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Adaptive Tracking Control of Nonlinear
Multi-Agent Systems Subject to Multiple
Constraints via Multi-Dimensional Taylor Network

Wei-Jie Hao, Zhao-Yi Zong, Shu-Zhen Wei, Shan-Liang Zhu", and Yu-Qun Han

Abstract—This paper investigates the adaptive tracking control
problem for nonlinear multi-agent systems operating under
simultaneous input saturation and output performance con-
straints. To address asymmetric input saturation, an innovative
auxiliary system is developed that generates compensatory sig-
nals based on the discrepancy between the input signal and
the saturation function output. A central contribution is the
introduction of a novel dynamic performance function (DPF),
this function leverages signals from the auxiliary system to
adaptively adjust performance boundaries, critically activating
this adjustment only when input saturation occurs concurrently
with synchronization errors exceeding predefined safety limits,
thereby effectively resolving conflicts between the input and
performance constraints. Furthermore, a first-order filter is
employed within the backstepping control design to approxi-
mate virtual control derivatives, mitigating the ‘“‘computational
explosion” issue. An adaptive controller incorporating multi-
dimensional Taylor network (MTN) is then synthesized based on
this framework. Rigorous Lyapunov stability analysis confirms
the boundedness of all signals within the closed-loop system.
Supporting this theoretical finding, simulation results confirm the
proposed control strategy’s effectiveness and feasibility, demon-
strating enhanced synchronization performance and robustness
under these multiple, potentially conflicting constraints.

Note to Practitioners—Practitioners working with nonlinear
multi-agent systems facing input and output constraints should
consider the adaptive tracking control approach presented in
this paper. The method innovatively addresses asymmetric input
saturation by developing an auxiliary system that generates
compensatory signals to mitigate its negative effects on sys-
tem performance. To balance input saturation and output
performance constraints, a dynamic performance function is
introduced, ensuring that synchronization errors stay within
acceptable ranges. This approach is particularly valuable for
applications like drone swarms or automated transportation
systems, where synchronization and constraint adherence are
safety-critical.

Index Terms—Multi-agent systems, input constraints, output
constraints, multi-dimensional Taylor network.
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I. INTRODUCTION

ULTI-AGENT systems consist of multiple agents and

have attracted considerable attention owing to their
diverse applications across various interdisciplinary fields,
such as artificial intelligence [1], aerospace systems [2], and
power systems [3]. Among the primary issues in multi-
agent systems research, the consensus problem is of particular
importance [4], [5]. Consensus in multi-agent systems refers
to the process by which each agent, through local cooperation
and communication, continuously adjusts its behavior until
all agents achieve the same state, a critical requirement for
coordinated control. In recent years, nonlinear multi-agent
systems have received extensive attention [6], [7]. In par-
ticular, methods such as fuzzy control [8], [9], [10] and
radial basis function (RBF) neural networks [11], [12] have
been employed to handle system nonlinearities, demonstrating
promising results when combined with traditional adaptive
control. Among these methods, the multi-dimensional Taylor
network (MTN) [13], [14], [15], [16], a distinctive neural
network architecture, has been recognized as an efficient
and effective approach for addressing system nonlinearities
due to its simplicity and powerful approximation capabilities.
However, despite its potential, MTN has yet to be widely
applied in controlling nonlinear multi-agent systems that face
both input and output constraints, thereby limiting its broader
development and application in complex multi-agent system
control scenarios. Therefore, exploring effective methods to
control nonlinear multi-agent systems with multiple con-
straints remains a critical and promising research avenue.

In practical systems, due to the inherent physical con-
straints of actuators, nonlinear systems often encounter input
saturation limitations. Such constraints can adversely affect
system performance and may even lead to instability. Consid-
ering the significant influence of input saturation on system
performance and stability, comprehensive research on this phe-
nomenon is crucial. Two primary approaches currently exist
for addressing input saturation: the approximation approach,
which transforms the saturation model into a linear model
with errors [17], [18], [19], [20], and the auxiliary system
approach, which generates auxiliary signals to mitigate the
effects of input saturation [21], [22], [23]. Recently, nonlinear
systems with input saturation constraints have emerged as
a focal point of research, attracting considerable attention
and leading to notable advancements. These include studies
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on uncertain nonlinear multi-agent systems [24], [25], event-
triggered nonlinear multi-agent systems [26], and time-delay
nonlinear multi-agent systems [27]. Despite the significant
progress made in understanding the effects of input saturation
on nonlinear multi-agent systems, these studies have primarily
focused on input constraints while offering limited exploration
of output constraints.

Output constraints in nonlinear multi-agent systems refer
to a specific type of state constraint that requires each agent’s
output to remain strictly within predefined limits. This ensures
that the system meets specified performance criteria, thereby
ensuring overall system performance and stability. Therefore,
addressing output constraints is crucial when designing and
controlling nonlinear multi-agent systems. Recently, funnel
control (FC) [28], [29] and prescribed performance control
(PPC) [30], [31], [32], [33], [34] have been proposed as
solutions for addressing output constraints. PPC achieves
performance guarantees by transforming the original system
into an equivalent “unconstrained” system via performance
functions and coordinate transformations, combined with bar-
rier Lyapunov functions. Many results have been obtained
for nonlinear multi-agent systems with output constraints, as
shown in [35], [36], [37], and [38]. However, in cases of input
saturation, system performance can degrade due to insufficient
actuator input. Flexible performance control (FPC) has been
introduced to address this issue. In [39], the FPC method was
employed, with an auxiliary system designed to ensure that all
states remain non-negative, allowing the system to self-adjust
in the presence of input saturation. In [40], a new flexible
fixed-time performance function was designed to guarantee
performance constraints in switched nonlinear systems with
input saturation. While preliminary advancements have been
made in controlling nonlinear multi-agent systems with mul-
tiple constraints, research in this area remains limited.

