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ABSTRACT

For the nonlinear systems with input delay, an adaptive fixed-time tracking control strategy based on
multi-dimensional Taylor network (MTN) is proposed for the first time. First, to address the main challenge
brought by input delay, an auxiliary system is constructed, which transforms the input delay systems into
non-delay systems. Second, the MTNs are introduced into the backstepping design process, which reduce
the design difficulty by approximating unknown nonlinear functions. Thus, a control scheme subject to low
complexity is obtained. Third, aside from ensuring that the tracking error converges within a small neigh-
bourhood of the origin within a fixed-time, the designed control scheme not only makes all signals in the
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closed-loop system remain bounded, but also avoids the problem of finite-time control relying on initial
state. Finally, three simulations are given to prove the feasibility and superiority of the proposed control

scheme.

1. Introduction

Due to the complexity of actual systems and the increasing
demand for control performance and accuracy in industrial
production, scholars have proposed many control methods for
nonlinear systems, such as adaptive backstepping control (Chi-
ang & Fu, 2014; Hua et al,, 2016), Hs control (Yang et al.,
2022), and sliding mode control (Li et al., 2016; Mei & Ding,
2021). Among them, adaptive backstepping control is an effec-
tive control method, which can online compensate the uncer-
tain constant or function in the system. However, this method
is difficult to deal with the control problem of systems with
complex and uncertain nonlinear structures. To overcome the
above problem, neural networks (NNs) and fuzzy logic systems
(FLSs) are extended to the field of nonlinear system control.
Up to now, a variety of adaptive control methods based on
NN s or FLSs have been developed, and a lot of research results
have been achieved (Li et al., 2014; Wang et al., 2014a; Wang
et al., 2018). In recent years, as a new approximation method,
multi-dimensional Taylor network (MTN) has attracted wide
attention and been applied to various systems, such as nonlinear
systems (Han, 2021; Han et al,, 2021), stochastic nonlinear sys-
tems (Han, 2018; Han & Yan, 2018), switched nonlinear systems
(He et al., 2023a; Zhu et al.,, 2020) and large-scale nonlinear sys-
tems (Chu et al., 2022). Although many achievements have been
made in the research of nonlinear systems based on MTN, the
above achievements do not consider both input constraints and
control efficiency. Therefore, it is important to further study the
fixed-time control of nonlinear systems with input delay based
on MTN.

On the one hand, with the intelligence of industrial pro-
duction processes, the physical constraints of the actual control
systems are growing, while the demands for safety performance
are also escalating. Therefore, the input delay, one of the most
common physical limitations, has become one of the research
hotspots. To avoid the degradation of system control perfor-
mance and the damage of transient performance, a large num-
ber of control methods have been proposed for the input time-
delay systems, such as predictor-based control method (Krstic,
2010), proportional integral differential (Obuz et al., 2017), Padé
approximation (Li et al., 2017; Zhou et al., 2021), and con-
structing auxiliary systems (Ma et al., 2018; Wang et al., 2020a).
Among them, Padé approximation and constructing auxiliary
systems are the two most popular methods for dealing with
input delay. However, due to the fact that Padé approximation
is based on approximation thinking to handle input delay, it has
the limitation of only dealing with small delay. Therefore, this
article will compensate for the impact of input delay by con-
structing an auxiliary system. This approach effectively solves
the awkward situation where relatively large time delay cannot
be disposed by Padé approximation.

