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A B S T R A C T

This paper considers the event-triggered adaptive fault-tolerant control (FTC) problem for a class of stochastic
nonlinear systems suffering from finite number of actuator failures and abrupt system external failure. Unlike
existing event-triggered mechanisms (ETMs), this paper proposes an improved switching threshold mechanism
(STM) that effectively addresses the potential system security hazards caused by large signal impulses when
both the magnitude size of the controller and its rate of change are too large, while also saving energy
consumption. Especially, when the occurrence of both actuator failure and system external failure may lead
to over-change rate of the controller, by using the multi-dimensional Taylor network (MTN) approximation
technique, the adaptive fault-tolerant control scheme designed based on the improved STM not only has lower
resource consumption, but also indirectly improves the control performance of the system by ensuring the
system security operation. Not only does it ensure that all signals of the closed-loop system are bounded
in probability and the tracking error converges through the proposed control scheme. The feasibility and
superiority of the developed scheme is well shown by dynamic model simulations.
1. Introduction

In practical engineering, many systems, such as robotic systems,
electric power systems, satellite control systems, and unmanned aerial
vehicle control systems, are inherently nonlinear. Consequently, ensur-
ing the stability of nonlinear systems is of paramount importance, and
a variety of control methods have been proposed, including adaptive
backstepping control [1], robust control [2], sliding mode control [3],
and optimal control [4]. In recent years, with the increasing demand for
higher system control accuracy, the impact of stochastic disturbances
has become more significant, prompting extensions of these traditional
methods to accommodate stochastic nonlinear systems [5–7]. Despite
these advances, adaptive backstepping control remains limited in its
ability to handle strong system nonlinearities and uncertainties.

To address this limitation, intelligent control methods – such as
neural networks (NNs) [8,9], fuzzy logic systems (FLSs) [10], and
multi-dimensional Taylor networks (MTNs) [11] – have been increas-
ingly employed, leveraging approximation techniques to design more
robust control strategies for stochastic nonlinear systems. The MTN-
based control methods, in particular, stand out for their ability to sim-
plify control structures and alleviate computational complexity, making

✩ This work was supported by the Shandong Provincial Natural Science Foundation, China (No. ZR2020QF055).
∗ Corresponding author at: School of Mathematics and Physics, Qingdao University of Science and Technology, Qingdao 266061, China.

E-mail addresses: 2021090004@mails.qust.edu.cn (Y. Du), zhushanliang@qust.edu.cn (S.-L. Zhu), yuqunhan@qust.edu.cn (Y.-Q. Han).

them ideal for applications in nonlinear, switching, and stochastic
nonlinear systems [12–14].

Simultaneously, networked control systems (NCSs) have garnered
significant attention due to their wide-ranging applications in fields
such as telemedicine, wireless communications, aerospace, and au-
tomotive systems. In NCSs, system components (e.g., sensors, con-
trollers, actuators) communicate via a shared network, where band-
width and computational power limitations pose challenges to perfor-
mance. Event-triggered control (ETC) strategies, which intermittently
send quantized control signals to actuators, offer a promising solution
by reducing communication overhead and computational demands.
Event-triggered mechanisms (ETMs) generally fall into three types:
fixed threshold [15], relative threshold [16,17], and switching thresh-
old [18,19]. However, these mechanisms have limitations: the fixed
threshold mechanism (FTM) is simplistic and can lead to conservative
control performance; the relative threshold mechanism (RTM) can
result in excessively long update intervals and potential instability,
especially when control signals vary rapidly. Moreover, large ampli-
tude fluctuations in the control signal can lead to unsafe impulses,
jeopardizing system reliability.
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The conventional switching threshold mechanism (STM) combines
lements of both the FTM and the RTM to balance security and pre-

cision. However, it fails to adequately address the risks posed by
xcessive controller change rates, which can lead to significant system
afety hazards. Thus, there is a pressing need for an improved STM

that considers both the controller’s amplitude and its rate of change to
ensure system safety without compromising performance.

In practical NCSs, control signals are transmitted to plants through
actuators. However, as the complexity of NCSs increases, actuators
are prone to experiencing partial loss of effectiveness (PLOE) or total
loss of effectiveness (TLOE) during operation. To mitigate the impact
of actuator failures, various failure-tolerant control (FTC) strategies
have been proposed for different system types, including nonlinear
multi-agent systems [20,21], uncertain nonlinear systems [22,23], and
arge-scale nonlinear systems [24,25]. Recent studies, such as those by

Pan et al. [26] and Wang et al. [27], have developed FTC schemes
within the framework of the RTM. These schemes offer the advantage
of extending update intervals through larger measurement errors when
ctuator failures occur, thereby reducing communication overhead.
owever, this strategy fails to address a critical issue: the potential

or large overload impulses, arising from long update intervals and
xcessive rates of change in the actuator and controller signals, which
an severely compromise system safety and stability.

Moreover, the consideration of abrupt system external failure
n [28] highlights additional security risks within the RTM framework,

which are further compounded when both actuator failures and abrupt
system external failure occur simultaneously, as discussed in [29,30].
Despite these advancements, the conventional STM remains inadequate
in accounting for the security hazards posed by excessive rates of
hange in control signals. This underscores a crucial gap in the ex-

isting literature: the need for an ETM that not only accommodates
multiple failure scenarios but also explicitly considers the impact of the
controller’s rate of change on the overall system security. Addressing
his gap is vital for enhancing the robustness and reliability of NCSs,

particularly in failure-prone environments.
Motivated by these challenges, this paper proposes a novel approach

that integrates multiple failure scenarios (including actuator failures
and system external failure) into the event-triggered framework. Specif-
ically, the contributions of this paper are twofold:

(1) Unlike previous studies [29,30] that primarily address single
actuator failures or isolated system external failures, this paper ex-
tends the failure-tolerant framework to encompass multiple actuator
failures and system resource constraints. This extension provides a

ore accurate representation of real-world engineering applications,
here multiple failure modes can occur simultaneously. Leveraging

he MTN approximation technique, we propose a new event-triggered
TC scheme that not only compensates for the effects of these failures
ut also minimizes energy consumption. The MTN-based controller is
haracterized by its simplified structure, which reduces computational
omplexity and resource demands, thereby enhancing control efficiency
hile maintaining robustness in the presence of system failures.

(2) Building upon the conventional STM, we introduce an improved
TM that simultaneously considers both the magnitude and the rate
f change of the control signal. This integrated approach mitigates
he risk of large, destabilizing impulses that can arise from rapid
ariations in control inputs, thus ensuring improved system safety and
tability. At the same time, it achieves significant communication and
omputational resource savings by more efficiently triggering control
pdates. This novel mechanism addresses the limitations of traditional
TMs by providing a more comprehensive solution to system safety
nder dynamic and failure-prone conditions.

The main structure of the paper is as follows: Section 2 introduces
the definition of symbols, system description, actuator failure model,
control aims, stochastic system theory, MTN approximation principle,
and necessary definitions, lemmas, and assumptions; Section 3 provides
the main research results of this paper, including the design of the
63 
event-triggered adaptive fault-tolerant controller, the proof of system
stability, and the avoidance of Zeno behavior; The effectiveness and
superiority of the proposed control scheme are verified in Section 4
through simulation research on the 3-order single-link manipulator
dynamic model, while Section 5 summarized this paper.

2. Problem statement and preliminaries

Notations. In this paper, the arguments of the functions are omitted
r simplified whenever no confusion can arise from the context. For
xample, we may denote 𝑓𝑗

(

𝝌̄ 𝑗
)

, 𝐹𝑗
(

𝒁𝑗
)

and 𝑆𝑚𝑛

(

𝒁𝑗
)

by 𝑓𝑗 , 𝐹𝑗 and
𝑚𝑗

, respectively. 𝑅𝑟 denotes the real 𝑟-dimensional Euclidean space.
𝑛×𝑟 denotes the real 𝑛 × 𝑟 matric space. N∗ represents the set of all
ositive integers. |𝑋| denotes the absolute value of the real number
. ‖𝑿‖ denotes the Euclidean norm of vector 𝑿. 𝑋T represents the

ranspose of vector 𝑋. 𝐸 (⋅) denotes Expectation operator symbol. Tr {𝛥}
s the trace of matrix 𝛥. 𝐶 𝑖 denotes the set with 𝑖th partial derivative
unctions. sign (⋅) denotes the normal sign function. t anh (⋅) represents
he hyperbolic tangent function.

