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Abstract
An adaptive tracking control scheme based on a multi-dimensional Taylor network(MTN) is proposed for nonlinear sys-
tems with multiple sensor faults and actuator saturation. This article utilizes a smooth hyperbolic tangent function to
transform the non-smooth actuator saturation model into a smooth linear model, thus addressing the challenges posed
by actuator saturation on the system. By applying a third-order absolute value Lyapunov function and incorporating it
into the adaptive control design process, the estimation of fault losses and design of compensation coefficients are car-
ried out to eliminate the effects of sensor faults. Experimental results demonstrate that the proposed controller can
eliminate the impact of sensor faults and actuator saturation, ensuring that all signals in the closed-loop system remain
within bounded ranges. Additionally, it can drive the tracking error to converge to a small region near the origin.
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Introduction

In recent years, control problems of nonlinear systems
have been widely studied and significant progress has been
made in various fields.1–3 In particular, the prevalence of
sensor faults4 and actuator saturation5 in practical engi-
neering places higher demands on nonlinear system con-
trol. Unfortunately, many studies tend to overlook these
critical issues when discussing nonlinear systems.6,7

Therefore, It is critical to research on how to improve the
control performance and stability of nonlinear systems
with multiple sensor faults and actuator saturation.

Recently, a growing attention has been paid on non-
linear systems with actuator saturation due to the fact
that the presence of actuator saturation can lead to the
instability and performance degradation of control sys-
tems. Many control methods have been proposed to
deal with the problem of actuator saturation.5,8,9

Generally, these methods can be divided into two main
categories: compensation methods10–12 and approxima-
tion methods.13–15 Compensation methods primarily
identify the presence of actuator saturation constraints
and design parameters or compensators to offset their

adverse effects on system performance. In contrast,
approximation methods introduce a controller to moni-
tor the output of the actuator and adjust the input sig-
nal to prevent the occurrence of saturation. Compared
to compensation methods, approximation strategies
can quickly and efficiently monitor the output state of
the actuator in real time, allowing timely responses to
actuator saturation.16–18 By adjusting the input signal,
the above methods increase the robustness of the sys-
tem, enabling stable control performance even under
conditions of actuator saturation.19 However, these
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methods can be difficult to adapt to nonlinear control
systems with faults.

In fact, the presence of faults in a nonlinear system
introduces results in system instability and uncertainty
in the sign of the measured state. Therefore, it has also
been the focus of attention to addressing the problem
of faults in nonlinear control systems. Researchers have
made strides in enhancing system adaptability in the
face of faults.20–23 Thus far, research on system faults
has primarily been categorized into two main areas:
actuator faults24–26 and sensor faults.27–29 In particular,
sensor faults have been initially addressed by different
methods such as fault detection techniques and com-
pensation mechanisms.30,31 These methods have been
successfully applied to various nonlinear systems,
including uncertain nonlinear systems,32 uncertain
strict-feedback nonlinear systems,33 and nonlinear
discrete-time multi-agent systems.34 Notably, neural
networks and fuzzy logic systems have been utilized in
controller design to tackle the unknown nonlinearities
inherent in these systems.22,35,36 Moreover, various net-
work approximation-based adaptive control schemes
have been proposed to address a range of issues stem-
ming from sensor or actuator faults.37–41 However,
adaptive control problems for nonlinear systems with
both sensor faults and actuator saturation have rarely
been studied. There is a great challenge to deal with
these issues simultaneously in controller design.

In response to the above challenge, this paper pro-
poses an adaptive tracking control scheme based on
multi-dimensional Taylor networks (MTN) to address
the issues of multiple sensor faults and actuator satura-
tion in nonlinear systems. That the proposed controller
successfully eliminates the effects of sensor faults and
actuator saturation, ensuring that all signals within the
closed-loop system remain bounded while driving the
tracking error into a small region near the origin.
Compared with the existing results, the main contribu-
tions of this paper are as follows:

(i) This paper introduces a novel adaptive control
method based on MTNs to address the tracking con-
trol problem in nonlinear systems with multiple sensor
faults and actuator saturation. The proposed control
method boasts a straightforward structure and minimal
computational complexity, leveraging the inherent sim-
plicity of MTNs. Despite the advancements made in
utilizing MTNs for nonlinear systems,42–45 previous
efforts have overlooked the critical issue of sensor

faults. This paper represents the first attempt to tackle
this challenge within the context of MTN-based
control.
(ii) In contrast to existing research that solely addresses
sensor faults31,46–48 and focuses on actuator satura-
tion,49–52 this paper presents a comprehensive analysis
of both sensor faults and actuator saturation in non-
linear systems. By integrating various approaches such
as saturation model transformation, signal compensa-
tion mechanisms, and cubic absolute-value Lyapunov,
an innovative and robust control scheme has been
developed to address these issues.