Motivated by the preceding observations, this work develops
a novel adaptive control method utilizing MTN for nonlinear
multi-agent systems operating under concurrent input and
output constraints. The principal contributions of this research
are detailed as follows:

1) A central innovation of this work is the development
of a dynamic performance function (DPF) specifically
engineered to resolve the inherent conflict between input
saturation and output performance constraints. Distinct
from prior approaches [39] and [40], DPF implements a
conditional adaptation strategy: the performance bound-
aries are dynamically adjusted if and only if input
saturation occurs concurrently and the synchronization
error exceeds a predefined safety threshold. This targeted
mechanism addresses the constraint conflict with pre-
cision, avoiding unnecessary relaxation of performance
bounds and ensuring stability adaptation occurs only
when genuinely necessitated by the combined effect of
saturation and error magnitude.

2) A novel auxiliary system, tailored for asymmetric input
saturation, is proposed and synergistically integrated
with the DPF. The non-negative signals generated by
this auxiliary system, directly reflecting the saturation
status and error condition relative to safety limits, serve
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as the key enabling trigger for the DPF’s boundary adap-
tation logic. This approach circumvents the complexity
and potential inaccuracies associated with the smooth
function approximations often employed in traditional
saturation handling methods [20]. Furthermore, these
non-negative signals are utilized within the DPF struc-
ture to dynamically define the performance boundaries,
ensuring synchronization errors are constrained within
specified ranges, thereby simultaneously satisfying the
output constraints.

3) A computationally feasible framework is developed
for nonlinear multi-agent systems with simultaneous
input and output constraints by integrating MTN-based
adaptation with command-filtered backstepping. The
crucial use of a first-order filter mitigates “computational
explosion”, thereby enhancing the practical scalabil-
ity and applicability of the proposed adaptive control
strategy for higher-order systems under these coupled
constraints.

II. PRELIMINARIES AND FORMULATION

A. Theory of Graph

The communication topology within a multi-agent system
can be modeled by a directed graph IC = (P, G, M). Here, P =
{1,2,..., N} constitutes the set of nodes, G is the set of edges,
and the adjacency matrix M = [m;;] € RV*N characterizes
the information flow pathways. An element m; ; > O signifies
that agent 7 receives information from agent j, whereas m; ; = 0
indicates the absence of this directed link. Accordingly, vertex
J is designated as a neighbor of vertex i if m;; > 0. The

N
in-degree of vertex i is computed as m; = ) m; ;. Finally,

j=1
the graph Laplacian matrix is formulated as L=D—-M, where
D = diag (my,...,my) represents the diagonal matrix of in-
degrees.

B. System Description

Consider a class of multi-agent systems with input satura-
tion
Xij = Xigpr +wij (%ij) + Aij(0)

xi,n = Ppi (ui) + Win ()_Ci,n) + Ai,n(t) (1)
y,-:xi,l,i: 1,...,N,j= l,...,n—l
where x7; = [xi1, %2, X j]T € R/ represents the state

vector for the i —th follower agent. The corresponding control
input and system output are denoted by u; € R and y; € R,
respectively. The dynamics incorporate an unmodeled smooth
function w;; ()"c[, j) fulfilling the property w;;(0) = 0, and
A; j(t) represents unknown external disturbances, satisfying
|Aij(0| < A;j, where A;; > 0 denotes unknown constants.
pi (u;) represents the asymmetric input saturation function as
follows

Q[» u; < Qi
pi(u) = qui, O <u; <9 (2
i wi >V
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where 9; = pimax > 0, &, =
lower bound, respectively.

To address input saturation in the system, an auxiliary
system is constructed to mitigate this issue

bi1 = —ki1din + mi1Bigio
bij = —kijbij+ bijr1,j=2,...,n

where ¢;; represents the state of the auxiliary system and
¢i,j (0) =0. ¢i,j+1 = Au,- = pi (M,) — Uj. k,"j > 0 is a constant.
B; and m;; will be defined later.
Assumption 1 [41]: Tt is assumed that the communication
graph contains a spanning tree rooted at the leader node.
Considering the signal of the leader

Vr=80p0 “)

wherein y, signifies the leader’s output trajectory, while
g(yr, 1) is a specified function.

For follower i, the corresponding synchronization error is
formulated by

Pimin < 0 represent the upper and

3)

N
ei =Y mij(i—yj) +bi(yi = yy) 5)

j=1
where b; > 0 denote the edge weight connecting the leader to
follower i. When follower i is unable to access information

from the leader, b; = 0. Let B; = M; + b;, and M; = Zm,j

Assumption 2 [42]: Continuity and boundedness are
assumed for the leader signal y,, and its derivatives with
respect to time up to order n.

Control Objective: Designing an adaptive tracking controller
based on MTN to guarantee the following:

(1) Guarantee the boundedness of all signals within the
closed-loop system.

(2) The synchronization error e; always constrained within
a specified boundary -7, <e; < {j;.

C. Dynamic Performance Function

Firstly, the time-varying function 7; (¢) is defined as follows

i (1) = (10 = Mieo) &i (1) + TMico (6)

where 7,0 and 7;. are the positive constants satisfying
0 < Mo < Mo < 1. The time-varying function g;(x) is a
smoothly monotonic function, and its (n + 1) — th derivative
is continuously bounded, satisfying the conditions g; (0) = 1
and lim g; (#) = 0. Thus, it can be deduced that n;¢o = n; (0),
lim 7;7(0;) = 1Jico = i (o), and n; (¢) is monotonically decreas-
ing.