2.1. System and model statement

The stochastic nonlinear system considered in this paper with the
ollowing form
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑑 𝜒𝑗 =
(

𝑓𝑗
(

𝝌̄ 𝑗
)

+ 𝜒𝑗+1
)

𝑑 𝑡 + 𝜙T
𝑗
(

𝝌̄ 𝑗
)

𝑑 𝜗
𝑗 = 1, 2,… , 𝑛 − 1

𝑑 𝜒𝑛 =
(

𝑓𝑛
(

𝝌̄𝑛
)

+ 𝜇 (𝑡) + 𝛤 (𝑡) P (𝝌)
)

𝑑 𝑡
+ 𝜙T

𝑛
(

𝝌̄𝑛
)

𝑑 𝜗
𝑦 = 𝜒1

𝜇 (𝑡) =
𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)𝜇𝑏𝑖 (𝑡)

(1)

where 𝜇𝑏𝑖 (𝑡) ∈ 𝑅, 𝜇 (𝑡) ∈ 𝑅 and 𝑦 ∈ 𝑅 represent the 𝑖th actuator output,
system input and output, respectively. 𝝌 = [𝜒1, 𝜒2,… , 𝜒𝑛]T ∈ 𝑅𝑛 is
system state vector with 𝝌̄ 𝑗 = [𝜒1, 𝜒2,… , 𝜒𝑗 ]T ∈ 𝑅𝑗 , 𝑗 = 1, 2,… , 𝑛.
𝑓𝑗 (⋅) ∈ 𝑅 and 𝜙𝑗 (⋅) ∈ 𝑅𝑟 stand for the unknown smooth nonlinear
functions with 𝑓𝑗 (𝟎) = 0 and 𝜙𝑗 (𝟎) = 𝟎; 𝜑𝑖 (𝝌) (𝑖 = 1, 2,… , 𝑤) and
𝑖 ∈ 𝑅 are known smooth nonlinear function and unknown constant,
espectively; 𝜗 is an 𝑟-dimensional standard Wiener process. P (𝝌) is
n unknown function representing the system external failure. The
iagonal matrix 𝛤 (𝑡) is designed as

𝛤 (𝑡) =

{

1, 𝑡 ≥ 𝑇𝐹
0, 𝑡 < 𝑇𝐹

(2)

where 𝑇𝐹 denotes the time when the external failure starts at the
system.

We consider the 𝑖th actuator that may fail during the operation, and
its failure model at time instant 𝑡𝐹 𝑖 is formulated as

𝜇𝑏𝑖 (𝑡) = 𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡) + 𝜇𝑇 𝐹 𝑖,∀𝑡 ⩾ 𝑡𝐹 𝑖 (3)

where 𝑖th actuator input is 𝜇𝑃 𝐹 𝑖 (𝑡) and output is 𝜇𝑏𝑖 (𝑡). 𝜆𝑖 ∈ [0, 1), 𝑡𝐹 𝑖
nd 𝜇𝑇 𝐹 𝑖 (𝑡) are unknown constants. Therefore, two patterns of actuator
ailures are considered as follows.

(1) PLOE. That is to say, the output 𝜇𝑏𝑖 (𝑡) of the actuator loses some
of its performance, i.e., 𝜇𝑏𝑖 (𝑡) = 𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡), 𝜆𝑖 ∈ (0, 1) and 𝜇𝑇 𝐹 𝑖 = 0.

(2) TLOE. That is to say, the output 𝜇𝑏𝑖 (𝑡) of the actuator will be
affected by 𝜇𝑇 𝐹 𝑖, not 𝜇𝑃 𝐹 𝑖 (𝑡), i.e., 𝜇𝑏𝑖 (𝑡) = 𝜇𝑇 𝐹 𝑖, 𝜆𝑖 = 0.

It should be noted that the actuator operates in failure-free case can
till be expressed as (3) with 𝜆𝑖 = 1 and 𝜇𝑇 𝐹 𝑖 = 0. Therefore, the model

in (3) is suitable for describing the output of the actuator, regardless of
whether it fails.
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According to the above failure model, the system (1) can be re-
formulated as
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑑 𝜒𝑗 =
(

𝑓𝑗
(

𝝌̄ 𝑗
)

+ 𝜒𝑗+1
)

𝑑 𝑡 + 𝜙T
𝑗
(

𝝌̄ 𝑗
)

𝑑 𝜗
𝑗 = 1, 2,… , 𝑛 − 1

𝑑 𝜒𝑛 = (𝑓𝑛
(

𝝌̄𝑛
)

+
𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)

(

𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡) + 𝜇𝑇 𝐹 𝑖
)

+𝛤 (𝑡) P (𝝌)) 𝑑 𝑡 + 𝜙T
𝑛
(

𝝌̄𝑛
)

𝑑 𝜗
𝑦 = 𝜒1

(4)

Remark 1. It is crucial to underscore that system (4) has the capability
to represent a broader spectrum of faults, including lock-in-place (LIP)
fault, float fault, and hard-over fault, as referenced in [31,32]. Contrary
to the extensively researched fault-tolerant control strategies for non-
linear systems [31,32], this study specifically targets event-triggered
daptive compensation control strategy for stochastic nonlinear systems
xperiencing loss of effectiveness faults, encompassing both PLOE and
LOE.

In practical systems, the communication between controllers and
ctuators is implemented through a shared network. However, in the

control design process of most systems, network resource is usually
ssumed to be sufficient, but it is limited. Thereby, an improved STM

between the 𝑖th controller and the 𝑖th actuator is considered as
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝜇𝑃 𝐹 𝑖 (𝑡) = 𝜛𝑖
(

𝑡𝑘
)

,∀𝑡 ∈
[

𝑡𝑘, 𝑡𝑘+1
)

𝑡𝑘+1 =

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

inf
{

𝑡 ∈ 𝑅 |

|

|𝑒 (𝑡)| ⩾ M1
}

,
|

|

𝜛̇𝑖 (𝑡)|| > T1

inf
{

𝑡 ∈ 𝑅 |

|

|𝑒 (𝑡)| ⩾ M2
}

,
|

|

𝜇𝑃 𝐹 𝑖 (𝑡)|| > T2, ||𝜛̇𝑖 (𝑡)|| ⩽ T1

inf
{

𝑡 ∈ 𝑅 |

|

|𝑒 (𝑡)| ⩾ 𝜁 |
|

𝜇𝑃 𝐹 𝑖 (𝑡)|| + M3
}

,
|

|

𝜇𝑃 𝐹 𝑖 (𝑡)|| ⩽ T2, ||𝜛̇𝑖 (𝑡)|| ⩽ T1

(5)

where 𝑒 (𝑡) = 𝜛𝑖 (𝑡) − 𝜇𝑃 𝐹 𝑖 (𝑡) represents the measurement error, T1 > 0,
2 > 0, 0 < 𝜁 < 1, M1 > 0, M2 > 0 and M3 > 0 are positive given

constants. The controller is triggered at time instant 𝑡𝑘 with 𝑘 ∈ N∗.
During the time interval 𝑡 ∈

[

𝑡𝑘, 𝑡𝑘+1
)

, the value of actuator’s input
𝑃 𝐹 𝑖 (𝑡) holds unchanged as a constant, i.e., 𝜛𝑖

(

𝑡𝑘
)

. Every time when
event is triggered, the time 𝑡 will be marked as 𝑡𝑘+1.

For the improved STM, the following transformation is given

𝑒1 = max
{

M1,M2, 𝜁T2 + M3
}

(6)

For system (4), the aims of proposed control scheme in this paper
are three-folds: (i) all signals of the closed-loop system are bounded in
probability; (ii) tracking error evolves within an arbitrarily small range
around the origin; (iii) the controller excludes Zeno behavior.

In order to design a controller with outstanding performance to
chieve the above control aims, the following Assumptions are given.

Assumption 1. The reference signal 𝑦𝑑 and up to its 𝑛th order time
derivatives are continuous and bounded.

Assumption 2. In system (1), 𝜑𝑖 (𝝌) ≠ 0, 𝑐𝑖 ≠ 0, and sign
(

𝑐𝑖
)

is known.

Assumption 3. To ensure the performance of the considered system,
the maximum number of total failed actuators is 𝑤 − 1, while the
number of partial failed actuators can reach 𝑤.