Problem description and knowledge
preparation

Problem description

In this paper, the following form of nonlinear systems is
considered:

_xi = xi+1 + fið�xiÞ+Di tð Þ
_xn = uðvÞ+ fnð�xnÞ+Dn tð Þ
y= x1

8><
>: ð1Þ

where �xn = x1, . . . , xn½ �T is the state vector of the sys-
tem with �xi = x1, . . . , xi½ �T 2 Ri, i=1, 2, . . . , n, y 2 R,
and Di tð Þ represent the measured output, and bounded
uncertainties, respectively. fið�xiÞ 2 Ri ! R, i=1, . . . , n
is a smooth unknown nonlinear function. u and v rep-
resent the output and input of the actuator, and satisfy
the following relationship

u vð Þ= sat vð Þ= sign vð Þum; vj jø um
v; vj j\ um

�
ð2Þ

where um . 0 denotes the boundary of u and sign �ð Þ is a
symbolic function.

Especially, the following sensor faults are assumed in
system

xi
f tð Þ= ri�xi tð Þ, 8t.Tf ð3Þ

where Tf is the time of fault occurrence, ri is a
normal constant indicates the loss of effectiveness
failure and satisfies 0\ ri ł 1. A more detailed
explanation about the studied faults is presented in
Table 1.

Table 1. Sensor faults.

Faults kinds Conditions Faults names

xi
f tð Þ= �xi tð Þ+ b tð Þ b tð Þ 6¼ 0,( _b tð Þ= 0) Bias fault

xi
f tð Þ= �xi tð Þ+ b tð Þ b tð Þj j= gt, 0 \ g � 1 Drift fault

xi
f tð Þ= �xi tð Þ+ b tð Þ b tð Þj j= �b, _b! 0 Loss of accuracy fault

xi
f tð Þ= ri tð Þ�xi tð Þ 0 \ amin ł ri tð Þł 1 Loss of effectiveness fault
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Remark 1: In the absence of sensor faults, the non-
linear system (1) has been extensively studied.1–3,6

Furthermore, in real-world applications, stochastic dis-
turbances are unavoidable. Consequently, system (1)
serves as a versatile model for numerous controlled
systems.

For the nonlinear system (1) with actuator satura-
tion (2) and multiple sensor faults (3), the goal of this
paper is to design an adaptive tracking control scheme,
such that

(1) All signals in the closed-loop system are bounded;
(2) The system output y can follow the desired refer-

ence signal yd efficiently.

Actuator saturation pre-processing

Due to the existence of singularities in actuator satura-
tion, it cannot be directly used for controller design.
According to Wu et al.,53 following smooth function
g vð Þ is employed to approximate saturated function
u vð Þ

g vð Þ= 2

p
umtanh

pv

2um

� �
=

2

p
um

e
pv
2um � e�

pv
2um

e
pv
2um + e�

pv
2um

ð4Þ

Thus, the actuator saturation model is re-described
as:

sat vð Þ= g vð Þ+ d vð Þ ð5Þ

where g vð Þ is a smooth function. d vð Þ= sat vð Þ � g vð Þ is
a bounded function. Inspired by Yang et al.,54 it can be
expressed as:

d vð Þj j= sat vð Þ � g vð Þj jł um 1� tanh 1ð Þð Þ= �d ð6Þ

where �d is a positive constant.
According to the Mean Value Theorem, the above-

segmented function can be rewritten as:

g vð Þ= gvm
v� v0ð Þ+ g v0ð Þ ð7Þ

where 0\m\1, gvm
=∂g vð Þ

∂v

���
v
=vm and vm=mv+ 1� mð Þv0.

By choosing v0 =0, it can be verified that
g vð Þ= gvm

m. Thus, we can further obtain

u= d vð Þ+ gvmv ð8Þ

Remark 2: By the definition of vð Þ, similar to Mu
et al.,55 it is known that the definition of the normal
number g and �g satisfies gł gvm

ł �g, v 2 R.

Multi-dimensional Taylor network

In the design process of the controller, MTNs are used
to approximate the unknown nonlinearity that occurs

in the system. The following lemma is stated for func-
tion approximation.