An auxiliary barrier function can be formulated as follows
Vt 1 +pi,m

7
2 1 _pi,m ( )

¢ (pim (1) =

where v; > 0 is a constant. The function p;,, (f) satisfies p;,, =

i () tim, and y;,, is a constant satisfying the condition y;,, €
,1], wherei=1,...,Nand m=1,2.

To simultaneously resolve the predefined performance

objectives and input saturation challenges, a novel auxiliary
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system is developed by extending a traditional auxiliary
system, which is specifically tailored to effectively handle
input saturation. This auxiliary system is employed in the
formulation of the performance function.

Define the auxiliary system as

—bim,jtigm,j + dim,jtim,j+1 (8)

where ¢;,, ; represents the state of the auxiliary system and
timj(0) = 0. bjr; >0 and d;y; > 0 are constants. ¢;1,4; and
tizn+1 satisfy the following conditions

im,j =

a1 = [€ (e = xil (i1 (D)) + 1] | Aui|
. 9)
tiont1 = [€ (—ei = xil (0i2 () + 1] 1Au;]
where the parameter y; satisfies 0 < yx; < 1. The

piecewise function &*(x) satisfies the following conditions
Ex)=1Lx=20
Ex)=-1,x<0"
Additionally, the following positive function vy;,, () is
defined as
1

1 .
im (1) = (1 - —) e m 4 ———
4 n; (1) Hiym ;i (D) Miym

where an = R, , arctan (L,-?,,,,l), and R;,, > 0 is a constant.
Next, the dynamic performance function is formulated as
follows

(10)

glm - i ffl,m

Pim

where p;n = 1; () fimYim (£) < 1. From the definition of 7, , it

can be observed that the function is monotonically increasing
with respect to the function p; .

Remark 1: The monotonic decrease of the time-varying

function n; (f) from its initial value 7,0 = n;(0) to its final

value tlgg ni () = Niw = 1;(0) is a key feature ensuring a

—l

(1)

smooth and predictable evolution of the performance bound-
aries defined later via p;,, (f). To guarantee this property for
n; (t) as defined in (6), the function g;(f) must be selected
according to standard practice in prescribed performance con-
trol. Specifically, g; (f) must be a smoothly monotonic function
for all t > 0, satisfying the boundary conditions g; (0) = 1 and
tlgg gi (#) = 0. Common choices that satisfy these conditions

include g;(f) = e for some constant k > 0. With g;(?)
being monotonically decreasing, its derivative % < 0. Since
we impose 0 < 70 < 70 < 1, the term (B9 — i) 1S
strictly positive. Therefore, the derivative % = (77i,0 - ni,m) ‘ilil
is guaranteed to be non-positive, confirming the monotonic
decrease of 7; (¢). It is important to emphasize that function
gi (1) which satisfying the boundary conditions but are not
monotonically decreasing over the entire domain ¢ > 0 (such
as piecewise functions with initial increasing segments) are
not suitable for this framework, as they would lead to non-
monotonic behavior in n; (7).

D. Asymmetric Boundary Function

The asymmetric boundary function can be defined as fol-

lows
Si

(,Ui,l%',l - S‘i) (ﬂi,z%',z + S‘i)
and ©;; = tanh( )

li1 = (12)

where ¢; = (t),
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represents the intermediate layer of MTN

F(S)
represents the output vector of MTN

l (7\‘ represents the weight vector of MTN

Fig. 1. The structure of MTN.

Lemma 1 [43]: If the transformed error function /; ; remains
uniformly bounded for all + > 0, and the initial condition
—i2yi2(0) < 6;(0) < wi1vi1(0) holds, then the synchro-
nization error e; is guaranteed to adhere to the prescribed
performance constraints —{7, < ¢; < {7y for all subsequent
time ¢ > 0.

Remark 2: To concurrently manage input saturation and out-
put performance constraints, this work develops a performance
function framework incorporating an auxiliary boundary func-
tion ¢ (pi,m (t)), which is based on a time-varying function
n; (f). An associated auxiliary system, defined in (8), is
designed utilizing this structure to mitigate the adverse effects
of input saturation. Subsequently, the overall performance
function dynamically utilizes non-negative signals generated
by this auxiliary system, thereby ensuring adherence to the
system’s output constraints. Distinct from conventional strate-
gies, and as indicated by the auxiliary state dynamics in
(9), the proposed method does not modify the performance
boundaries based merely on the occurrence of saturation.
Instead, a non-negative auxiliary signal is generated, triggering
boundary adaptation, only when input saturation occurs and
the synchronization error e; violates the safety margin defined
by xi{ (i1 (1)). This conditional adaptation mechanism under-
scores the flexibility and robustness of the proposed approach
in handling coupled constraints.

E. Multi-Dimensional Taylor Network (MTN)

This study employs MTN for the approximation of unknown
nonlinearities inherent within the system dynamics. As a
specialized neural architecture, MTN incorporates input, inter-
mediate, and output layers, its structural representation is
depicted in Fig. 1.

Foundational details regarding MTN can be found in [44]
and [45]. The subsequent Lemma formalizes its function
approximation capabilities.

Lemma 2 [44]: Within a compact set, an unknown smooth
nonlinear function F(S) : R" — R can be approximated using

the MTN formulation
F©S)=H"¢, S)+(S), 165 <e (13)

50T © R”" serves as the input
LH,T < R! represents

where § = [s51,52,..
vector, and H = [H{,H,,..
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the weight vector. §(S) denotes the approximation error.
£, () = [sl,...,sn,s%,slsz,...,sﬁ,...,sﬁ”,...,sﬁ’]T repre-
sents the intermediate layer of the MTN. ¢ is a positive
constant.