Assume that 𝑤𝑗
(

0 ≤ 𝑤𝑗 ≤ 𝑤
)

actuator is failure and no new failures
appear in the time interval

[

𝑇𝑗 , 𝑇𝑗+1
)

. The PLOE and failure-free actua-
tor’s set is 𝑄𝑃 𝑇 𝑗 in time interval

[

𝑇𝑗 , 𝑇𝑗+1
)

and the TLOE actuator’s set
is 𝑄 . Therefore, it is obvious that 𝑄 ∪𝑄 ≡ 1, 2,… , 𝑤 .
𝑇 𝑇 𝑗 𝑃 𝑇 𝑗 𝑇 𝑇 𝑗 { }
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Remark 2. Assumptions 1–3 are common in existing relevant liter-
atures, see [27,33]. For example, many signals satisfy Assumption 1
with sinusoidal signals are typical examples in practice. Assumption 3 is
undamental to guarantee the controllability of the system (4) and the
xistence of a nominal solution to the adaptive failure compensation
roblem.

2.2. Stochastic system theory preparation

For the stochastic nonlinear system, its relevant theories will be
given by the following general form

𝑑𝝌 = 𝐺 (𝝌) 𝑑 𝑡 +𝐻 (𝝌) 𝑑 𝜗 (7)

where 𝝌 ∈ 𝑅𝑛 denotes the system state, 𝜗 is expressed in system (1).
he locally Lipschitz functions 𝐺 (𝝌) ∈ 𝑅𝑛 and 𝐻 (𝝌) ∈ 𝑅𝑛×𝑟 satisfy

nitial conditions 𝐺 (𝟎) = 𝟎 and 𝐻 (𝟎) = 𝟎.

Definition 1 ([33]). For any Lyapunov function 𝑉 (𝝌), the system (7)
with differential operator 𝓁 is defined as

𝓁𝑉 = 𝜕 𝑉
𝜕 𝜒 𝐺 (𝝌) + 1

2
Tr

{

𝐻T (𝝌) 𝜕
2𝑉
𝜕 𝜒2

𝐻 (𝝌)
}

(8)

Lemma 1 ([7]). For 𝜒 ∈ 𝑅𝑛 and 𝑡 > 0, there exist function 𝛹 (𝝌) ∈ 𝐶2,
wo constants 𝑎 > 0 and 𝑏 > 0, 𝜅∞ functions 𝛤1 (⋅) and 𝛤2 (⋅), such that
{

𝛤1 (‖𝝌‖) ≤ 𝛹 (𝝌) ≤ 𝛤2 (‖𝝌‖)
𝓁𝛹 (𝝌) ≤ −𝑎𝛹 (𝝌) + 𝑏

(9)

Then, the system (4) certainly has a unique solution and is bounded in
robability.

Lemma 2 ([10]). For any two real constants 𝑥 and 𝑦, the following
inequality holds

𝑥𝑦 ≤ 𝑜𝜐

𝜐
|𝑥|𝜐 + 1

𝜏 𝑜𝜏 |𝑦|
𝜏 (10)

where 𝑜 > 0, 𝜐 > 1, 𝜏 > 1 and (𝜐 − 1) (𝜏 − 1) = 1.

2.3. Approximation method research

In this subsection, the unknown function is approximated via MTN.
he structure of MTN is given in [11–13], and its approximation

principle is shown in Lemma 3.

Lemma 3 ([30]). On a compact set 𝛺𝝈 ∈ 𝑅𝑛, if there exist an un-
known function P (𝝈) and constant ∀𝜉 > 0, then an MTN can be able to
pproximate P (𝝈). The approximation rule is as follows:

P (𝝈) = 𝝇∗T𝑆𝑚𝑛
(𝝈) + 𝛿 (𝝈) , |𝛿 (𝝈)| ≤ 𝜉 (11)

where 𝝇∗ =
[

𝜍1,… , 𝜍𝑙
]T ∈ 𝑅𝑙 denotes the optimal weight vector of MTN,

which is defined as

𝝇∗ : = arg min
𝝇∈𝑅𝑙

{

sup
𝝈∈𝛺𝝈

|

|

|

P (𝝈) − 𝝇T𝑆𝑚𝑛
(𝝈)||

|

}

.

𝑆𝑚𝑛
(𝝈) =

[

𝜎1,… , 𝜎𝑛, 𝜎21 , 𝜎1𝜎2,… , 𝜎2𝑛 ,… , 𝜎𝑚1 ,… , 𝜎𝑚𝑛
]T ∈ 𝑅𝑙 and 𝝈 =

[

𝜎1,… , 𝜎𝑛
]T ∈ 𝛺𝝈 are the middle layer vector and the input layer vector of

MTN, respectively. 𝛿 (𝝈) represents the approximation error between P (𝝈)
and 𝝇∗T𝑆𝑚𝑛

(𝝈), which can be reduce to arbitrarily small.

Remark 3. Although both MTN and NN have the three layer network
structure consisting of input, intermediate and output layers in form,
their main difference is the way of information processing in the in-
termediate layer. Specifically, the MTN uses a polynomial combination
of inputs instead of the traditional intermediate layer of radial basis
functions, which allows the approximation of nonlinear functions with
less computational overhead. Therefore, the MTN-based controller has
unique advantage in reducing the computational burden.
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3. Main research results

The development of the improved STM-based adaptive FTC scheme
is highlighted in this section, followed by a demonstration of the control
aims achieved by the closed-loop system (4).

At first, we introduce the following coordinate transformation to
mplement the backstepping design process:
{

𝜚1 = 𝜒1 − 𝑦𝑑
𝜚𝑗 = 𝜒𝑗 −ℑ𝑗−1, 𝑗 = 2, 3,… , 𝑛 (12)

where ℑ𝑗−1 is virtual control law, which will be designed in the next
subsection.

In view of (4) and (12), we have
⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝑑 𝜚1 =
(

𝜒2 + 𝑓1 − 𝑦̇𝑑
)

𝑑 𝑡 + 𝜙T
1𝑑 𝜗

𝑑 𝜚𝑗 =
(

𝜒𝑗+1 + 𝑓𝑗 − ∇ℑ𝑗−1
)

𝑑 𝑡 + 𝜙̄T
𝑗 𝑑 𝜗

𝑗 = 2, 3,… , 𝑛 − 1

𝑑 𝜚𝑛 = (
𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)

(

𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡) + 𝜇𝑇 𝐹 𝑖
)

+ 𝑓𝑛 + 𝛤 (𝑡) P (𝝌) − ∇ℑ𝑛−1)𝑑 𝑡 + 𝜙̄T
𝑛𝑑 𝜗

(13)

where 𝜙̄𝑗 = 𝜙𝑗 −
∑𝑗−1

𝑖=1
𝜕ℑ𝑗−1
𝜕 𝑥𝑖 𝜙𝑖, and ∇ℑ𝑗−1 is the time partial derivative

of ℑ𝑗−1, which will be given in the next subsection.
The virtual adaptive law ̇̂𝝇𝑗 and the virtual control law ℑ𝑗 are

individually designed as follows
̇̂
𝑗 = 𝜚3𝑗𝑆𝑚𝑗

− 𝛽𝑗 𝝇̂𝑗 (14)

ℑ𝑗 = −𝑟𝑗𝜚𝑗 − 𝝇̂T
𝑗 𝑆𝑚𝑗

(15)

where 1 ≤ 𝑗 ≤ 𝑛 − 1, 𝑟𝑗 and 𝛽𝑗 are positive constants, and 𝝇̂𝑗 will be
efined later.

3.1. Event-triggered adaptive controller design

Step 1: Constructing the Lyapunov function 𝛹1 as

𝛹1 =
1
4
𝜚41 +

1
2
𝝇̃T
1 𝝇̃1 (16)

where 𝝇̃1 = 𝝇1−𝝇̂1 is the first error vector, and 𝝇̂1 denotes the estimation
error of 𝝇1.