Lemma 1.43 Suppose H �h1, . . . , �hnð Þ : Rn ! R is a func-
tion defined in the closed interval O � Rn, for any
given constant �e . 0, there exists an MTN with an
approximation error e �hð Þ satisfying the

H �hð Þ= uTu �hð Þ+ e hð Þ, e �hð Þj jł �e ð9Þ

where �h= �h1, . . . , �hn½ �T 2 Rn and u= u1, . . . , ul½ �T
2 Rl are the input vector and the weight vector of
MTN, respectively. u �hð Þ= �h1, � � � , �hn, �h21, �h1�h2, � � � ,

�
�h2n, � � � , �hm1 , � � � , �hmn �

T 2 Rl denotes the middle layer.

Remark 3: As illustrated in Figure 1, MTN is a three-
layer feedforward neural network comprising the input
layer, the middle layer, and the output layer. For more
information about MTN, the reader can refer to He
et al.,40 Li et al.,41 Han and Sun,56 Wang et al.,44,57

and Lu et al.58

Error transformation

Since the presence of multiple sensor faults makes all
state variables xi tð Þ unavailable, the following coordi-
nate changes are introduced

z1 = x1 � yd = l̂1x
f
1 � yd + ~l1x

f
1 = ~z1 + ~l1x

f
1

zi = xi � ai�1 = l̂ix
f
1 � ai�1 + ~lix

f
1 = ~zi + ~lix

f
1

ð10Þ

where ai � 1 is the virtual control function, li =
1
ri
and

l̂i is estimate of li with ~li = li � l̂i
Inspired by Zhang and Yang,59 due to the presence

of multiple sensor faults, the available error signal
zfi = xfi � ai�1 has been corrupted and cannot be used
directly as a feedback signal, the compensation signal
l̂ixi

f is introduced to mitigate the effects of sensor faults.
Therefore, the compensation error ~zi is to be used
instead of zi.

Figure 1. The structure diagram of MTN.

Guo et al. 1121



To achieve control objectives, the following
Assumptions and Lemma are needed, which will play
an important role in the controller design process.

Assumption 1: In system (1), for bounded uncertainty,
the inequality Dij jł �Di holds, where �Di is a positive
constant.

Assumption 2: The desired trajectory yd is a known
smooth bounded signal and its time derivatives up to
the n-th order are continuous.

Lemma 2.4 The cubic absolute value function
X x tð Þð Þ= 1

3 x tð Þj j3 is differentiable and its time deriva-
tive is _X x tð Þð Þ= x2 _xsign xð Þ.

Main results

Controller design

Due to error conversion provided by (10), the design of
the intermediate control signal and the controller will
be carried out in the following n steps.

Step 1: Construct a cubic absolute value Lyapunov can-
didate function as:

V1 =
1

2
z21 +

1

2h
~u
T

1
~u1 +

1

3r
~l1
�� ��3 ð11Þ

where h . 0, r. 0 is the parameter to be designed. u1 is
a vector provided in the subsequent design. Write û1 as
an estimate of u1 along with ~u1 = u1 � û1.

According to Lemma 2, the time-derivative of V1

can be computed as

_V1 = z1 a1 + z2 +D1 +H1 Z1ð Þ½ �

� 1

h
~u
T

1
_̂
u1 �

1

r
~l 21

_̂
l1sign ~l1

� � ð12Þ

where H1 Z1ð Þ= f1 �x1ð Þ � _y is an unknown function.
By applying Lemma 1, one has

H1 Z1ð Þ= uT
1u1 Z1ð Þ+ e1 Z1ð Þ, e1 Z1ð Þj jł �e1 ð13Þ

where Z1 = ½xf1, l̂1, _yd�T, u1 is ideal weight vector, and
8�e1 . 0 is a bounded approximation error.

By applying Young’s inequality, the following
inequality holds

z1e1 + z1z2 + z1D1 ł
3

2
z21 +

1

2
e21 +

1

2
z22 +

1

2
D2
1

ł
3

2
z21 +

1

2
�e21 +

1

2
z22 +

1

2
�D2
1

ð14Þ

Substituting (13) and (14) into (12) results in

_V1 ł z1a1 +
3

2
z21 +

1

2
�e21 +

1

2
z22 +

1

2
�D2
1 + z1uT

1u1

� 1

h
~u
T

1
_̂
u1 �

1

r
~l 21

_̂
l1sign ~l1

� �
ð15Þ

According to (15), the intermediate control signal is
designed as follows

a1 =� c1~z1 � û
T

1u1 Z1ð Þ ð16Þ

where c1 . 0 is a parameter to be designed.
Substituting (16) into (15) results in