On the other hand, in industrial production processes, to
improve control efficiency and achieve real-time control perfor-
mance, it is usually necessary for the controlled systems to meet
a certain degree of rapidity. Based on this, finite time control
has been developed in controlled systems (Cui et al., 2021; Mao
et al,, 2023; Sui & Tong, 2023). However, the convergence time
of finite-time control depends on the initial state of the system.
This makes it difficult for controlled systems with unknown or
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varying initial states to achieve transient performance through
finite time control. The concept of fixed-time stability was first
put forward in Polyakov et al., (2015), which brings hope to
solve the above difficulty. Based on this, Zuo (2015a, 2015b)
studied non-singular fixed-time control problem and provided a
fixed-time convergence controller. After that, it is widely applied
to various systems, such as nonlinear systems (Chen & Sun,
2018; Sui et al., 2023), stochastic systems (Tao et al., 2022; Yu
etal.,, 2019), multi-agent systems (Li et al., 2022; Liu et al., 2022),
switched systems (Xiang & Cui, 2023) and uncertain systems
(Lai et al., 2023; Pan et al., 2020). However, as far as the author
knows, there are few results on the fixed-time control of non-
linear systems with input delay under the unified framework,
which also promotes the research of this paper.

Based on the above discussion, the adaptive fixed-time con-
trol problem for a class of nonlinear systems with input delay is
studied in this article. The influence of input delay on the system
is compensated by constructing an auxiliary system. An adap-
tive fixed-time control strategy is proposed via MTN approach.
By comparing with existing literatures, the main contributions
of this article are as follows:

(1) For the control problem of nonlinear systems with input
delay, an adaptive fixed-time control scheme based on
MTN is proposed for the first time. This scheme has a
simple structure, low computational complexity, and good
control performance.

To transform the nonlinear system with input delay into
nonlinear system without delay, a suitable auxiliary system
is constructed. Different from Li et al, (2017) and Yang
etal., (2020), the auxiliary system adopted in this paper can
not only deal with hour delay but also deal with relatively
large time delay.

This article is devoted to the fixed-time control of nonlin-
ear systems, which has the advantages of fast convergence
speed, short convergence time, high convergence accu-
racy, and strong anti-interference. Compared with He et al.
(2023a), the control scheme does not have the defect of
relying on the initial state, which indicates that the pro-
posed scheme in this paper is more practical.

)

3)

The remainder of this paper is organised as follows. Section
2 is problem formulation and preliminaries. Section 3 is the
main result, which includes the process of the controller design
and stability analysis. The simulation analysis of this article is
presented in Section 4. This section contains three simulations,
which are numerical simulation, actual simulation, and initial
state comparison simulation. Section 5 summarises the whole
paper and gives the future research direction.

2. Problem formulation and preliminaries
2.1 Problem formulation

The nonlinear system subject to input delay is considered,
whose mathematical model is shown below

xi = Xip1 + fi(xi) + wi(t)
i=1,2,...,n—1

Xp = u(t — 1) + fu(Xn) + wa(t)
y=x

(1)
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where % = [x1,%2,...,x]Y € R,i=1,2,...,n and yE€R
denote the state vectors and the system output, respectively.
fi(),i=1,2,...,n stand for the unknown smooth nonlinear
functions. w;(t),i =1,2,...,n are defined as the unknown
interferences, u(t — 7) indicates the system input and 7 is the
input delay time.

This paper aims to design an adaptive fixed-time control
strategy for nonlinear system (1) to achieve the following two
objectives:

(1) All signals in the closed-loop controlled system remain
bounded.

(2) The system output y can track the reference signal y,, and
the tracking error y — y, converges to an arbitrary small
neighbourhood of the origin within a fixed time.

2.2 Definition and lemma of fixed time control

To ensure the steady-state performance of the closed-loop sys-
tem, this section provides the following definition and lemma.
For convenience, consider the following nonlinear system:

x(t) = f(x(£)), x(0) = xo ()
in which x(#) € R" denotes the state vector in the system and
f() is defined as the nonlinear function with f(0) = 0.

Definition 2.1 (Zuo, Tian, et al., 2018): The system (2) is said
to be fixed-time stable if it has the following properties:

(i) the nonlinear system (2) is stable at the origin;
(ii) there exists a finite convergence time Ti(xp), such that
x(t) =0, forall t > Ts(xp);

(iii) the settling-time function Ts(xo) has a supremum.