Remark 3: MTN is a specialized neural network architec-
ture, distinguished from conventional networks by its middle
layer, which is based on a Taylor series expansion. By lever-
aging multi-dimensional Taylor expansion, MTN effectively
approximates complex nonlinear relationships. Compared to
traditional neural networks, MTN exhibits a simpler structure
and superior approximation capabilities.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS
A. Controller Design

In this section, an adaptive MTN-based control scheme is
developed for nonlinear multi-agent systems with multiple
constraints, incorporating an auxiliary system and a first-order
filter.

First, the coordinate transformation is formulated as follows

sin =lin — iy (14)
where ¢;; represents the auxiliary system signal.

By differentiating s;; with respect to time, the following
result is obtained

Sit =mi1Bixip +mi BN + Wi — ¢is

2 (L=0f) evi'ni - @), o =
' 2
HitMi2Yi1Yi2 + 5‘[2, g, = [(ﬂi,l%‘,l - s‘i) (/li,z%',z + s‘i)] )
Wii = m; 1 Biw;1 —m; 1 M; (xj,z + Wj,l) —mi it MiAj —m biyy —
siiapioyia i si)ia

5)

where ¢; =

ﬂq)i nio_ _silmapioyin—piosilyie EI>,:127'7,‘, and
iy N ) Ei.ll . Tin n;

o= i (] = 11
mj1 = T (1 (Di,l) novi®

Step 1 : Consider the following formulation for the Lyapunov
function V;,;
1 1.7 -
= Es?’l —|— EHi’]Hi’]
where H;; defines the weight vector of the MTN, IAJ,-,I and
H;, is its estimate. H;; represents the estimation error of H; ,
defined as H;; = H;; — H; .

By differentiating V;; with respect to time, the following is
derived

Vi (16)

Vit = sig (mi,lBi(si,Z + oo+ ain + din + Fig

3
5 Sl + Ai,l)) = siimi 1 Bidin + sirki19in

~ T A
-H; H;; a7
where V_V,‘)l = Wi,l + %Si,l-

According to Lemma 2, the approximation of the unknown
term W;, is achieved using MTN according to the following
structure

Wi = H,\&(Z) + 61 (2), (18)

611 (Z)| < &1

where 0; (Z) is the approximation error of the combination
term W;; and Hzlfi,l(l). &1 > 0 is a constant.
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The derivation of the following inequalities is facilitated by
Young’s inequality

1 1 -
2 2 pIR2
siimiBiAj £ =5 Smi B A,

<55ty 19)
1
si,lmi,lB,-O',;z < = 3 zl + Zm, le (20)
_ 1 1

sitWip < Si,lH[,lfiJ 3 ,1 + 28 (21)
Then the virtual control signal @;; can be defined as follows

1 AT
@) = o (—Ci,1si,1 —ki1¢i1 — Hi,1fi,1> (22)

where ¢; is a positi\{e constant.

The adaptive law I:I,-,l can be formulated as

Hiy = si1&;) — riaHiy (23)

where r; is a positive constant.
A direct derivation using Young’s inequality yields the

expression that follows

- —I" i, lH i 1H il

rllHllHll< rll”Hll” (24)

By combining (19), (20), (21), (22) and (24), the following
result can be obtained

. 1 T o~
2
Vit < —ciusiy — Eri,lH,;lHi,l + siimi 1 Bisio

+ lmilB?(Giz + A,%l) + %ri,l ||Hl~,1 ||2 + %831 (25)

2
Step j(j=2,...,n—1): The necessity for differentia-
tion concerning virtual control signals within classical
back-stepping frequently leads to the issue referred to as
“computational explosion”. To avoid this drawback, the deriva-
tive of the virtual control signal can be approximated using
the output of a first-order filter, thereby preventing the issue
of computational explosion.
The approximation is given by

T,"j/.l,',j = —/l,"j + Cli,j_l (26)

where j = 2,...,n. 7;; > 0 is the time constant. 4;; is the
state of the filter with the condition of 4;;(0) = «; ;-1 (0).

By differentiating the filter error signal o;; with respect to
time, the following result is derived

27)

j-1 j-1 -1
oa;; oa;; da;;
where Ql] - - Z Ox; 1,0 Z axjr Jr Z oH: Hzo
o=1 o= o=1 b
j-1
Z Ba,-h,- O 6&,,
3P0 = 2

Slnce 0ij ‘can be derived from the partial derivative of the
virtual control signal a; j, and the signal Q; ; is continuous and
bounded with the condition |Q,-, j| < 0, Qi > 0 is treated as
a constant, as discussed in [46].

The coordinate transformation is proposed as follows

Sij = Xij = Aij = Pij

28
o) (28)

—a,;j_l,j=2,...,n
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where 4; ; is the output signal of the filter. a; ;_; represents the
virtual control signal that will be designed later. o; ; represents
the filter error.

Consider the following formulation for the Lyapunov func-
tion V,'y j

1 1 1.7 .