_V1 ł � c1z1~z1 � z1ûT
1u1 Z1ð Þ+ 3

2
z21 +

1

2
�e21 +

1

2
z22

+
1

2
�D2
1 + z1uT

1u1 �
1

h
~u
T

1
_̂
u1 �

1

r
~l 21

_̂
l1sign ~l1

� �
= c1z1~z1 + z1~u

T

1u1 +
3

2
z21 +

1

2
�e21 +

1

2
z22 +

1

2
�D2
1

� 1

h
~u
T

1
_̂
u1 �

1

r
~l 21

_̂
l1sign ~l1

� �
ð17Þ

By trigonometric inequality, the following two
inequalities hold

�c1z1~z1 = � c1z1ðz1 � ~l1x
f
1Þ

= � c1z
2
1 + c1~l1x

f
1ð~z1 + ~l1x

f
1Þ

ł � c1z
2
1 + jðc1~l1xf1Þ

2
+

1

4j
+ c1ð~l1xf1Þ

2

ð18Þ

z1~u
T

1u1 Z1ð Þ= ð~z1 +11x
f
1Þ~u

T

1u1 Z1ð Þ

ł ~z1~u
T

1u1 Z1ð Þ+ 1

2
ð~l1xf1Þ

2 k u1 Z1ð Þk2

+
1

2
~u
T

1
~u1

ð19Þ

where j . 0 is a parameter to be designed.
From (17), (18), and (19), it yields

_V1 ł�C1z
2
1 + j c1~l1x

f
1

	 
2
+

1

4j
+ c1 ~l1x

f
1

	 
2

+ ~z1~u
T

1u1 Z1ð Þ+ 1

2
~l1x

f
1

	 
2
k u1 Z1ð Þk2

+
1

2
~u
T

1
~u1 �

1

h
~u
T

1
_̂
u1 +

1

2
�e21 +

1

2
z22 +

1

2
�D2
1

� 1

r
~l 21

_̂
l1sign ~l1

� �
ð20Þ
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where C1 = c1 � 3
2 . 0 is the parameter to be designed.

Based on (20), design the adaptive laws are as
follows

_̂
u1 =h~z1u1 Z1ð Þ � hsû1 ð21Þ

_̂
l1 =

r jc21~z21 + c1 +
1
2

� �
xf1

	 
2
� r�s1 l̂1, m1 . 0

0, m1 ł 0

(

ð22Þ

where m1 = r jc21~z21 + c1 +
1
2

� �
xf1

	 
2
� r�s1 l̂1, s and �s1

are positive design parameters.
Substituting (21) and (22) into (20), we can obtain

_V1 ł�C1z
2
1 +

1

2
~u
T

1
~u1 � s~u

T

1
~u1 � �s1

~l 21 l̂1sign
~l1
� �

+
1

2
z22 +D1

ð23Þ

where D1 =
1
4j

+ 1
2
�e22 +

1
2

�D
2

1.
Step i 2ł ił n� 1ð Þ: Construct a cubic absolute-

value Lyapunov candidate Vi as follows

Vi =Vi�1 +
1

2
z2i +

1

2h
~u
T

i
~ui +

1

3r
~li
�� ��3 ð24Þ

where ~ui = ui � ûi, and ui and ûi are the weight vector
and its estimate.

According to Lemma 2, the time-derivative of Vi can
be computed as

_Vi = _Vi�1 + zi xi+1 + fi �xið Þ+Di � _ai�1½ �

� 1

h
~u
T

i
_̂
ui �

1

r
~l 2i ûisign ~li

� �
= _Vi�1 + zi ai + zi+1 +Di �

1

2
zi +Hi Zið Þ

� 


� 1

h
~u
T

i
_̂
ui �

1

r
~l 2i ûisign ~li

� �
ð25Þ

where Hi Zið Þ= fi �xið Þ � _ai�1 +
zi
2

� �
is an unknown

function.
According to Lemma 1, for 8�ei . 0, one has

Hi Zið Þ= uT
i ui Zið Þ+ ei Zið Þ, ei Zið Þj jł �ei ð26Þ

where Zi = xfi , ûi�1, y
ið Þ
d , l̂i

h iT
, xfi = xf1, x

f
2, . . . , xfi

h iT
,

ûi�1 = ûT1 , ûT2 , . . . , û
T
i�1

h iT
, y

ið Þ
d = _yd, . . . , y

ið Þ
d

h iT
,

l̂i = l̂1, l̂2, . . . , l̂i

h iT
, and ei Zið Þ is a bounded approxima-

tion error.