Based on Definition 1, and according to (13) and (16), we obtain

𝓁𝛹1 = 𝜚31
(

𝜒2 + 𝑓1 − 𝑦̇𝑑
)

+ 3
2
𝜚21𝜙

T
1𝜙1 − 𝝇̃T

1
̇̂𝝇1 (17)

By utilizing Lemma 2, the following inequality holds
3
2
𝜚21𝜙

T
1𝜙1 ≤

3
4𝛾21

𝜚41‖‖𝜙1
‖

‖

4 + 3
4
𝛾21 (18)

where 𝛾1 > 0 is a constant.
Substituting (18) into (17), and simply transforming yields

𝛹1 ≤ 𝜚31
(

𝜚2 +ℑ1 + 𝐹1
)

− 3
2
𝜚41 +

3
4
𝛾21 − 𝝇̃T

1
̇̂𝝇1 (19)

where 𝐹1 = 𝑓1 − 𝑦̇𝑑 + 3
2𝜚1 +

3
4𝛾21

𝜚1‖‖𝜙1
‖

‖

4.
The unknown nonlinear function 𝐹1 in (19) cannot be applied

directly to the controller design. Therefore, by utilizing Lemma 3, for
𝜉1 > 0, an MTN 𝝇T

1𝑆𝑚1

(

𝒁1
)

can be employed to approximate it in the
following form:

𝐹1 = 𝝇T
1𝑆𝑚1

(

𝒁1
)

+ 𝛿1
(

𝒁1
)

(20)

where 𝒁1 = [𝜚1]T, and 𝛿1
(

𝒁1
)

denotes the error between 𝜍T
1 𝑆𝑚1

(

𝒁1
)

nd 𝐹1
(

𝒁1
)

, and satisfying |

|

|

𝛿1
(

𝒁1
)

|

|

|

≤ 𝜉1.
Furthermore, the following inequality can be obtained by utilizing

Lemma 2:

𝜚31
(

𝜚2 + 𝛿1
)

≤ 1
4
𝜚42 +

3
2
𝜚41 +

1
4
𝜉41 (21)
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By combining (14), (15), (20) and (21), the (19) can be expressed
as

𝓁𝛹1 ≤ −𝑟1𝜚41 +
3
4
𝛾21 + 1

4
𝜉41 + 𝛽1𝝇̃T

1 𝝇̂1 +
1
4
𝜚42 (22)

Step 𝑗 (2 ≤ 𝑗 ≤ 𝑛 − 1): Constructing the Lyapunov function 𝛹𝑗 as

𝛹𝑗 = 𝛹𝑗−1 +
1
4
𝜚4𝑗 +

1
2
𝝇̃T
𝑗 𝝇̃𝑗 (23)

where 𝝇̃𝑗 = 𝝇𝑗 − 𝝇̂𝑗 is 𝑗th error vector, and 𝝇̂𝑗 denotes the estimation
error of 𝝇𝑗 .

Based on Definition 1, and according to (13) and (23), we obtain
𝓁𝛹𝑗 = 𝓁𝛹𝑗−1 + 𝜚3𝑗

(

𝜒𝑗+1 + 𝑓𝑗 − ∇ℑ𝑗−1
)

+ 3
2
𝜚2𝑗 𝜙̄

T
𝑗 𝜙̄𝑗 − 𝝇̃T

𝑗
̇̂𝝇𝑗

(24)

where ∇ℑ𝑗−1 =
∑𝑗−1

𝑖=1
𝜕ℑ𝑗−1
𝜕 𝜒𝑖

(

𝜒𝑖+1 + 𝑓𝑖
)

+ 1
2
∑𝑗−1

𝑝,𝑞=1
𝜕2ℑ𝑗−1
𝜕 𝜒𝑝𝜕 𝜒𝑞 𝜙

T
𝑝𝜙𝑞 +

∑𝑗−1
𝑖=0

𝜕ℑ𝑗−1

𝜕 𝑦(𝑖)𝑑
𝑦(𝑖+1)𝑑 +

∑𝑗−1
𝑖=1

𝜕ℑ𝑗−1
𝝇̂𝑖

̇̂𝝇𝑖.
By utilizing Lemma 2, the following inequality holds

3
2
𝜚2𝑗 𝜙̄

T
𝑗 𝜙̄𝑗 ≤

3
4𝛾2𝑗

𝜚4𝑗
‖

‖

‖

𝜙̄𝑗
‖

‖

‖

4
+ 3

4
𝛾2𝑗 (25)

where 𝛾𝑗 > 0 is a constant.
Substituting (25) into (24), and simply transforming yields

𝓁𝛹𝑗 ≤ 𝓁𝛹𝑗−1 + 𝜚3𝑗
(

𝜚𝑗+1 +ℑ𝑗 + 𝐹𝑗
)

− 7
4
𝜚4𝑗 +

3
4
𝛾2𝑗 − 𝝇̃T

𝑗
̇̂𝝇𝑗

(26)

where 𝐹𝑗 = 𝑓𝑗 − ∇ℑ𝑗−1 +
7
4𝜚𝑗 +

3
4𝛾2𝑗

𝜚𝑗
‖

‖

‖

𝜙̄𝑗
‖

‖

‖

4
.

Similarly, by utilizing Lemma 3, for ∀𝜉𝑗 > 0, an MTN 𝝇T
𝑗 𝑆𝑚𝑗

(

𝒁𝑗
)

an be employed to approximate 𝐹𝑗 :

𝐹𝑗 = 𝝇T
𝑗 𝑆𝑚𝑗

(

𝒁𝑗
)

+ 𝛿𝑗
(

𝒁𝑗
)

(27)

where 𝒁𝑗 = [𝜚1, 𝜚2,… , 𝜚𝑗 ]T, and 𝛿𝑗
(

𝒁𝑗
)

denotes the error between
𝝇T
𝑗 𝑆𝑚𝑗

(

𝒁𝑗
)

and 𝐹𝑗
(

𝒁𝑗
)

, and satisfying |

|

|

𝛿𝑗
(

𝒁𝑗
)

|

|

|

≤ 𝜉𝑗 .
Furthermore, the following inequality can be obtained by utilizing

Lemma 2.

𝜚3𝑗
(

𝜚𝑗+1 + 𝛿𝑗
)

≤ 1
4
𝜚4𝑗+1 +

3
2
𝜚4𝑗 +

1
4
𝜉4𝑗 (28)

By combining (14), (15), (27) and (28), the (26) can be expressed
as

𝓁𝛹𝑗 ≤ −
𝑗
∑

𝑖=1
𝑟𝑖𝜚

4
𝑖 +

3
4

𝑗
∑

𝑖=1
𝛾2𝑖 +

𝑗
∑

𝑖=1
𝛽𝑖𝝇̃T

𝑖 𝝇̂𝑖

+ 1
4

𝑗
∑

𝑖=1
𝜉4𝑖 +

1
4
𝜚4𝑗+1

(29)

Step 𝑛: During the time interval
[

𝑇𝑗 , 𝑇𝑗+1
)

, we construct the following
Lyapunov function 𝛹𝑛 as

𝛹𝑛 = 𝛹𝑛−1 +
1
4
𝜚4𝑛 +

1
2
𝝇̃T
𝑛 𝝇̃𝑛 +

1
2
𝒗̃T𝒗̃

+ 1
2

𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T𝒌̃

(30)

where 𝝇̃𝑛 = 𝝇𝑛 − 𝝇̂𝑛 is 𝑛th error vector, and 𝝇̂𝑛 denotes the estimation
error of 𝝇𝑛, similarly, 𝒗̃ = 𝒗 − 𝒗̂ and 𝒌̃ = 𝒌𝑗 − 𝒌̂ with 𝒌𝑗 and 𝒌̂ will be
defined later.

Based on Definition 1, and according to (13) and (30), we obtain

𝓁𝛹𝑛 = 𝓁𝛹𝑛−1 + 𝜚3𝑛

𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)

(

𝜇𝑇 𝐹 𝑖 + 𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡)
)

+ 𝜚3𝑛
(

𝑓𝑛 + 𝛤 (𝑡) P (𝝌) − ∇ℑ𝑛−1
)

+ 3
2
𝜚2𝑛𝜙̄

T
𝑛 𝜙̄𝑛

− 𝝇̃T
𝑛
̇̂𝝇𝑛 − 𝒗̃T ̇̂𝒗 −

𝑤
∑

𝑖=1,

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T ̇̂𝒌

(31)
𝑖∈𝑄𝑃 𝑇 𝑗
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where ∇ℑ𝑛−1 =
∑𝑛−1

𝑖=1
𝜕ℑ𝑛−1
𝜕 𝜒𝑖

(

𝜒𝑖+1 + 𝑓𝑖
)