ES,-Z’j + 50-12,1 + EHt?:jHi»j
where H;; defines the weight vector of the MTN, and H; J
is its estimate. H,,- represents the estimation error of H, j,
defined as Hl] =H;;- H,j

By differentiating V; ; with respect to time, the following is
derived

Vij=Vij1+ (29)

Vij = Vijor + sij(sijo1 + oijr + i+ Fij

3
250 + A+ ki,j¢i,j)

O—i,j ~ T A
toi\ -7+ Qi) — HiHi;
ij

= Sijdij ~
(30)
where V_Vi’j = Wi + %si,j-

According to Lemma 2, MTN is employed to approximate
the unknown function W; ; as follows

W= H] £ (Z)+6:,(2),

61 (2)| < & (31)

where 6, ;(Z) is the approximation error of the combination
term W;; and Hl] i;j(Z). € ;>0 is a constant.

The derivation of the following inequalities is facilitated by
Young’s inequality

1 1
i j0ij+1 < —S,%j + —0',-2j+1 (32)
2 2
1, 1,
Sijhij < 58+ 54 (33)
1 1
0i,jQij < 2, + 2‘“1 07,07 (34)
T, T 1 2 1 2
sijWij < sigHi €y + 550+ &5 (35)

2
Then the virtual control signal «; ; can be defined as follows

Qi j = —CijSij— ﬂiji,j — kijpij — Pijsij-1 + Aij (36)
where ¢;; is a positive constant, and P;; =
mi1 B, j =2
1,j=3,...,n—-1.
The adaptive law H i,j can be formulated as
Hij= 56, —riHi; (37)

where r; ; is a positive constant.

The derivation of the following inequalities is facilitated by
Young’s inequality

rijHiHij < r,j” UH

r, jH H,j (38)

By combining (32), (33), (34), (36), and (38), it can be
derived that

J J
. , 1 o
Vij< - § :Ci,osi,o_z E rioH; ,Hi, +
o=1 o=1 0=2
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+ - Zamﬂ+ Zr,,,HH,OH + sijsije1 (39

o=1

Step n: By differentiating the filter error signal o7, with
respect to time, the following result is derived

. O-i,n
Oin = (_ + Qi,n) (40)
Ti,n
da; n| O j nl 0aij 4
where Qi,n = —Z "x, Z #xj,r - Z BI:IITI H,"o -
=1 o=1 " o=1 o
n-l E)a,-J . n-l 0(1,/
Z 0¢i, ¢"0 - 9,

o=1

Since Q,;,,O can be derived from the partial derivative of
@in-1, and Q;, is continuous and bounded satisfying |Q,-,n| <
Qin» Qin > 01is a constant, as discussed in [46].

Consider the following formulation for the Lyapunov func-
tion V;,
in— 1+; ,n+;O- +;H Hzn
where H;, defines the weight vector of MTN, and Hj, is its
estimate. H in Tepresents the estimation error of H;,, defined
as Hi,n = Hi,n - Hi,n-
By differentiating V;, with respect to time, we have

Vin = (41)

Vin = Vino1 + Sin(i + Fip = Sip1 —

+ ki,n¢i,n) + Tin ( Tin

in

Si,n + Ai,n - /li,n

. ) -H H, 42

where V_Vi,,, = W;,+Si, is a combination of nonlinear functions.

According to Lemma 2, the approximation of the unknown
term W;,, is achieved using MTN according to the following
structure

Win = HL£,,(Z) + 60 (Z),

< Ein (43)

ln

where 6;, (Z) is the approximation error of the combination
term W;, and Hznfi’n(Z). &in > 0 is a constant.

The derivation of the following inequalities is facilitated by
Young’s inequality

1 1-
inlin < =53 + =A? 44
S B s 2S1,n + 2 in ( )
1 15> 5 =
O-i,nQi,n <5 zalz Ealno—z nQi,n (45)
W H &, + = 1 + : (46)
sln ll’l—sll‘l L,no1,n 2 ln 281’1
Then the controller u; can be designed as follows
AT .
up = —CinSin — H; & = Sin-1 = kin®in + in  (47)
where ¢;, is a positi\(e constant.
The adaptive law Hi,n can be formulated as
Hiy = 5006, — rinHi (48)

where r;,, is a positive constant.
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The derivation of the following inequalities is facilitated by
Young’s inequality

1 .7 .
- zri,nH?:nHi,n

Substituting (44), (45), (46), (47), (49) into (42), the fol-
lowing result can be obtained

n n
—E:C'SZ—E:(L—EQZQ_Z)UZ
1,09],0 i,0=1i,0 i,j

Tij 2 !

o=1 0=2

I =7 - 1<
- E Zri,ongHi,o + E Zri,o ”Hi,a ”2

o=1

n—1
+ = Z(A,()+8,o)+ Za-,0+l+ Z“w (50)

A 1
ri,nHi,nHi,n < Eri,n ” Hi,n ” ? (49)

B. Stability Analysis

Theorem 1: By employing the virtual control specifications
(22), (36), the actual control computation (47), and the adap-
tive update laws (23), (37), (48) for the constrained nonlinear
multi-agent systems (1)—(2), the following conclusions hold:

i) Guarantee the boundedness of all signals within the
closed-loop system.

ii) The synchronization error satisfies the predefined criteria
—‘:2 <e; <§:1'

Proof:

i) The final Lyapunov function for the nonlinear multi-agent
system is defined as follows

N n n n
:Z(%Zsizﬂ"'_%zaij—’_%zilzogiﬂ) D
i=1 o=1 0=2 o=l

As stated in equation (50), we have

N n n
. 1 ~ T =~
VY (=D ciwst, - 5 2 rol i
i=1 o=1 o=1
n l l
- -~ _al‘on_izo g; + Kl) (52)
T 2" J
0=2
n no_ n—1
where k; = 1) r,~y0||H,~,0||2 +i1YA, + 1Yo, +
o=1 o=1 o=1
3 Z 81 st 5 Z am represents a constant.
o=1
By combmmg equations (51) and (52), it follows that
V<—aV+b (53)

N
where a = min {20,;0, 2 (% - %aon_zO) , ri,u}, and b = ;K,'.