Lemma 2.1 (Zuo, Han, et al., 2018): For system (2), if there are

the positive real numbers 1 > 0, 2 > 0,0 < x < landv >

1, the time derivative of a continuous radially unbounded and

positive definite function V (x) satisfies the following inequality:
V) < = VA (x) = maV' () (3)

The system (2) is said to be fixed time stable, and its convergence

time is

1 1
T < + (4)
T =0 pe -1
Furthermore, if0 < xp < 1,1 <vp <ocoand0 < E < oo are
selected, the following inequality holds:
V(x) < —(u1V¥(x) + p2 V' (x)” + E (5)

Then the system (2) is practical fixed time stable.

Remark 2.1: To facilitate the derivation of the proof process,
in the subsequent design process, the parameters in Lemma 2.1
will be changed p = 1, x = 0.75, v = 2.
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2.3 Other relevant theories

To better scale the formula in the derivation process, so as to
reduce the difficulty of derivation, the following lemmas are
given.

Lemma 2.2 (Zhu et al., 2022): On compact set Qz, for arbitrary
constant € > 0, continuous nonlinear function f(Z) satisfies the
following equation:

f(2) =0"P,, (2) +8(2),16(2)| < ¢ (6)

where Z = [z1,22, . . . ,z,,]T € R" indicates the input vector of
MIN, 6 = [¢1,¢2,...,¢]T € R represents the weight vector.
P, (Z) € R' is defined as the middle layer of MTN, its mathe-
matical expression is as follows:

- L0

pmn(Z) = [21)22) <o Zps Z%:ZIZZ) e

Remark 2.2: It is of interest to note that more details of MTN
have been obtained in our recent work (He et al., 2023b; Li et al.,
2023; Wang et al., 2023). In a nutshell, MTN can be regarded
as a radial basis function neural network (RBFNN) with a spe-
cial structure, and its middle layer is composed of an array of
polynomials, which contains only addition and multiplication,
which can effectively simplify the structure of MTN, shorten
the training time, and then improve the convergence speed, and
reduce the computational complexity.

Lemma 2.3 (Wang & Lin, 2015): For x € R and any constant
U > 0, one has

2
0 |HMH———=<7? (7)
Vx4 92

Lemma 2.4 (Zhu et al., 2011): For 8; € R,i = 1,2,...,n, the

following inequality holds:

n t n
(Z |,3k|) <Y 1Bl (8)
k=1 k=1

where 1 € (0,1].

Lemma 2.5 (Xu, 2019): For ¢; > 0, the following inequality is
true:

m 2 m
(Z wk) =my o 9)
k=1 k=1
Lemma 2.6 (Wang et al., 2021b): For o; > 0, 0, > 0, 03 > 0,
y1 >0, 2 > 0and y3 > 0, the following relation holds:

01.,02 01403 02
Y1 V2 V3 =03 +
01+ 02

A 01+0y

01 2 o140y, "o
X 77— 7V 1%
[03(01 + 02)} 2 ’

Lemma 2.7 (Wang et al., 2014b): For any & > 0, the lower
formula holds

(10)

(11)

SEPTIN S
wiwy < ;|wl| + —|ws|

q&1
wherep > 1,q> land (p —1)(q—1) = 1.

2.4 Assumptions and auxiliary system

In this part, the assumptions are given and the auxiliary system
is constructed for the input delay problem.

Assumption 2.1: The tracking target y, and its time derivative
y£’),i = 1,2,...,nare continuously bounded.

Assumption 2.2: The interferences wi(t),i = 1,2,...,n in sys-
tem (1) are bounded, that is to say, there are the positive constants
d; such that

[wi(D)| < d; (12)

To compensate the influence of input delay on the nonlinear
system (1), the following auxiliary system is introduced in this

paper

Ai:Ai+l_piAi’ i=1,2,...,n_1 (13)
An = —pnAp+ut — 1) —ut)

where p; > % andp; > 1,i = 2,...,nare the design parameters,
while [A1(0), A2(0),. .., An(0)]T = [0,0,...,0]T holds.