+ 1
2
∑𝑛−1

𝑝,𝑞=1
𝜕2ℑ𝑛−1
𝜕 𝜒𝑝𝜕 𝜒𝑞 𝜙

T
𝑝𝜙𝑞 +

∑𝑛−1
𝑖=0

𝜕ℑ𝑛−1
𝜕 𝑦(𝑖)𝑑

𝑦(𝑖+1)𝑑 +
∑𝑛−1

𝑖=1
𝜕ℑ𝑛−1
𝝇̂𝑖

̇̂𝝇 𝑖.
By utilizing Lemma 2, the following inequality holds

3
2
𝜚2𝑛𝜙̄

T
𝑛 𝜙̄𝑛 ≤

3
4𝛾2𝑛

𝜚4𝑛‖‖𝜙̄𝑛
‖

‖

4 + 3
4
𝛾2𝑛 (32)

where 𝛾𝑛 > 0 is a constant.
Substituting (32) into (31), and simply transforming yields

𝓁𝛹𝑛 ≤ 𝓁𝛹𝑛−1 + 𝜚3𝑛

𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)

(

𝜇𝑇 𝐹 𝑖 + 𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡)
)

+ 𝜚3𝑛
(

𝛤 (𝑡) P (𝝌) + 𝐹𝑛
)

− 7
4
𝜚4𝑛 +

3
4
𝛾2𝑛

− 𝝇̃T
𝑛
̇̂𝝇𝑛 − 𝒗̃T ̇̂𝒗 −

𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T ̇̂𝒌

(33)

where 𝐹𝑛 = 𝑓𝑛 − ∇ℑ𝑛−1 +
7
4𝜚𝑛 +

3
4𝛾2𝑛

𝜚𝑛‖‖𝜙̄𝑛
‖

‖

4.
Similarly, by utilizing Lemma 3, for ∀𝜉𝑛 > 0, an MTN 𝝇T

𝑛𝑆𝑚𝑛

(

𝒁𝑛
)

an be employed to approximate 𝐹𝑛:

𝐹𝑛 = 𝝇T
𝑛𝑆𝑚𝑛

(

𝒁𝑛
)

+ 𝛿𝑛
(

𝒁𝑛
)

(34)

where 𝒁𝑛 = [𝜚1, 𝜚2,… , 𝜚𝑛]T, and 𝛿𝑛
(

𝒁𝑛
)

is the error of 𝝇T
𝑛𝑆𝑚𝑛

(

𝒁𝑛
)

and

𝑛
(

𝒁𝑛
)

, and satisfying |

|

|

𝛿𝑛
(

𝒁𝑛
)

|

|

|

≤ 𝜉𝑛.
Furthermore, by utilizing Lemma 3, for ∀𝜉 > 0, the system external

ailure P (𝝌) as an unknown function which can be approximated by
mploying an MTN 𝒗T𝑆̄𝑚𝑛

(𝝌).

P (𝝌) = 𝒗T𝑆̄𝑚𝑛
(𝝌) + 𝛿 (𝝌) (35)

where 𝝌 = [𝜒1, 𝜒2,… , 𝜒𝑛]T, and 𝛿 (𝝌) denotes the error between
𝒗T𝑆̄𝑚𝑛

(𝝌) and P (𝝌), and satisfying |𝛿 (𝝌)| ≤ 𝜉.
Then, the following inequalities can be obtained by utilizing

Lemma 2.

𝜚3𝑛𝐹𝑛 ≤ 𝜚3𝑛𝝇
T
𝑛𝑆𝑚𝑛

(

𝒁𝑛
)

+ 1
4
𝜉4𝑛 +

3
4
𝜚4𝑛 (36)

𝜚3𝑛𝛤 (𝑡) P (𝝌) ≤ 𝜚3𝑛𝒗
T𝑆̄𝑚𝑛

(𝝌) + 1
4
𝜉4 + 3

4
𝜚4𝑛 (37)

By combining (36) and (37), the (33) can be expressed as

𝓁𝛹𝑛 ≤ 𝓁𝛹𝑛−1 + 𝜚3𝑛

𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)

(

𝜇𝑇 𝐹 𝑖 + 𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡)
)

+ 𝜚3𝑛
(

𝝇T
𝑛𝑆𝑚𝑛

+ 𝒗T𝑆̄𝑚𝑛

)

−
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T ̇̂𝒌

− 1
4
𝜚4𝑛 +

3
4
𝛾2𝑛 + 1

4
𝜉4𝑛 +

1
4
𝜉4 − 𝝇̃T

𝑛
̇̂𝝇𝑛 − 𝒗̃T ̇̂𝒗

(38)

Based on (38), the event-triggered controller 𝜛𝑖 (𝑡), and the adaptive
laws ̇̂𝝇𝑛, ̇̂𝒗 are given as

𝜛𝑖 (𝑡) = 𝜇̄𝑏𝑖 − M̄ t anh
(

𝛩𝑖
𝜂

)

(39)

̇̂
𝑛 = 𝜚3𝑛𝑆𝑚𝑛

− 𝛽𝑛𝝇̂𝑛 (40)

̇̂ = 𝜚3𝑛𝑆̄𝑚𝑛
− 𝛽𝒗̂ (41)

with 𝛩𝑖 = 𝜚3𝑛 sign
(

𝑐𝑖
)

𝜑𝑖 (𝝌) M̄, where M̄ ≥ 𝑒1, 𝛽𝑛 > 0 and 𝛽 > 0 are
constants.

From (5) and (6), we can get 𝜇𝑃 𝐹 𝑖 (𝑡) = 𝜛𝑖 (𝑡) − ℎ (𝑡) 𝑒1 where ℎ (𝑡) is
a time-varying parameter satisfying |ℎ (𝑡)| ≤ 1.

Furthermore, see in [17], the function t anh (⋅) has the following
property as follows:

0 ≤ |𝛷| −𝛷 t anh
(

𝛷
𝜂

)

≤ 0.2785𝜂 (42)

where 𝛷 ∈ 𝑅 and 𝜂 > 0.
66 
Then, substituting 𝜇𝑃 𝐹 𝑖 (𝑡) = 𝜛𝑖 (𝑡) − ℎ (𝑡) 𝑒1 into
3
𝑛 sign

(

𝑐𝑖
)

𝜑𝑖 (𝝌)𝜇𝑃 𝐹 𝑖 (𝑡) yields

𝜚3𝑛 sign
(

𝑐𝑖
)

𝜑𝑖 (𝝌)𝜇𝑃 𝐹 𝑖 (𝑡)
=𝜚3𝑛 sign

(

𝑐𝑖
)

𝜑𝑖 (𝝌)
(

𝜛𝑖 (𝑡) − ℎ (𝑡) 𝑒1
)

=𝜚3𝑛 sign
(

𝑐𝑖
)

𝜑𝑖 (𝝌) 𝜇̄𝑏𝑖
− 𝜚3𝑛 sign

(

𝑐𝑖
)

𝜑𝑖 (𝝌)ℎ (𝑡) 𝑒1

− 𝜚3𝑛 sign
(

𝑐𝑖
)

𝜑𝑖 (𝝌) M̄ t anh
(

𝛩𝑖
𝜂

)

≤𝜚3𝑛 sign
(

𝑐𝑖
)

𝜑𝑖 (𝝌) 𝜇̄𝑏𝑖 − |

|

𝛩𝑖
|

|

+ 0.2785𝜂
− 𝜚3𝑛 sign

(

𝑐𝑖
)

𝜑𝑖 (𝝌)ℎ (𝑡) 𝑒1
≤𝜚3𝑛 sign

(

𝑐𝑖
)

𝜑𝑖 (𝝌) 𝜇̄𝑏𝑖 + 0.2785𝜂

(43)

By combining (40), (41) and (43), the (38) can be rewritten as

𝓁𝛹𝑛 ≤ 𝓁𝛹𝑛−1 + 𝜚3𝑛

𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)

(

𝜇𝑇 𝐹 𝑖 + 𝜆𝑖𝜇̄𝑏𝑖
)

+ 𝜚3𝑛
(

𝝇̂T
𝑛𝑆𝑚𝑛

+ 𝒗̂T𝑆̄𝑚𝑛

)

−
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T ̇̂𝒌

− 1
4
𝜚4𝑛 +

3
4
𝛾2𝑛 + 1

4
𝜉4𝑛 +

1
4
𝜉4 + 𝛽𝑛𝝇̃T

𝑛 𝝇̂𝑛

+ 𝛽𝒗̃T𝒗̂ + 0.2785𝜂
𝑤
∑

𝑖=1
𝜆𝑖 ||𝑐𝑖||

(44)

Based on (44), we design the actual control law 𝜇̄𝑏𝑖 as

̄𝑏𝑖 = sign (𝑐𝑖
) 1
𝜑𝑖 (𝝌)

𝒌T
𝑗 𝝎, 𝑖 = 1, 2,… , 𝑤 (45)

where 𝝎 =
(

𝜔1, 𝜑1,… , 𝜑𝑤
)T, 𝒌𝑗 =

(

𝑘𝑗 ,1, 𝑘𝑗 ,21,… , 𝑘𝑗 ,2𝑤
)T.