By multiplying both sides of the inequality (53) by e, the
following result is obtained

V()< V(0)e™ + 54

Thus, according to equation (54), it is guaranteed the
boundedness of all signals within the closed-loop system, then
e; 1s bounded.

ii) Based on (12), it is known that ¢; = tanh ( £ ) 57! (¢) is
bounded, thus guaranteeing boundedness of s; ;. Given that the
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initial condition —u;27Yi2 (0) < 6;(0) < w; 1y (0) is satisfied,
then it follows that —u;»yi» (1) < ¢ < pi17yi1 (¢), and one can
deduce that —p;» (f) < v;; < p; (¢). Based on the properties
of the functions p;,, and {7, , the following conclusion can be
made

—§Z2 < e <§Z1 (55)

Hence, the Theorem 1 is proven.

In addition, when the parameters are appropriately selected
that u;; = win = nip = 1, the calculations yield y;; = yin =
I, then p;1 = 0, (O piryin = 1, Piz = 1 (O pi2yin = 1. By
calculating {7, , we can easily conclude that

im>

i 1+ 0
h ZV—IH@ — 400
’ 2 ]_pi,l (56)
I Yiy 1+ pin
ST P Y RN
T2 1-pin

According to (56), for all ¢+ > 0, the following inequality
holds

—00 < =75 (0) <€ (0) < &y (0) < 40 (57)

Thus, the system achieves global performance based on its
dynamics.

Remark 4: The auxiliary system, theoretically defined by
dynamics such as those in (3), (8), and (9), serves the
crucial functions of compensating for input saturation effects
and enabling dynamic adjustment of performance bound-
aries within the nonlinear multi-agent control framework.
Facilitating its practical deployment necessitates several con-
siderations. Firstly, For practical deployment on digital control
platforms typical in multi-agent applications like UAV swarms
or sensor networks, the continuous-time dynamics of the
auxiliary system require discretization, standard numerical
integration techniques such as the Euler method can read-
ily convert the defining differential equations into suitable
difference equations. Secondly, The inherent structural sim-
plicity of the proposed auxiliary system, generally involving
first-order dynamics and straightforward logic, ensures com-
putational tractability and facilitates real-time execution even
on resource-constrained embedded processors. Effective per-
formance hinges on the appropriate selection and tuning of
auxiliary system parameters, a process typically involving
simulation and empirical adjustment based on specific system
characteristics to achieve the desired balance between respon-
siveness and stability, as elaborated upon concerning parameter
roles in Remark 5. Finally, the integration of the auxiliary sys-
tem into the existing control architecture is straightforward. It
primarily utilizes readily available signals, such as the control
input #; and the saturation error Aw; = p; (4;) — u;, without
necessitating additional hardware sensors. The feasibility of
this approach, including successful parameter tuning for robust
operation under coupled constraints, is substantiated by the
simulation results involving single-link robotic arms presented
in Section IV, affirming the practical applicability and robust
performance of the overall control strategy under input and
output constraints.
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2 — 1

Fig. 2. Communication topology.

IV. SIMULATION RESULTS

In this section, two Examples are presented to demonstrate
the feasibility and effectiveness of the adaptive MTN proposed
in this paper.

A. Numerical Example

Consider a leader-follower architecture involving four fol-
lowers, where each agent exhibits second-order nonlinear
dynamics. The communication graph for this system, rep-
resented in Fig. 2, fulfills the requirements specified under
Assumption 2.

The communication topology among the agents is shown in
Fig. 2.

From Fig. 2, we define the Laplacian matrix £ =

o 0 0 O
-1 1 0 O
-1 0 1 0
0 0 -1 1

The dynamics of the follower agents are governed by the
following equation

)'C,"l = xi’z - O.Sx,-,l
X2 = pi () — x;p — sin (x;1) + A0
yi=x1,i=1,23,4

(58)

where p; (4;) represents the saturation function, and the cor-
responding control input and system output are respectively
denoted by u; € R and y; € R. A;(¢) is the external
disturbance.

The external disturbance is defined as A; (f) = ce;sin(¢),
where € and c are constants and satisfy €, = 3.5, &, = 3.03,
c=0,t<10
c=1,t>10"

The leader agent generates the reference signal according

e =33, ¢ =03, and

to y; = sin(¢). The formulation for the asymmetric input
saturation nonlinearity is defined as
—5, u; < -5
pi(ui)=qu;, -5<u;<3 (59)
3, u; >3
The time-varying function is chosen as
3-1\’
i) = ( 3 ) (60)

0, t>3
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Fig. 3. Leader-follower tracking signals.

The parameters of the time-varying function are chosen as

Mo =10 =m0 =1, 1m0 =1 and 710 = M0 = Mo = 0.1,
M4 = 0.1, which ensure that

2
i (1) = 0.9(3Tt) 401

The parameters for the auxiliary system addressing input
saturation are kj = ko1 = 3, k12 = 2.5, koo = 10, k31 = 4,
k3o = kay =8, kap =2, b111 =bip1 =1, b1 = byoy1 =
by = bsp1 = bay1 = bapy =01, d11 =1, dip =05,
dr11 = 2, dapy = d31y = dipg = 10, dyyy = dapy = 1,
X1 = X2 = x3 = x4 = 0.6. Parameters in the boundary and
asymmetric barrier functions are chosen as v; = v, = v3 =
va=l =2 =1, 1 =p2=08, 431 =08, y3p =1,
Hag = a2 =1, Ry = Rip = Ry1 = Ryp = R3p = R3p =3,