Remark 2.3: If system (13) is a system without input delay,
i.e. T = 0, then the variables A;,i = 1,2,...,n remain 0 in the
auxiliary system whose initial state satisfies [A1(0), A2(0),...,
A, (01T =10,0,...,0]T.

3. Main results
3.1 The process of controller design

First, perform the following coordinate transformation:

zi=xi—oi_1—AN,i=12,...,n (14)

where «;_1,i = 2,...,n stand for the virtual controllers and
oo = Yr.
Step 1: According to (1) and (14), there is

h=x—j)—M=z+a+i+w +piA—j (15)

For the first subsystem, the candidate Lyapunov function is
constructed as follows:

2
a

Vi =
=5

+ 2—11931“;191 (16)
where 6; denotes the estimate of 61, 6; = 6; — 0, is defined
as the estimate error. r; > 0 indicates a design parameter and
FIT = I'} > 0 represents a symmetric positive definite constant
matrix.

Combining the above equation, the time derivative of V; can
be expressed as

. 1~ A
V1 = 2121 — —91TF1_191
r
! - (7)
_ r; > Lap 4
=zi(z2 + o1 +f1+w1+p1A1)—zl—r—91 |
1

where f; = fi — Jr + 71 is an unknown nonlinear function.



In line with Lemma 2.2, for Ve; > 0, there is an MTN
6?1[Pml (Zy) with bounded error |81(Z1)| < &1, such that func-

tion f; satisfies the following equation:
Fu =00 P (Z1) + 81(Z0), 181(Z1)] < 1 (18)

On the basis of Lemma 2.7, the following inequality holds:

- 22 82
21fi = 21(0] Py (Z1) + 81(21)) < 210] Py + 31 + 71 (19)

From Lemma 2.7 and Assumption 2.2, it is obtained that

z &
lziw1] < — + 5 (20)
Substituting (19) and (20) into (17) to produce
Vi < z1(z2 + 1 + prA1) + 210] Py,
d2 82 X
+—+———91F 16, 1)

Based on (21), the adaptive law «; and virtual controller 6,
are designed as

A A ;1 N
61 =1 Pyzi — Tim6) — r—r‘1913 (22)
1
-2
21
(03] :——l—plAl (23)
V2a + 02
0.75 ¥, A
where —TH( ) ! le( ) - GlTPml.m > 0,

z >0, 191 >0,T;;>0 and Yy > 0 are design parameters.
W, is defined as follows:

(22)073, |z1] > Pho
U, =1¢ 2\ —j+0.75

> CizY (93 » a1l < Do

f=

where %19 > 0 is a small parameter, and the coefficient C;,j =

1,2,...,n can be calculated by the following equation:
1 1 e 1 1 7]
12 n—1 n G
2x1 (n—1)(n—2) n(n—1) =
. . x | G
n—2 n—2
0 0 ... [Ta—1-j) [Mw-p| |G
L j=1 j=0 i
- . -
3
1
3 (3
REL R
n—2 3
IT (1)
| /=0 _
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From Lemma 2.3, it is obtained that

)2
zio

< % + z10 (24)

Accordingto (23) and (24), z; ) can be reduced to the following
form:

2
2 _
Z10) = — > —p1A121 < 191 + z101
tay + 07
—p1A1z (25)
Combining (21), (25) and &7, V7 can be further written as
et 1p o
V1 < zi(z» +P1A1)+2191 Py, + — +?+r—91 n161
1
é'l ~TA
2000 + 91+ 2101 — p1A1z;
T1
1\%7 1)\ .
=-Tn| - U, — Yoo = ) 2t +z122 + =0l mb
2 2 r
+ 291 91 + o1
51
(26)

Case 3.1. When |z;| > o > 0, (26) can be transformed into
the following form:

P zf 0.75 . zf 2
1= — 11(?> - 12<?) +z122
+ 91 Py + 3316 + o 27)
"
where o] = + —|— % > 0.

