)

(76)

According to (76) and Lemma 2, we can infer that 𝑉
𝑛+1(𝑡) is

bounded in probability on
[
0, 𝑡

𝑓

)
. Therefore, 𝑧

𝑖
, 𝑊̃

𝑖
and 𝜄̃

𝑖
are also

bounded in probability on
[
0, 𝑡

𝑓

)
.

Since 𝑊
𝑖

and 𝜄
𝑖

are constants, we can further prove that 𝑊̂
𝑖

and
𝜄
𝑖

are bounded in probability on
[
0, 𝑡

𝑓

)
. And 𝛼

𝑖
is composed of
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FIGURE 14 | The trajectories of adaptive parameters 𝑊̂
𝑖
, 𝑖 = 1, 2, 3 and 𝜄

𝑖
, 𝑖 = 1, 2, 3 of Example 2.

FIGURE 15 | The trajectories of hysteresis of Example 2.

bounded signals 𝑧
𝑖
, 𝑊̂

𝑖
, 𝜄

𝑖
and bounded function 𝜐

𝑖
, so it is also

bounded in probability on
[
0, 𝑡

𝑓

)
. In view of 𝑧

𝑖
= 𝑥

𝑖
− 𝛼

𝑖−1, we
can get that 𝑥

𝑖
is bounded in probability on

[
0, 𝑡

𝑓

)
. Moreover, we

can get that the controller 𝜛(𝑡), actuator input 𝜗
𝑠
(𝑡) and system

input 𝐻
(
𝜗
𝑠

)
are also bounded in probability on

[
0, 𝑡

𝑓

)
. Because

the solution of the closed-loop system is bounded, according to
Lemma 2, we have 𝑡

𝑓
→∞. Thus, all signals of the closed-loop

system are bounded in probability on [0,+∞).

Similar to the proof of Theorem 1 in [49], we can further get that
the system output with zero tracking error and there is no Zeno
phenomenon.

In summary, the correctness of Theorem 1 is proved. ◽

Remark 8. 𝜐
𝑖
(𝑡) is introduced to ensure asymptotic track-

ing effect, while 𝑘
𝑖

is added to ensure the better tracking

performance. In theory, we can decrease 𝜐
𝑖
(𝑡) and increase 𝑘

𝑖
arbi-

trarily. However, as indicated by Equations (33a), (45a), (58a), and
(69b), decreasing 𝜐

𝑖
(𝑡) or increasing 𝑘

𝑖
can lead to an increase in

the amplitude of control signals. Therefore, a trade-off between
tracking performance and control effort is necessary to achieve
optimal control performance.

4 | Simulation Results

In this section, three simulation examples will be given to
prove the effectiveness and superiority of the proposed control
scheme.

Example 1. (Numerical example). Considering the
following numerical example of a second-order stochastic
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FIGURE 16 | The triggering moments and interevent intervals of Example 2.

FIGURE 17 | The tracking trajectories of system (79) under two mechanisms.

non-linear system with unknown hysteresis.

⎧
⎪
⎨
⎪
⎩

𝑑𝑥1 =
(
𝑥2 + 0.5𝑥1𝑥2

)
𝑑𝑡

𝑑𝑥2 =
(
𝐻(𝜗) + 0.3𝑥2

1
)
𝑑𝑡 + 0.4 sin

(
𝑥

2
1
)
𝑑𝝎

𝑦 = 𝑥1

(77)

By introducing the first-order filter, the system (77) can be
rewritten as

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝑑𝑥1 =
(
𝑥2 + 0.5𝑥1𝑥2

)
𝑑𝑡

𝑑𝑥2 =
(
𝐻

(
𝜗
𝑠

)
+ 0.3𝑥2

1
)
𝑑𝑡 + 0.4 sin

(
𝑥

2
1
)
𝑑𝝎

𝐻

(
𝜗
𝑠

)
= 𝜌1𝜗𝑠

+ 𝜌2𝜉

𝑑𝜗
𝑠
=
(
𝑏

(
𝜗 − 𝜗

𝑠

))
𝑑𝑡

𝑦 = 𝑥1

(78)

For system (78), select initial values as [𝑥1(0), 𝑥2(0), 𝜗𝑠
(0)]T =

[0, 0, 0]T, [𝑊1(0),𝑊2(0),𝑊3(0)]T = [4, 4, 4]T, [𝜄1(0), 𝜄2(0), 𝜄3(0)]T =
[3, 3, 3]T, and reference signal 𝑦

𝑑
= 0.5 sin(𝑡). Besides, the value

of other relevant parameters is given in Table 1.