According to Young’s inequality, the following
inequality holds

ziei + zizi+1 + ziDi ł
3

2
z2i +

1

2
e2i +

1

2
z2i+1 +

1

2
D2
i

ł
3

2
z2i +

1

2
�e2i +

1

2
z2i+1 +

1

2
�D2
i

ð27Þ

Substituting (26) and (27) into (25) results in

_Vi = _Vi�1 + ziai + ziui
Tui +

1

2
�e2i + z2i +

1

2
z2i+1

+
1

2
�D2
i �

1

h
~u
T

i
_̂
ui � ~l 2i

_̂
lisign ~li

� �
ð28Þ

Based on (28), design the virtual controller ai as
follows

ai = � ci~zi � û
T

i ui Zið Þ ð29Þ

where ci . 0 is a parameter to be designed.
Substituting (29) into (28) results in

_Vi = _Vi�1 � cizi~zi � ziû
T

i ui + ziu
T
i ui +

1

2
�e2i

+ z2i +
1

2
z2i+1 �

1

h
~u
T

i
_̂
ui �

1

r
~li
2
ûisign ~li

� �
= _Vi�1 � cizi~zi + zi~u

T

i ui +
1

2
�D2
i + z2i +

1

2
�D2
i

+
1

2
z2i+1 �

1

h
~u
T

i
_̂
ui �

1

r
~l 2i ûisign ~li

� �
ð30Þ

By trigonometric inequality, the following two
inequalities hold

�cizi~zi = � cizi zi � ~lix
f
i

	 

= � ciz

2
i + ci~lix

f
i ~zi + ~lix

f
i

	 


ł � ciz
2
i + j ci~lix

f
i

	 
2
+

1

4j
+ ci ~lix

f
i

	 
2
ð31Þ

ziu
T

i ui xfi

	 

= ~zi + ~lix

f
i

	 

~uT
i ui Zið Þ

ł ~zi~u
T
i ui Zið Þ+

1

2
~lix

f
i

	 
2
k ui Zið Þk2

+
1

2
~u
T

i
~ui

ð32Þ

From (30), (31), and (32), it yields

Guo et al. 1123



_Vi ł _Vi�1 � Ciz
2
i + j ci~lix

f
i

	 
2
+

1

4j
+ ci ~lix

f
i

	 
2
+ ~zi~u

T

i ui +
1

2
~lix

f
i

	 
2
+

1

2
~u
T

i
~ui �

1

2
z2i +

1

2
�e2i

+
1

2
z2i+1 +

1

2
�D2
i �

1

h
~u
T

i
_̂
ui �

1

r
~l 2i

_̂
lisign ~li

� �
ð33Þ

where Ci = ci � 3
2

. 0 is the parameter to be designed.
Based on (33), design the adaptive parameter ûi and

l̂i as

_̂
ui =h~ziui Zið Þ � hsûi ð34Þ

_̂
li =

r jc2i ~z2i + ci +
1
2

� �
xfi

	 
2
� r�si l̂i, mi . 0

0, mi ł 0

(
ð35Þ

where mi = r jc2i ~z2i + ci +
1
2

� �
ðxfiÞ

2 � r�si l̂i, s and �si are
positive design parameters.

Substituting (34) and (35) into (33) yields

_Vi ł
Xi
j=1

�Cjz
2
j +

1

2
~u
T

j
~uj � s~u

T

j ûj

�

��sj
~l2j

_̂
ljsign ~lj

� �
�+ 1

2
z2j+1 +Dj

ð36Þ

where Di =Di�1 +
1
4j

+ 1
2
�e2i +

1
2

�D2
i .

Step n: According to (1) and (8), _xn can be calculated
as follows

_xn = gvm
v+ d vð Þ+ fn �xnð Þ+Dn tð Þ ð37Þ

Choose the Lyapunov candidate Vn as follows

Vn =Vn�1 +
1

2
z2n +

1

2h
~u
T

n
~un +

1

3r
~ln
�� ��3 ð38Þ

where un is a vector provided in the subsequent design.
Write ûn as an estimate of un along with ~un = un � ûn.

According to Lemma 2, the time-derivative of Vn

can be computed as

_Vn = _Vn�1 + zn �
1

h
~u
T

n
_̂
un �

1

r
~l 2n

_̂
lnsign ~ln

� �
= _Vn�1 + zn gvm

v+ d vð Þ+ fn +Dn � _an�1
� �

� 1

h
~u
T

n
_̂
un �

1

r
~l 2n

_̂
lnsign ~ln

� �
= _Vn�1 + zn gvm

v+ d vð Þ+Dn +Hn �
1

2
zn

� �

� 1

h
~u
T

n
_̂
un �

1

r
~l 2n

_̂
lnsign ~ln

� �
ð39Þ

where Hn Znð Þ= fn �xnð Þ � _an�1 +
zn
2

� �
is an unknown

function.
By applying MTN to approximate Hn Znð Þ, for

8�en . 0, one has

Hn Znð Þ= uT
nun Znð Þ+ en Znð Þ, en Znð Þj jł �en ð40Þ

where Zn=½xfn, ûn, l̂n, y
nð Þ
d �

T with xfn = ½x
f
1, x

f
2, . . . , xfn�

T,

ûn = ½ûT1 , ûT2 , . . . , û
T
n�T, l̂n = ½l̂1, l̂2, . . . , l̂n�T and

y
nð Þ
d = ½ _yd, . . . , y

nð Þ
d �

T. un is ideal weight vector, and

en Znð Þ is a bounded approximation error.
Substituting (40) into (39) results in