Z i@ (03) 7T s
substituted into (26), and it is found that there is a bounded
additional term compared with (27). The bounded additional
term can be seen as a small increment of o7. Therefore, in the
following process, only Case 3.1 will be discussed.

Case 3.1: When |z;| < 19, VU,

Step i(2 < i < n — 1): The derivative of z; can be obtained as
follows:

— Qi1

(28)
On the basis of V;_;, the candidate Lyapunov function V; is
constructed as

Zi =X — &io1 — Aj = zip1 + o+ fi + wi + pilk;

z L or1;
Vi=Via+ > + Z_T’iei 0 (29)
where §; = 6; — 0; is defined as the estimate error. r; > 0 indi-

cates a design parameter and FiT =T} > 0 represents a sym-
metric positive definite constant matrix.
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Combining the above equation, the time derivative of V; can
be expressed as

2 0.75 i—1 2 2
V<—ZT]1< ) Z'ﬂz( )+Zi—12i

i—1

+) - 9Tn]9] + Z J 26707 + o011 + 2z
Ui

j=1 ]

- —é,.Tr;lé,-
ri

(30)

Substituting (28) into (30), the following inequality is correct:
i—1 2\%7 -1 2 L
. 4 ~T A
ie-Tn(3) - E(3) + i
j=1 j=1

i—1
G o1 ;
+ Z —]9]T9]3 +0oi1 4+ zi(zig1 + o + fi F piki + W)

2
j=1 rj
Lap 2
— ;91- 70—z (31)
1
where f = fi — &i—1 + z;i + zi—1 stands for an unknown nonlin-

ear function.

In line with Lemma 2.2, for Vg; > 0, there is an MTN
GI-T Py, (Z;) with bounded error [8;(Z;)| < &;, such that function
f; satisfies the following equation:

fi = 0] Pu(Z0) + 5:Z0), 181(Z)] < e (32)
From Lemma 2.7, the following inequality is true:
7 T T Z &
zifi = zi(0; Pm;(Z;) + 6i(Z))) < zi0; Py, + -5 + 5 (33)

With the help of Lemma 2.7 and Assumption 2.2, it can be
concluded that
2 g

lziwil < o+ =

5 (34)

The adaptive law §; and virtual controller «; are designed as
follows:

; N TR
0 = ril'iPm;zi — U'init); — friQiS (35)
1
-2
Ziol;
o = — 12 l —pidi (36)
Za; + v}

2
0, %; > 0, Yj; > 0and Yj > 0 are design parameters, and ¥,

is defined as follows:

- 0.75 W, 2 A
where a; = —T,-l(%) Z—l’ — T,-z(l) 21-3 — GiTPmi.n,- >0,¢ >

(22)0 7, |zil = Do
v, =
zi Z CJ(ZZ)](l?

i10.75
) > lzil < o

where ¥y > 0 is a small parameter, and the value of parameter
Cj is the same as (23).

According to Lemma 2.3 and (36), it can be obtained as

)2

zio;

[ 52
Zl-zai + 1912

Substituting (33)-(35), (37) and @; into (31), V; can be reduced
to the following form:

g ff) g

ziotj = — = pilizi < Vi + ziai — piAizi (37)

3
+Z 30707 + 01 + zizig
j=1 J

42 &2
where o; = 0;_1 + 7’ + 71 + 9; > 0.
Step n: Let z, = x, — ap—1 — Ay, to get the derivative of z,
as follows:

Zy = u(t—1) +fn + Wy — 0ty +PnAn —u(t— 1)+ u(t)
=fn + Wy — oty +pnAn + u(t) (39)

With the help of V;,_1, we can construct the following candidate
Lyapunov function:

Vv + f + L grr-15 (40)
n— Vn-1 P 2, n-n “n
where 6, = 6, — én is defined as the estimate error. r, > 0
indicates a design parameter and '} =TI', > 0 represents a
symmetric positive definite constant matrix.
By combining the derivative of (40) along with (39), we can
obtain the following equation:

2\ 075
v, <—ZT,1< )

+Z§]9T93+0" 1+ 2n(fy + W 4 P + u(t))

n—1

Zm(z) +Z eTn]

j=1 ]
_Ygrpig (41)
n-n n
'n
where _)_‘n = fu — &p—1 + 2n + 24—1 is an unknown nonlinear
function.