The following formula holds in the time interval
[

𝑇𝑗 , 𝑇𝑗+1
)

.
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖||𝜆𝑖𝒌
T
𝑗 𝝎 = ℑ𝑛 −

𝑤
∑

𝑖=1,
𝑖∈𝑄𝑇 𝑇 𝑗

𝑐𝑖𝜑𝑖 (𝝌)𝜇𝑇 𝐹 𝑖 (46)

where 𝒌𝑗 and 𝝎 are defined as
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑘𝑗 ,1 = 1
∑𝑤

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖||𝜆𝑖
, 𝑘𝑗 ,2𝑖 =

−𝑐𝑖𝜇𝑇 𝐹 𝑖
∑𝑤

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖||𝜆𝑖
,

for 𝑖 ∈ 𝑄𝑇 𝑇 𝑗 , 𝑘𝑗 ,2𝑖 = 0, for 𝑖 ∈ 𝑄𝑃 𝑇 𝑗 ;
𝜔1 = ℑ𝑛

(47)

Due to the existence of uncertain actuator failure model and un-
nown parameters, 𝒌𝑗 needs to be estimated. Therefore, the actual

control law 𝜇̄𝑏𝑖 can be rewritten as

̄𝑏𝑖 = sign (𝑐𝑖
) 1
𝜑𝑖 (𝝌)

𝒌̂T𝝎, 𝑖 = 1, 2,… , 𝑤 (48)

where 𝒌̂ denotes the estimate of 𝒌𝑗 .
According to 𝒌̃ = 𝒌𝑗 − 𝒌̂, (46) and (48), we can deduce that

𝜚3𝑛

𝑤
∑

𝑖=1
𝑐𝑖𝜑𝑖 (𝝌)

(

𝜇𝑇 𝐹 𝑖 + 𝜆𝑖𝜇̄𝑏𝑖
)

−
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T ̇̂𝒌

=𝜚3𝑛
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̂
T𝝎 −

𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T ̇̂𝒌

+ 𝜚3𝑛

⎛

⎜

⎜

⎜

⎝

ℑ𝑛 −
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖||𝜆𝑖𝒌
T
𝑗 𝝎

⎞

⎟

⎟

⎟

⎠

=𝜚3𝑛ℑ𝑛 − 𝜚3𝑛

𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖||𝜆𝑖𝒌̃
T𝝎 −

𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T ̇̂𝒌

=𝜚3𝑛ℑ𝑛 −
𝑤
∑

𝑖=1,

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T
( ̇̂𝒌 + 𝜚3𝑛𝝎

)

(49)
𝑖∈𝑄𝑃 𝑇 𝑗
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Then, substituting (49) into (44) yields
𝓁𝛹𝑛 ≤ 𝓁𝛹𝑛−1 + 𝜚3𝑛

(

ℑ𝑛 + 𝝇̂T
𝑛𝑆𝑚𝑛

+ 𝒗̂T𝑆̄𝑚𝑛

)

− 1
4
𝜚4𝑛 +

3
4
𝛾2𝑛 + 1

4
𝜉4𝑛 +

1
4
𝜉4 + 𝛽𝑛𝝇̃T

𝑛 𝝇̂𝑛

+ 𝛽𝒗̃T𝒗̂ + 0.2785𝜂
𝑤
∑

𝑖=1
𝜆𝑖 ||𝑐𝑖||

−
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝒌̃
T
( ̇̂𝒌 + 𝜚3𝑛𝝎

)

(50)

Based on (50), the update law ̇̂𝒌 and the virtual control law ℑ𝑛 are
esigned as
̇̂ = 𝜚3𝑛𝝎 − 𝛽𝑘𝒌̂ (51)

ℑ𝑛 = −𝑟𝑛𝜚𝑛 − 𝝇̂T
𝑛𝑆𝑚𝑛

− 𝒗̂T𝑆̄𝑚𝑛
(52)

where 𝛽𝑘 > 0 and 𝑟𝑛 > 0 are constants.
By combining (29), (51) and (52), the (50) can be expressed as

𝓁𝛹𝑛 ≤
𝑛
∑

𝑖=1

(

−𝑟𝑖𝜚4𝑖 +
3
4
𝛾2𝑖 + 1

4
𝜉4𝑖 + 𝛽𝑖𝝇̃T

𝑖 𝝇̂𝑖
)

+ 1
4
𝜉4 + 𝛽𝒗̃T𝒗̂ + 0.2785𝜂

𝑤
∑

𝑖=1
𝜆𝑖 ||𝑐𝑖||

+
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝛽𝑘𝒌̃
T𝒌̂

(53)

Then, by utilizing Lemma 2, the following inequality can be ob-
tained.
𝛽𝑖𝝇̃𝑇𝑖 𝝇̂𝑖 = 𝛽𝑖𝝇̃𝑇𝑖

(

𝝇 𝑖 − 𝝇̃𝑖
)

= 𝛽𝑖𝝇̃𝑇𝑖 𝝇𝑖 − 𝛽𝑖𝝇̃𝑇𝑖 𝝇̃𝑖

⩽
𝛽𝑖
2
𝝇̃𝑇𝑖 𝝇̃𝑖 +

𝛽𝑖
2
‖

‖

𝝇 𝑖‖‖
2 − 𝛽𝑖𝝇̃𝑇𝑖 𝝇̃ 𝑖

= − 𝛽𝑖
2
𝝇̃𝑇𝑖 𝝇̃ 𝑖 +

𝛽𝑖
2
‖

‖

𝝇𝑖‖‖
2

(54)

Similar to the derivation process of (54), we can further obtain

𝛽𝒗̃T𝒗̂ ≤ −
𝛽
2
𝒗̃T𝒗̃ +

𝛽
2
‖𝒗‖2 (55)

𝛽𝑘𝒌̃
T𝒌̂ ≤ −

𝛽𝑘
2
𝒌̃T𝒌̃ +

𝛽𝑘
2
‖

‖

‖

𝒌𝑗
‖

‖

‖

2
(56)

Therefore, in view of (54), (55) and (56), the inequality (53) can be
ewritten as

𝓁𝛹𝑛 ≤ −
𝑛
∑

𝑖=1

(

𝑟𝑖𝜚
4
𝑖 +

𝛽𝑖
2
𝝇̃T
𝑖 𝝇̃ 𝑖

)

−
𝛽
2
𝒗̃T𝒗̃

−
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝛽𝑘
2

𝒌̃T𝒌̃ +
𝑛
∑

𝑖=1
𝑙𝑖

(57)

where 𝑙𝑖 =
3
4 𝛾

2
𝑖 +

1
4 𝜉

4
𝑖 +

𝛽𝑖
2
‖

‖

𝝇 𝑖‖‖
2, 𝑖 = 1, 2,… , 𝑛− 1, 𝑙𝑛 =

3
4 𝛾

2
𝑛 +

1
4 𝜉

4
𝑛 +

1
4 𝜉

4 +
𝛽𝑛
2
‖

‖

𝝇𝑛‖‖
2 + 𝛽

2 ‖𝒗‖
2 + 𝛽𝑘

2
‖

‖

‖

𝒌𝑗
‖

‖

‖

2
+ 0.2785𝜂∑𝑤

𝑖=1 𝜆𝑖 ||𝑐𝑖||.

3.2. System stability analysis

Theorem 1. The considered stochastic nonlinear system (4) is suffering
rom abrupt system external failure and uncertain actuator failures. Under

Assumptions 1–3, the proposed control scheme, including the event-triggered
controller (39), the ETM (5), the virtual control laws (15), (52), the actual
ontrol law (48), and the adaptive laws (14), (40), (41), (51). Then, one
an verify that the following three aims hold as for any bounded initial

condition.

(1) All signals of the closed-loop system are bounded in probability.
 w

67 
(2) The tracking error evolves within an arbitrarily small range around
the origin.

(3) The controller excludes Zeno behavior.