_Vn =Vn�1 + zn gvm
v+ d+ fn +Dn � _an�1

� �
� 1

h
~u
T

n
_̂
un �

1

r
~l 2n

_̂
lnsign ~ln

� �
= _Vn�1 + zn(gvm

v+ d+Dn + uT
nun + en

� zn
2
)� 1

h
~u
T

n
_̂
un �

1

r
~l 2n

_̂
lnsign ~ln

� �
ð41Þ

By applying Young’s inequality the following
inequality holds:

znen + znDn tð Þ+ znd

ł
1

2
z2n +

1

2
�e2n +

1

2
z2n +

1

2
�d
2
+

1

2
�D2
n tð Þ+ 1

2
z2n

=
3

2
z2n +

1

2
�e2n +

1

2
�D
2

n tð Þ+ 1

2
�d
2

ð42Þ

Substituting (42) into (41), we have

_Vn = _Vn�1 + zngvm
v+ znuT

nun + z2n +
1

2
�e2n +

1

2
�d
2

+
1

2
�D2
n �

1

h
~u
T

n
_̂
un �

1

r
~l 2n

_̂
lnsign ~ln

� �
ð43Þ

Based on (43), design the actual controller v as
follows

v= � 1

g
cn~zn + û

T

nun Znð Þ
	 


ð44Þ

where cn is a positive constant.
Substituting (44) into (43) result in

_Vn = _Vn�1 � cn
gvm

g
zn~zn + zn~u

T

nun +
z2n
2

+
1

2
�e2n

+
1

2
�D2
n �

1

h
~u
T

n
_̂
un �

1

r
~l 2n

_̂
lnsign ~ln

� � ð45Þ
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By trigonometric inequality, the following two
inequalities hold

zn~u
T

nun xfn
� �

= ~zn + ~lnx
f
n

� �
~u
T

nun Znð Þ

ł
1

2
~lnx

f
n

� �2 k unk2 + ~zn~u
T

nun

ð46Þ

cn
gvm

g
zn~zn = � cn

gvm

g
zn zn � ~lnx

f
n

� �� �
= � cn

gvm

g
z2n + cn

gvm

g
~lnx

f
n ~zn + ~lnx

f
n

� �
ł � cnz

2
n + cn

gvm

g
~lnx

f
n~zn + cn

gvm

g
~lnx

f
n

� �2
ł � cnz

2
n + cn

�g

g
~lnx

f
n~zn + cn

�g

g
~lnx

f
n

� �2

ł � cnz
2
n + j cn

�g

g
~lnx

f
n~zn

 !2

+
1

4j

+ cn ~lnx
f
n

� �2
ð47Þ

Substituting (46) and (47) into (45) results in

_Vn = _Vn�1 � cnz
2
n + j cn~zn~lnx

f
n

� �2
+

1

4j
+

1

2
�e2n

+ cn ~lnx
f
n

� �2
+ ~zn~u

T

nun �
1

r
~l 2n

_̂
lnsign ~ln

� �
+

1

2
~lnx

f
n

� �2
+

1

2
�D2
n �

1

h
~u
T

n
_̂
un +

1

2
~u
T

n
~un

ð48Þ

where Cn = cn � 3
2 . 0 is a parameter to be designed.

According to (48), design the adaptive parameters ûn

and l̂n as follows

_̂
un =h~znun Znð Þ � hsûn ð49Þ

_̂
ln =

r jcn~z2n + cn +
1
2

� �
xfn
� �2 � r�snl̂n, mn . 0

0, mn ł 0

�
ð50Þ

where mn = r jc2n~z2n + cn +
n
2

� �
xfn
� �2 � r�snl̂n, s and �sn

are positive design parameters.
Then, substituting (49) and (50) into (48), we have

_Vn ł
Pn
i=1

�Cnz
2
n +

1
2

~u
T

n
~un � s~u

T

n ûn � �sn
~ln
�� ��3h i

+Dn

ð51Þ

where Dn =Dn�1 +
Pn
i=1

s
2 uT

n un +
�sn

3 l3n
� �

+ 1
2

�D
2

n.