In line with Lemma 2.2, for Ve, > 0, there is an MTN
9nT Py, (Z,) with bounded error [8,(Z,)| < &y, such that func-
tion f, satisfies the following equation:

i = O Pon, (Zn) + 85(Zn), 185(Zo)| < &0 (42)
According to Lemma 2.7, the following inequality holds:
Z T T Zi | €

ann = Zn(‘gn Pmn (Zp) +8n(Zy)) < Znen Pmn + ? + ? (43)

According to Lemma 2.7 and Assumption 2.2, it is obtained
that

22 4
|znwn| < DY

5 (44)



Adaptive law and fixed time tracking controller are constructed
as follows:

En

On = ruT 0Py, 20 — Tulinbn — —r 63 (45)
2
Zn0l
u= _% _PnAn (46)
V2a, + 0?2
- 0.75 W, 2 A
wherea, = —Tnl(%) = Tnz(%) zfl - 9”TPmn.nn > 0,¢,

0,9, > 0, T, > 0and Yy, > Oare design parameters,and W,
is defined as follows:

(Z%I)OJS) |zn| = Do
v, =1& a2 \—j+0.75

> Ci(z) (05) > lzal < o

j=1

where 9,9 > 0 is a small parameter, and the value of parameter
Cj is the same as (23).
According to Lemma 2.3 and (46), it can be obtained as

Zpth < Oy + zn&n - annAn (47)

Substituting (43)-(45), (47) and «, into (41), V,, can be reduced
to the following form:

" 2\ 075 "

' ]

V, < —Zrﬂ(z) ZTJZ
j=1

+ZCJ T03+an
]1]

(o) i
(48)

2 2
where o, = 0,1 + 87” + % + v, > 0.
Let ;= min{Y11, Y21,..., Yn1} and 2 = min{Y,,
Y22, .., Tua}, from Lemma 2.4 and Lemma 2.5, we get

2\ 0.75 n 2 0.75 n 2
z; z
—E Tﬂ(]) —IME ( ) = — E_ é

2
n ZZ n - n Z~2
K2 j
_ E 1ol L _ E 2
. ’2< 2 ) 2 ( ) L)
j=1 =1 j=1
According to Lemma 2.7, it is obtained that

ZnJQTQJ < Z j 92 Z

j=1

IA

IA

Nj 92

2r 1)

Substituting (49)-(51) into (48), the following inequality is rea-
sonable:

0.75 - 0.75 2
. "z - )71'9]'2 “2 j
we-n(53) -(£2) -2(51

=1 =1 21
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.\ 0.75
N N 2 N 7
_— —0; —0:
+ ' Dy + Z 2r; Z 2rj /
]:1 J ]:1 J ]_
n ;
+ —gejTef + oy, (52)
—
j=1"]

Denoting 01 =1—0; =0.25,0p = 0.75,03 = 0103, y1 =1,
n 2
>V2 = 2r
j=1
inequality:

and y3 = 1in Lemma 2.6, we can get the following

0.75

n n2 n n2
n;0; ;0
_ <0 _|_ —_
S ey

j=1

(53)
j=1

By using the complete cubic formula, it can be obtained that

ATAH3 AT N3

5T n3 73 52 25
_[Tp3 G4 F3 _ ap2p2
= Oj Gj Gj + 39]9j 39j Gj
By combining (52)-(54), (52) can be rewritten as
0.75 -\ 0.75 2
noz2 "6} T noZ2
: - j 77j K2 j
e-mlLg) S\l |l
j=1 =1 - j=1
3 n N4
N §j 19 56 i0i0;
+ Z U Z > — Z >
=1 T =1 j
3¢60 292
—Z—” +ou+o03 (55)
, r?
j=1 J
Applying Lemma 2.7, we have
n n.n3 272 n 4
£i0:6: 3¢i6076: £ib;
pIREED JECATES DI
r? r? 12r?
j=1 j j=1 j j=1 %j
" 346,67 356¢ L 9GE D
IR
=1 J =1