(61)

aipl = a1p = Gy = dpp = A3 = A3p = Aan = dap =
R4y = Ry4p = 3. The parameters for the virtual control law
and controller are set to c;; = 7, ¢21 = 11, ¢33 = 18,
C41 = 10, Clp = 60, 22 = 20, C3p = 40, C4p = 400, while
the adaptive law uses g =rp="rni1=mny=r=rs= 1,
r41 = r4p = 1. The time constant for the filter is set to
T1) = T21 = 731 = 1, 147 = 1. The initial states of MASs
are chosen as: X;,(0) = [xl,l(O), x1,2(0)] =10.1,0]T, X22(0) =
[%2,1(0), %22(0)] = [0.1,0]", %32(0) = [x31(0),x32(0)] =
[0.2,0.11", %42(0) = [x41(0), x42(0)] = [0.2,0]". By combin-
ing the virtual control laws (22) and (36), the control law
(47), the adaptive laws (23), (37), (48), and the filters (26),
(40), it is ensured that the boundedness of all signals within
the closed-loop system.

The simulation results are presented in Figs. 3-6. Fig. 3
demonstrates that each agent rapidly tracks the reference
signal, leading to system consensus. Upon the introduction
of disturbances, the system quickly adjusts and continues to
accurately track the reference signal. Figs. 4 demonstrate that
the synchronization error for each agent consistently remains
within the predefined boundary. At specific time, when the
system experiences external disturbances, the proposed perfor-
mance function adjusts automatically. As the synchronization
error increases, the constraint range is preemptively adjusted,
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Fig. 6. Non-negative auxiliary signal generated by the auxiliary system for
agent 1-4.

ensuring the error remains within the prescribed boundary.
Fig. 5 illustrates the control inputs for each agent under input
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saturation. Fig. 6 demonstrates that, under input saturation,
when the synchronization error remains within the perfor-
mance boundary, a zero-valued auxiliary signal is generated.
In the presence of minor disturbances, the proposed control
scheme ensures the synchronization error remains within the
predefined boundary. When stronger disturbances arise, the
designed auxiliary system promptly generates a non-negative
signal to adjust the constraint range of the performance
function, thereby enforcing multiple constraints within the
nonlinear multi-agent system. This highlights the distinction
between the proposed method and existing approaches in the
literature. The simulation results demonstrate that, under both
input and output constraints, the proposed control scheme
enables each agent in the nonlinear multi-agent system to
rapidly track the reference signal and achieve consensus.

B. Practical Example

In this section, the practical applicability of the proposed
control scheme is substantiated using four single-link robotic
manipulators.

Vi =g
M;g; + kmigl; sin(q;) = p; () + A; (9 (62)
i=1,2,3,4

where k = 0.5. M = lkg = m®> represents the moment of
inertia, m; = lkg is the mass, and /; = lm is the length
of the robotic arm. The gravitational acceleration is denoted
by g = 9.8m/s?, and the angular displacement, velocity,
and acceleration of each link are represented by g, q;, g;
respectively. The saturation function is denoted by p; (u;),
and A, (r) represents external disturbances. Additionally, the
communication topology among agents, the leader’s reference
signal, and the time-varying function are the same as those in
the numerical example.

The formulation for the asymmetric input saturation nonlin-
earity is defined as

—6, u; < -6
pi(u) = qu;, —-6<u;<4 (63)
4, u; > 4

The external disturbance is given by A;(f) = ce; sin(?),

where ¢ and c are constants and satisfy € = e =171,
c=0,t<10

€ = 68, €4 = 6, and .
c=1,t>10

The parameters for the auxiliary system addressing input
saturation are selected as ki = ksp = kap = 10, k1o = ka1 =
2, ko1 =4, kop =9, ksy =5, b111 = b1y =1, bo11 =
brot = by = bspgr =1, bayy = bapy = 1, di = 0.1,
dipg = 005, dyy = drp1 = ds1 = dipg = 1, dayy =
dipi =1L x1=x2=x3=06, x4 =06,a11 =aip =ax =
axp = as) = azp = da) = asp = 1, while the parameters for
the boundary and asymmetric barrier functions are selected as
vi=v=w=lLw=1Lumr=ma=1, ;1 =08, us1 =1,
Map=1, a1 =2 =1, R 1=6,Ri2=1, Ry =4, Ry =3,
R31 =3, Rz, =2, Ry; = R4p =3 and so on. The parameters
in the virtual control law and controller are ¢;; = 45, ¢ = 8,
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Fig. 9. Input saturation for agents 1-4.

c31 = 13, ¢4y = 10, and the adaptive law uses c;p = 40,
c22 =20, c32 =40, ¢4 = 400. The time constant for the filter
is set to TI,1 =T21 =T31 = 1, T4 = 10.

The simulation results are presented in Figs. 7-10. Fig. 7
demonstrates that the system states rapidly track the reference

Authorized licensed use limited to: CHINA UNIVERSITY OF MINING AND TECHNOLOGY. Downloaded on September 13,2025 at 08:55:02 UTC from IEEE Xplore. Restrictions apply.