Stability analysis

The above design and analysis process can be summar-
ized in the following theorem.

Theorem 1: Under Assumptions 1, consider the closed-
loop system (1) under multiple sensor fault (3) and
actuator saturation (2). Then the actual controller (44)
and the virtual controllers (16), (29) with adaptive laws
(21), (22), (34), (35), (49), and (50) can guarantee that
(i) the boundedness of all the signals in the controlled
system; (ii) The system output y can follow the desired
reference signal yd efficiently. Further, the tracking
error y tð Þ � yd tð Þj j can be arbitrarily small by choosing
appropriate controller parameters.

Proof: For the closed-loop system, consider Lyapunov
function V=Vn. According to (51), we have

_Vł
Pn
i=1

�Cnz
2
n +

1
2

~u
T

n
~un � s~u

T

n ûn � �sn
~ln
�� ��3h i

+Dn

ð52Þ

According to (22), (35), and (50), and using the simi-
lar analysis in Zhang and Yang,59 we have

~l 2nl̂nsign
~ln
� �

= ~l 2nl̂n ł � 1

3
~ln
�� ��3 + 1

3
l3n ð53Þ

On the other hand, according to the definition of ~u
and ûn, we have

~u
T

n ûn ł � 1

2
~u
T

n
~un +

1

2
uT
n un ð54Þ

Substituting the (53) and (54) into (51) results in

_Vł
Xn
i=1

�Cnzn
2 � s � 1

2

� �
~un

T~un � �sn
~ln
�� ��3� 


+D

ð55Þ

where D=Dn +
Pn
i=1

s
2 uT

n un +
�sn

3 l3n
� �

+ 1
2

�G
2
.

Denote [=minf2cibmin, 2s � 1ð Þh, 3r�si, i=1, � � � , ng

with bmin =minfbi, i=1, � � � , ng, ‘= n
4j

+ 1
2

Pn
i=1

�eið Þ2 +
Pn
i=1

s
2

ui
Tui +

�si

3
l3i

� �
+ 1

2
�G
2
. Then, (55) can be

rewritten as:

_Vł � [V+ ‘ ð56Þ

Then, (56) can be rewritten as

V tð Þł � V 0ð Þe�[t + ‘

[
ð57Þ

Based on (56) and (57), we can conclude that all sig-
nals, xfi , ûi�1, y

ið Þ
d , l̂i and are ultimately uniformly

bounded.
Furthermore, we can also obtain
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y tð Þ � yd tð Þj jł
ffiffiffiffiffiffiffiffiffiffiffiffi
2V 0ð Þ

p
e�

[
2t +

ffiffiffiffiffi
2‘

[

r
ð58Þ

According to the expressions of [ and ‘,
ffiffiffiffiffiffiffiffiffiffi
2‘=[

p
can

be arbitrarily small by increasing bi, r, h and decreasing
j. That is to say, the tracking error y tð Þ � yd tð Þj j can be
arbitrarily small by choosing appropriate controller
parameters.

Simulation results

The following three simulation examples are given to
validate the effectiveness and applicability of the MTN-
based control scheme proposed in this paper.

Example 1 (Numerical example): Consider the following
second-order nonlinear system with actuator saturation
and sensor failure, described as follows

_x1 = x2 � 0:5x21 +D1 tð Þ
_x2 = u vð Þ+ x1x

2
2 +D2 tð Þ

y= x1

8><
>: ð59Þ

with the initial state is x1 0ð Þ, x2 0ð Þ½ �T = 0, 0½ �T. The
tracking signal is set to yd =0:6sint and the actuator
saturation of the system is set as

u vð Þ= 150sign vð Þ, vj jø 150
v , vj j\ 150

�
.

According to Theorem 1, the control structure of the
system (59) can be designed as

a1 = � c1~z1 � û
T

1u1 Z1ð Þ

v= � 1
c2~z2 + û

T

2u2 Z2ð Þ
	 


8><
>: ð60Þ

The adaptive laws are designed as

_̂
ui = ~ziui Zið Þ � sûi

_̂
li =

r jc2i ~z2i + ci +
1
2

� �
xfi

	 
2
� r�si l̂i,mi . 0

0,mi ł 0

8>><
>>:

i=1, 2

8>>>>>>>><
>>>>>>>>:

ð61Þ

In simulation, the controller parameters are selected
as um =150, c1 =100, c2 =80, j =0:01, r=20, s=2,
�s1 =12, �s2 =4800, g=0:15, �g=1, r =0:7, h=20.