Proof. Based on the analysis in the previous section, the following
Lyapunov function can be constructed for the 𝑛-order system (4)

𝑉 = 1
4

𝑛
∑

𝑗=1
𝜚4𝑗 +

1
2

𝑛
∑

𝑗=1
𝝇̃T𝑗 𝝇̃𝑗 +

1
2
𝒗̃T𝒗̃

+
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖
2

𝒌̃T𝒌̃
(58)

According to (57), the following inequality holds

𝓁𝑉 ≤ −
𝑛
∑

𝑗=1

(

𝑟𝑗𝜚
4
𝑗 +

𝛽𝑗
2
𝝇̃T𝑗 𝝇̃𝑗

)

−
𝛽
2
𝒗̃T𝒗̃

−
𝑤
∑

𝑖=1,
𝑖∈𝑄𝑃 𝑇 𝑗

|

|

𝑐𝑖|| 𝜆𝑖𝛽𝑘
2

𝒌̃T𝒌̃ +
𝑛
∑

𝑗=1
𝑙𝑗

(59)

Let 𝑎 = min
{

4𝑟𝑗 , 𝛽𝑗 (𝑗 = 1, 2,… , 𝑛) , 𝛽 , 𝛽𝑘
}

and 𝑏 =
∑𝑛

𝑗=1 𝑙𝑗 , yields

𝓁𝑉 ≤ −𝑎𝑉 + 𝑏, 𝑡 ≥ 0 (60)

Firstly, according to Lemma 1 and (60), we get that 𝜚𝑗 , 𝝇̃𝒋 , 𝒗̃ and 𝒌̃
re bounded in probability. Since 𝝇𝒋 , 𝒗 and 𝒌 are constants, we can infer
hat 𝝇̂𝑗 , 𝒗̂ and 𝒌̂ are bounded in probability. Therefore, ℑ𝑗 composed of
ounded signals 𝜚𝑗 , 𝝇̂𝑗 , 𝒗̂ and 𝒌̂, thus ℑ𝑗 is also bounded in probability.
y recalling 𝜚𝑗 = 𝜒𝑗 − ℑ𝑗−1, 𝜒𝑗 is also bounded in probability. Finally,
e can further infer that the actual control law 𝜇̄𝑏𝑖 and event-triggered

ontroller 𝜛𝑖 (𝑡) are also bounded in probability.
Secondly, according to (60) and [34] (Th. 4.1), we can obtain the

ollowing inequality

𝐸 [𝑉 (𝑡)] ⩽ 𝑉 (0) 𝑒−𝑎𝑡 + 𝑏
𝑎

(61)

which means that 1
4𝜚

4
𝑗 ⩽ 𝑉 (0) 𝑒−𝑎𝑡 + 𝑏

𝑎 ,∀𝑡 > 0. Next, one can further
obtain

lim
𝑡→∞

|

|

𝜚1|| = lim
𝑡→∞

|

|

𝜒1 − 𝑦𝑑 || ⩽
4

√

4𝑏
𝑎

(62)

Based on (62), by increasing 𝑙𝑗 and reducing 4𝑟𝑗 , 𝛽𝑗 , 𝛽, 𝛽𝑘, the
tracking error 𝜚1 can converge to an arbitrarily small range around the
origin. Thereby, the control aims (1) and (2) can be realized.

Finally, we will demonstrate that the controller excludes Zeno be-
havior. There exists a constant 𝑡∗ > 0 such that

{

𝑡𝑘+1 − 𝑡𝑘
}

⩾ 𝑡∗, for
∀𝑘 ∈ N∗. Then, by recalling 𝑒 (𝑡) = 𝜛𝑖 (𝑡) − 𝜇𝑃 𝐹 𝑖 (𝑡) ,∀𝑡 ∈

[

𝑡𝑘, 𝑡𝑘+1
)

, we
an deduce
𝑑 𝑒 (𝑡)
𝑑 𝑡 ⩽ |𝑒̇ (𝑡)| = |

|

𝜛̇ (𝑡) − 𝜇̇𝑃 𝐹 𝑖 (𝑡)|| = |𝜛̇ (𝑡)| (63)

From (39), we can know that 𝜛̇ (𝑡) is composed of bounded signals 𝜇̄𝑏𝑖,
𝑧𝑛 and known smooth nonlinear function 𝜑𝑖 (𝝌), thus, there exists a
constant 𝑙 > 0 such that |𝜛̇ (𝑡)| ⩽ 𝑙. In addition, through 𝑒

(

𝑡𝑘
)

= 0 and
lim𝑡→𝑡𝑘+1𝑒 (𝑡) = M1 or lim𝑡→𝑡𝑘+1𝑒 (𝑡) = M2 or lim𝑡→𝑡𝑘+1𝑒 (𝑡) = 𝜁 |

|

𝜇𝑃 𝐹 𝑖 (𝑡)|| +
3, we can get that the lower bound of execution intervals 𝑡∗ satisfy

∗ ⩾ M1
𝑙 or 𝑡∗ ⩾ M2

𝑙 or 𝑡∗ ⩾ 𝜁|𝜇𝑃 𝐹 𝑖(𝑡)|+M3
𝑙 ⩾ M3

𝑙 , which implies the Zeno
ehavior is effectively excluded.

Completing the proof of Theorem 1.

Remark 4. It is worth pointing out that when the amplitude of con-
troller 𝜛𝑖 (𝑡) is large, or when the over-rate of change of the controller

𝑖 (𝑡) caused by other factors and two types of failures, if the controller
s triggered, inevitably, a large signal impulse will act on the system,
hich will bring security hazards, so the FTM is used to provide
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bounded error to overcome such situation. Conversely, when the ampli-
tude of controller 𝜛𝑖 (𝑡) or the rate of change of the controller 𝜛𝑖 (𝑡) is
small, switching to RTM to improve control performance. Therefore,
the controller proposed in this paper based on an improved STM
is compatible with system performance and system security, thereby
further improving system reliability.

Remark 5. Different from the traditional periodic control method [35,
36], the ETC method executes tasks and transmits information only
when needed, thus avoiding the consumption of computational and
communication resources caused by periodic execution. According to
Remark 3, utilizing the relatively simple structure of MTN-based con-
troller can reduce the requirement for computing resources. To sum up,
the MTN-based event-triggered controller developed in this paper can
realize the control aims by lower resource consumption.

4. Simulation and analysis

In this section, an practical dynamic model is introduced to the
feasibility and superiority of the proposed scheme.

4.1. Dynamic model

Consider a class of single-link manipulator system subject to motor
dynamics, its schematic diagram can refer to [37] [Figure 6]. According
to [37,38], its stochastic nonlinear system model with actuator and
system external failures can be reformulated as
⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑑 𝜒1 = 𝜒2𝑑 𝑡

𝑑 𝜒2 =
( 1
𝐶
𝜒3−

𝑁
𝐶
𝜒2−

𝐷
𝐶

sin(𝜒1)
)

𝑑 𝑡+
H(𝜒2

1 )
𝐶

𝑑 𝜗

𝑑 𝜒3 = (
∑𝑤

𝑖=1 𝑐𝑖𝜑𝑖 (𝝌)
(

𝜆𝑖𝜇𝑃 𝐹 𝑖 (𝑡) + 𝜇𝑇 𝐹 𝑖
)

𝐽
− 𝐾

𝐽
𝜒2

− 𝐿
𝐽
𝜒3 + 𝛤 (𝑡) P (𝝌))𝑑 𝑡

𝑦 = 𝜒1

(64)

where 𝜒1, 𝜒2 and 𝜒3 denote the position, velocity, and acceleration
of the link angular, respectively. The system variables are selected as
𝐶 = 1 k g m2, 𝑁 = 1 Nms∕r ad, 𝑚 = 1 k g m2∕s2, 𝐽 = 1𝐻 , 𝐿 = 0.5𝛺,
𝐾 = 0.2 Nm∕A, H

(

𝜒2
1
)

= 0.1 sin (𝜒2
1
)

, 𝜑1 (𝝌) = 1.9 + 0.1 sin (𝜒1
)

, 𝜑2 (𝝌) =
1 + 0.2 sin (𝜒2

)

, 𝛤 (𝑡) is elaborated in (2), and the system external failure
P (𝝌) = 5𝜒2 sin

(

𝜒1
)

. The reference signal 𝑦𝑑 = 0.5 sin (2𝑡).