16922

w — »
. ——deltau, 0 N

o 5 10 15 2 %5 £} ) 5 10 15 2 25 3
Time (sec) Time (sec)

——Aomgl,1,1 o5 ‘—Aong, 1,1
00s 01
005
o B o 0 » 3 £} o B o G » 3 £}
Time (sec) Time (sec)
— Aomgl,2,1 04 ——Aomg2,2,1
o8 02|
N A~
o s 0 [ % 2 £ o s 0 s % » £
Time (sec) Time (sec)
(a) Agent 1 (b) Agent 2
1L ‘—deltau;;‘ 4 s
HVV o 50, W | ——deltauy
10
0 B 0 ) 2 E o B 0 s ) % 3
Time (sec) Time (sec)
° —— Aomg3,1,1 ° — Aomg4, 1,1
00s 00s
o B o [ » 3 £} o B o G » 3 £}
Time (sec) Time (sec)
04 ‘—Aumg& 2,1 04 —— Aomg4,2,1
02 02
o s 0 [ » 2 £ o s 0 s ) 3 3
Time (sec) Time (sec)
(c) Agent 3 (d) Agent 4

Fig. 10. Non-negative auxiliary signal generated by the auxiliary system for
agent 1-4.
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Fig. 11. Tracking curve using RBFNN approximation.

signal. Fig. 8 shows that the synchronization error for each
agent consistently remains within the prescribed boundary.
Fig. 9 illustrates the control inputs for each agent under
input saturation conditions. Fig. 10 presents the non-negative
auxiliary signals generated by the auxiliary system for each
agent. These results demonstrate that, despite input saturation
and output constraints in the nonlinear multi-agent system, the
proposed control scheme ensures robust tracking performance
and exhibits strong disturbance rejection capabilities.
Additionally, to further elucidate the performance character-
istics of the multi-dimensional Taylor network (MTN) relative
to conventional neural network approximators within the pro-
posed control framework, the system’s tracking performance is
compared when employing MTN versus Radial Basis Function
Neural Network (RBFNN) for approximating the unknown
nonlinearities under identical system conditions and controller
architecture (excluding the function approximator itself). The
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simulation results are depicted in Fig. 7 and Fig. 11. A
comparison of the results presented in Fig. 7 and Fig. 11
reveals that while both the MTN-based and RBFNN-based
controllers yield comparable tracking performance during the
initial phase, a discernible difference emerges following the
introduction of disturbances at t = 10s. Specifically, within this
simulation instance, the nonlinear multi-agent system utilizing
MTN maintained robust and accurate tracking performance
despite the disturbances. Conversely, under the same distur-
bance conditions, the system employing the RBF NN exhibited
minor oscillations in its tracking trajectory. Consequently,
within this specific simulation scenario, the controller incor-
porating MTN demonstrated superior robustness, potentially
highlighting the practical advantages conferred by MTN’s
structure and approximation capabilities for this particular
application.

Remark 5: Although the proposed control framework
involves numerous design parameters, their inclusion serves to
enhance system performance rather than to complicate imple-
mentation. Specifically, the controller gains c;; in the virtual
(22), (36)and actual control laws (47) adjust the feedback on
the tracking errors e; ;, increasing c; ; accelerates convergence
and responsiveness but may amplify control effort, exacer-
bate input saturation, and induce oscillations; decreasing c¢; ;
smooths control actions at the expense of slower tracking
and disturbance rejection. The adaptive gains r;; in the MTN
weight update laws (23), (37), (48) regulate adaptation speed.
Increasing r;; expedites weight convergence and improves
transient response but risks high frequency oscillations under
disturbance, whereas decreasing r;; enhances robustness yet
slows compensation of nonlinearities. The filter time constants
7;,; in the first order approximations (26), (40) set the trade off
between smoothing and responsiveness, larger 7;; increases
phase lag and filtering, while smaller 7;; reduces lag and
better tracks the virtual control derivative at the cost of
reduced noise attenuation. The dynamic performance function
parameters 1;0, Micos Vis Mims Xi> Rim 10 (6)—(11) define the
transient error envelope 7;0 and 7, set the initial and final
steady-state error bounds, u;, controls the decay rate, v;
scales the barrier steepness, R;,, adjusts boundary expansion
gain, and y; specifies the triggering threshold. Finally, the
auxiliary system parameters ki j, biy j, dimj, mi1 in (3), (8),
(9) dictate the compensation dynamics for input saturation and
performance-triggered events, decay rates k; j, b;,, ; determine
reset speed of auxiliary states, while gains d;, ;, m; regulate
compensation strength. In practice, these parameters should
first satisfy the Lyapunov based stability conditions and then
be fine tuned via simulation to balance convergence speed,
robustness, and implementation feasibility for the target multi
agent application.

V. CONCLUSION

This paper successfully addresses the adaptive tracking
control problem for nonlinear multi-agent systems subject
to concurrent input saturation and output performance con-
straints. A novel control framework is proposed featuring
a Dynamic Performance Function (DPF) that implements a
precise, conditional adaptation strategy. This strategy adjusts
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performance boundaries only when input saturation occurs
concurrently with synchronization errors exceeding predefined
safety limits, thereby offering targeted conflict resolution
without unnecessary performance compromise. This DPF is
synergistically integrated with a tailored auxiliary system
for asymmetric saturation compensation, providing a unified
mechanism for managing the coupled constraints. Further-
more, computational tractability and effective handling of
system nonlinearities are achieved by incorporating multi-
dimensional Taylor network (MTN) and first-order filter within
a backstepping design. Rigorous Lyapunov analysis estab-
lishes the boundedness of all closed-loop signals. Simulation
results corroborate the framework’s effectiveness, demonstrat-
ing robust synchronization performance and stability under
these challenging multiple constraints.

Future research avenues include investigating scenarios
involving communication constraints or cyber-attacks within
the multi-agent systems. Furthermore, by extending the control
strategy proposed herein, future work will explore its appli-
cation to stochastic multi-agent systems and fractional-order
multi-agent systems under concurrent dual constraints.
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