The simulation results are shown in Figures 2 to 6. It
can be clearly seen that when the sensor fails, the track-
ing performance of the system can be well ensured.

Figure 3 shows the trajectories of u and v. Figure 4
shows the trajectories of adaptive laws l̂1 and l̂2 in the
case of fault. It is clear that the adaptive parameter
l̂i, i=1, 2 increases rapidly to mitigate the performance
loss when the sensor fails, and the transient stimuli
from external input signals prevent the adaptive para-
meters from converging to their values. Figures 5 and 6
show the trajectories of tracking error and the state x2,
respectively. The simulation results show that all the
signals of the system are bounded and the tracking
errors are controlled in a small neighbor near the origin
and within the set constraints, which demonstrates the
effectiveness and rationality of the control strategy.

Example 2 (Practical example): In order to further ver-
ify the feasibility of the proposed approach, consider a
class of mass-spring-damper system with actuator
saturation, according to Johansson et al.,60 its system
can be described as follows

_x1 = x2

_x2 =
1

m
u vð Þ � b1

m
x1 �

b1
b3

2

mx31 �
b2
m

x2 + d

y= x1

8>>><
>>>:

ð62Þ

where m=1=4 t and the actuator saturation satisfies

u vð Þ= 150sign vð Þ, vj jø 150
v , vj j\ 150

�
.

According to Theorem 1, the control structure of the
system (62) can be described as (60) and (61).

In the simulation, the parameters of system (62) are
set as b1 =1=4 , b2 = � 1=4 , b3 =1=2 and d=0:5
sint. The sensor faults are given as xfi =0:7xi, 8t.Tf.

The initial state of the system is x1 0ð Þ, x2½
0ð Þ�T = 0, 0½ �T, the tracking signal is set to y=0:6sint
and the controller parameters in the proposed scheme
are chosen as um =150, c1 =76, c2 =64, j1 = j2 =
0:01, r=80,s =2, �s1=14, �s2 =4000, g=0:15, �g=1,
h=20:

The simulation results are shown in Figures 7 to 10,
which further verify the effectiveness of the proposed
adaptive compensation controller.

Example 3 (Comparative study): In order to highlight
the effectiveness and superiority of the proposed
method, the following three simulation studies are
provided.
Case 1: For system (59), the loss of effectiveness failure
r select as r =0:6, 0:7, 0:8, 0:9 respectively. At the same
conditions, the simulation results are shown in Figure
11. From 11, it can be seen that the satisfying control
performance can be achieved for different values of r.
Case 2: To illustrate the influence of design parameters,
we selected parameter ci as the reference object for the
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Figure 2. The trajectorie of y and yd of system (59).

Figure 3. The trajectories of u and v of system (59).

Figure 4. The adaptive laws l̂1 and l̂2 of system (59).

Figure 5. Trajectory of tracking error y � yd of system (59).

Figure 6. The trajectory of state x2 of system (59).

Figure 7. The trajectories of y and yd of system (62).
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comparative experiment for system (62). Under the
condition that other parameters remain unchanged, ci
is set to ci =60 and ci =90, respectively. The simula-
tion results are presented in Figure 12. From Figures
7 and 12, we can see that the tracking performance is
best when c1 =76 and c2 =64. Therefore, we can con-
clude that the choice of design parameters does indeed
affect tracking performance. As a result, careful selec-
tion is required in practical control applications.

Case 3: A comparative experiment was conducted
between the adaptive MTN and the RBF neural net-
work (RBFNN) control methods, utilizing system (62)
as the basis for comparison. The simulation results are
shown in Figure 13. From Figure 13, it can be seen that
both methods achieve similarly satisfactory outcomes
in this case. However, it should be emphasized that the
MTN-based method proposed in this paper has a lower
computational burden.

Figure 8. The trajectories of u and v of system (62).

Figure 9. The adaptive laws l̂1, l̂2 of system (62).

Figure 10. The trajectory of tracking error y � yd of system
(62).

Figure 11. The trajectories of yi and yd of system (59).
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Conclusion

This paper investigates the adaptive tracking control
problem for a class of uncertain nonlinear systems with
actuator saturation and multi-sensor faults. Multiple
adaptive signal compensation mechanisms are used to
eliminate the adverse effects of sensor faults. Compared
with previous results, not only the effect of multi-sensor
faults on the system but also the actuator saturation is
considered, and the designed controller is able to
quickly capture the effective conditions from the fault
information to achieve the tracking effect. All signals of
the closed-loop system are guaranteed to be bounded
by MTN approximation of the unknown function and
combined with Lyapunov stability theory. Simulation
results demonstrate the effectiveness of the proposed
control method.
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