4.2. Control parameter selection

The initial state is chosen as [𝜒1(0) , 𝜒2(0), 𝜒3(0)]T = [0, 0, 0]T. The
initial values are given as 𝒌̂ (0) = [−1.5, 0, 0]T and 𝜇̄𝑏1 (0) = 𝜇̄𝑏2 (0) = 0.
Furthermore, the designed parameters in the controller are given as
𝑐1 = 1, 𝑐2 = 1, 𝛽1 = 4, 𝛽2 = 5, 𝛽3 = 1, 𝛽 = 10, 𝛽𝑘 = 0.2, 𝑟1 = 23,
𝑟2 = 15, 𝑟3 = 30, M1 = 2, M2 = 2, M3 = 0.5, 𝜁 = 0.1, T1 = 1, T2 = 25,
M̄ = 15, 𝜂 = 0.1.

4.3. Simulation study

Example 1. Actuator 1 abruptly loses 80% of its efficiency and Actuator
2 abruptly loses 50% of its efficiency, from 11 s; Actuator 1 and Actuator
2 abruptly lose 70% of its efficiency, from 18 s. All of them are PLOE
failures. The system external failure abruptly occurs from 25 s.

Figs. 1–6 gives the simulation results of Example 1. Fig. 1 shows the
curves of reference signal 𝑦𝑑 and output signal 𝑦 under proposed thresh-
old mechanism compared with three threshold mechanisms called
fixed, relative, and switching in [18]. Fig. 2 displays the curves of
output signal tracking error under four strategies. Fig. 3 presents the
curves of states 𝜒 and 𝜒 under proposed threshold strategy. Fig. 4
2 3
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Fig. 1. Tracking control performance.

Fig. 2. The curves of output signal tracking error.

Fig. 3. The curves of states 𝜒2 and 𝜒3 under proposed threshold strategy.

shows the controller outputs 𝜛1, 𝜛2 and actuator outputs 𝜇b1, 𝜇b2.
The system external failure P (𝝌) is plotted in Fig. 5. The triggering
events are elaborated in Fig. 6. At the beginning, the amplitude of
the controller output 𝜛 and 𝜛 are large so the controllers switch
1 2
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Fig. 4. The curves of controller outputs 𝜛1, 𝜛2 and actuator outputs 𝜇b1, 𝜇b2 under
proposed threshold strategy.

Fig. 5. The curve of system external failure P (𝝌) under proposed threshold strategy.

Fig. 6. The triggering events of 𝜇1 and 𝜇2 under proposed threshold strategy.

to the FTM, and when the controller output decrease to less than
25, the triggering mechanism is automatically switched to the RTM.
Furthermore, we can see from Fig. 4 that when the failure occurs at
69 
Table 1
Number of triggering events for Example 1.

Time Actuator 1 Actuator 2
9–10 s 14 9
11–12 s 22 14
13–14 s 13 9
16–17 s 11 7
18–19 s 22 15
20–21 s 18 11
23–24 s 16 12
25–26 s 19 16
27–28 s 16 12

Fig. 7. Tracking control performance.

11 s, 18 s and 25 s, the proposed threshold strategy can switch between
the trigger modes FTM and RTM according to the magnitude size of the
controller and its rate of change.

To clearly demonstrate the ability of the proposed event-triggered
fault-tolerant controller to compensate for failures, the times of trigger-
ing are given in Table 1 under proposed threshold strategy.

See Table 1, when Actuator 1 is subjected to 80% PLOE and Actu-
ator 2 is subjected to 50% PLOE from 11 s, the times of triggering for
Actuators 1 and 2 significantly increase at 11–12 s. Then, the actuator
failures are compensated by the designed controller, so the times of
triggering for Actuators 1 and 2 have reduced at 13–14 s. Similarly,
when Actuators 1 and 2 fail from 18 s and system external failure
occurs from 25 s, the times of triggering accordingly increase. After they
decrease under the action of the controller.

Example 2. Actuator 1 is abruptly stuck, i.e., 𝜇𝑏1 = 0, from 11 s;
Actuator 2 abruptly loses 30% of its efficiency, from 11 s and loses its
effectiveness of 40%, from 18 s. Among them, actuator failures include
TLOE and PLOE failures. The system external failure abruptly occurs
from 25 s.

The simulation results of Example 2 are shown in Figs. 7–12.
Similarly, the times of triggering for Example 2 are given in Table 2.

See Table 2, when Actuator 1 is TLOE and Actuator 2 loses its
effectiveness of 30%, which is PLOE failure, from 11 s, the times of
triggering for Actuators 1 and 2 increase at 12–13 s. Then, due to the
compensating influence of the controller, the times of triggering for
Actuators 1 and 2 decline at 14–15 s. Similarly, when Actuator 2 is
subjected to 40% PLOE from 18 s, and system external failure occurs
from 25 s, the times of triggering also follow the same regularity.

Feasibility and superiority of the proposed control scheme to
achieve the control aims is demonstrated, notwithstanding the con-
trolled system undergoes actuator failures (PLOE or TLOE or both),
abrupt system external failure and limited resource.
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Fig. 8. The curves of output signal tracking error.

Fig. 9. The curves of states 𝜒2 and 𝜒3 under proposed threshold strategy.

Fig. 10. The curves of controller outputs 𝜛1, 𝜛2 and actuator outputs 𝜇b1, 𝜇b2 under
proposed threshold strategy.

Remark 6. Considering that larger signal impulses in the ETM frame-
work may pose challenges to system security, directly verifying this
through simulation experiments is somewhat difficult. Therefore, we re-
fer to the conclusions in [18], which indicate that larger signal impulses
70 
Fig. 11. The curve of system external failure P (𝝌) under proposed threshold strategy.

Fig. 12. The triggering events of 𝜇1 and 𝜇2 under proposed threshold strategy.

Table 2
Number of triggering events for Example 2.

Time Actuator 1 Actuator 2
9–10 s 14 11
11–12 s 24 18
13–14 s 17 13
16–17 s 20 14
18–19 s 22 19
20–21 s 21 15
23–24 s 23 16
25–26 s 25 18
27–28 s 20 13

degrade the system’s tracking performance. Based on this conclusion,
by observing the tracking performance in Figs. 1–2 and Figs. 7–8, we
can indirectly determine that the improved STM results in smaller sig-
nal impulses being applied to the system. Based on the fact that "smaller
signal impulses applied to the system reduce the negative impact on
system stability, thereby enhancing system security’’, we conclude that
the system security under the improved STM framework is higher.
Therefore, the mechanism proposed in this paper is more applicable to
protect the regular operation of the system components under complex
environments including actuator failure, external system failure, and
other factors.
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Remark 7. Theoretically speaking, decreasing the value of 𝜂 and in-
creasing the value of 𝑟𝑖 can make the system have optimal tracking
erformance. Nevertheless, by observing (15) and (52), it can be no-
iced that the increasing 𝑟𝑖 may result in an increase in the amplitude
f the control signal. Hence, it is crucial to strike a delicate balance
etween tracking performance and control performance. By select-
ng appropriate design parameters, we can achieve superior control
erformance.

Remark 8. It can be seen from (6) and (39) that decreasing M̄ i.e., de-
creasing M1, M2, M3, 𝜁 and T2 improves the control performance
of the system. However, the ETM (5) indicates that decreasing M1,
M2, M3, 𝜁 and T2 will result in the event triggering interval be-
coming shorter, which is not satisfactory in practical implementation.
Therefore, the balance between control performance and internal com-
munication transmission can be achieved by selecting the suitable
parameters M1, M2, M3, 𝜁 and T2. Furthermore, it can also be seen
from (5) that if T1 is increased, the large impulse may act on the
ystem, thus leading to degradation of the control performance, and
f T1 is decreased, it will lead to an easy switching to the FTM, thus

leading to degradation of the control performance. Thereby, the control
performance of the system is ensured by selecting the appropriate
parameter T1.

5. Conclusion

In this paper, the problem of event-triggered adaptive control of
tochastic nonlinear systems in the presence of abrupt system external
ailure and finite number of actuator failures including PLOE or TLOE is

addressed. It has been demonstrated that the improved STM proposed
in this paper can effectively overcome the system security hazards
caused by overload impulses resulting from two types of failures and
ther factors, thereby indirectly enhancing the control performance of

the system. Moreover, the proposed scheme achieves the control aims
with lower resource consumption due to the simple structure of MTN.
The effectiveness and superiority are also demonstrated on a third-
order single-link manipulator through simulation. However, in practical
engineering control, failures can occur indefinitely. In future work, we
will focus on investigating the capability of the improved STM proposed
in this paper to handle the more comprehensive actuator fault models
presented in [31,32].
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