Figures 3–9 show the simulation results of system (78). Figure 3
displays the trajectories of the reference signal 𝑦

𝑑
and output

signal 𝑦. Figure 4 depicts the trajectories of the state 𝑥2 and track-
ing error 𝑦 − 𝑦

𝑑
. Figure 5 illustrates the controller 𝜛(𝑡) and con-

trol signal 𝜗(𝑡) generated by the ETM, which indicates that when
𝜗(𝑡) is too large, the FTM adopted in this paper will better protect
the asymptotic tracking performance of the system; otherwise,
when𝜗(𝑡) is small, intelligently switch to RTM to obtain more pre-
cise control. Figure 6 shows the trajectories of filter output signal
𝜗
𝑠
(𝑡) and hysteresis output signal 𝐻

(
𝜗
𝑠

)
, which are smooth and

differentiable signals. Figures 7 and 8 show the adaptive param-
eters 𝑊̂

𝑖
, 𝑖 = 1, 2, 3, 𝜄

𝑖
, 𝑖 = 1, 2, 3 and actuator hysteresis 𝐻

(
𝜗
𝑠

)
,

2338 International Journal of Robust and Nonlinear Control, 2025
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respectively. All the triggering moments and interevent intervals
are given in Figure 8. From Figures 3–9, we can conclude that
the control strategy proposed in this paper is effective.

Example 2. (Practical example). A practical example of a
second-order single-link manipulator is considered. According to
[50] and introducing the first-order filter, its stochastic non-linear
system model is reformulated as

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝑑𝑥1 = 𝑥2𝑑𝑡

𝑑𝑥2 =
(

1
𝑀

𝐻

(
𝜗
𝑠

)
− 𝐵

𝑀

𝑥2 −
𝑚2𝑔𝑙

𝑀

sin(𝑥1)
)
𝑑𝑡 + 𝐺(𝑥2

1)
𝑀

𝑑𝝎

𝐻

(
𝜗
𝑠

)
= 𝜌1𝜗𝑠

+ 𝜌2𝜉

𝑑𝜗
𝑠
=
(
𝑏

(
𝜗 − 𝜗

𝑠

))
𝑑𝑡

𝑦 = 𝑥1

(79)

where 𝐺

(
𝑥

2
1
)
= 0.1 sin

(
𝑥

2
1
)
.

In simulation, select initial values as [𝑥1(0), 𝑥2(0), 𝜗𝑠
(0)]T =

[0, 0, 0]T, [𝑊1(0),𝑊2(0),𝑊3(0)]T = [20, 20, 20]T, [𝜄1(0), 𝜄2(0),
𝜄3(0)]T = [15, 15, 15]T, and reference signal 𝑦

𝑑
= 0.5 sin(𝑡).

Besides, the value of other relevant parameters is given in
Table 2.

Figures 10–16 show that the proposed control objectives can be
implemented for a practical single-link robot system. The above
simulation results further verify the effectiveness and practical
application value of the proposed control strategy.

Example 3. To verify the advantages of the proposed
STM-based ETC strategy in achieving asymptotic tracking,
an experiment was conducted on system (79), comparing its
performance with that of the RTM-based ETC strategy outlined
in [25–28].

From Figure 17, it is evident that 𝜗(𝑡) exhibits relatively large
amplitude fluctuations in the 0.4–0.6 s range. Consequently,
through the theoretical analysis presented in Remark 7 and the
locally magnified simulation results in Figure 17, it is demon-
strated that when 𝜗(𝑡) reaches a higher value, the novel STM
proposed in this paper indirectly enhances the system’s asymp-
totic tracking performance by maintaining the regular operation
of system components. Furthermore, the local enlarged image of
the tracking trajectory in Figure 17 shows that the STM enhances
the robustness of the system against stochastic disturbances and
internal uncertainties, which further highlights the superiority of
the control strategy proposed in this paper.

5 | Conclusion

In this paper, an STM-based event-triggered adaptive ATC
scheme is proposed. By using the bounded estimation method
and Nussbaum function, the proposed controller with lower
energy consumption not only effectively compensates for
stochastic disturbances and unknown hysteresis, but also
optimizes the ATC performance of the system. Furthermore,
a first-order filter is creatively used to avoid the contra-
diction between discrete signals generated by ETM and
rate-dependent characteristics of actuator hysteresis, and

an improved backstepping technique is applied to deal with
additional states. The simulation examples show the effective-
ness and superiority of the proposed control scheme. Future
research will focus on the control of multi-agent systems, design-
ing low-complexity controllers [51], while also studying the issue
of fixed-time convergence. The research methods will be applied
to practical systems, such as fixed-wing unmanned aerial vehi-
cles [52]. Finally, the study will further explore the application of
event-triggered mechanisms in hypersonic flight vehicles [53].
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