Substituting the above two inequalities into (55), the following
inequality can be derived as

" 2 0.75 " é,z 0.75 " 5 2
Z njv; 7z Z
V., < L — - = =
i Z 2 Z er n \“4 2
j=1 j=1 j=1
DRI RE U i
+ +
J 2 4,2
P 21 12r st n s 4£ i
+ Z 7 tontos
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L 2\ 075 " g2 0.75 L 2\ 2
z : i z
- j - j M2 j
< — - — = - = .
="M Z 2 ! Z 2rj n\~ 2
j=1 j=1 =1
n 54
— Yy S +E (58)
4r;
=1 "]

where 1, = (min{77j})0'75 i1, = min {(4 — 95%) §j}, E=

n
N 52 503 3¢6}
J;Z—jjé + Z 12;2 Z 54;2 +0u + 03.
Accordmg to Lemma 2.5 and (58), it can be obtained that

w2\ 075 GTr-1 0.75
zs ~10.
_ 'j ~ j ]
V, < — L _
n= —H1 Z 5 1 Z 27‘]
=1 =1
2 2
- n 2 ~ n gTpr—lg
i[5 i (010 -
- - +& (59
n Z 2 n 2r; (59)
=1 =1
where (4, = #,ﬁ = ¢.
DT max a0 T (max(ma (T D))

If we make p; = min {/11,,@1} and i, = min {%, %},
according to Lemma 2.4 and Lemma 2.5, the following equation
is reasonable:

0.75 - ~\ 0.75
n TFl—l ]
V, < — L J 7
n=—H1 Z 5 + ' 27']'
: ]:1
2 ; ~Trl_l~j 2
— i L J =
1 25] Z > + ‘ 2, +
: ]:1
< —mVy7 — Vi + 8 (60)

where p, = ’“

Remark 3.1: Compared with the work of Wang et al. (2021a),
this paper uses MTN to approximate nonlinear functions, which
has a simpler structure and higher control accuracy. Addi-
tionally, although Wang et al. (2021a) studied the input signal
quantisation, it does not consider the problem of input delay.
In response to its shortcoming, the object of this study is more
general.

At this point, the design process of the control policy is
complete, as shown in Figure 1.

3.2 Stability analysis

Theorem 3.1: Considering the nonlinear system (1), if the inter-
mediate virtual controller (23), (36), the adaptive fixed-time
controller (46) and the adaptive law (22), (35), (45) are chosen
under Assumptions 2.1-2.2, it can be ensured that all signals in
the closed-loop system remain bounded and the tracking error
converges to a small neighbourhood of the origin in a fixed time.

v

Nonlinear System with Input

Delay
X =Xy +f,(>?,)+w,(t)

=12 n-1
,=u(t=1)+ 1, (5,)+w, (1)
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Ar =M -
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A, ==p A, +ult=1)-u(r)

The Adaptive Law and Virtual
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Figure 1. Control system block diagram.
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Proof:: Choosing V = V,, as the Lyapunov function for the
closed-loop system, then the following inequality are reason-
able:

VO L v+ B (61)

From (61), it can be concluded that V is bounded, since for V? >
l%, V< —u1 V97 — 11, V2 + E < 0. Then it can be inferred
that z; and 6; are bounded. Since &; and 6; are bounded, the
boundedness of &; can be obtained by 0; = 6; — ;. Meanwhile,
according to Wang et al. (2020Db), the state variables A; of the
auxiliary system (13) remain bounded. Based on the bound-
edness of A;, z; and éi, it can be seen from the expressions of

VS—M

0.16 T T T T

The tracking error ‘

-0.02

-0.04 1 1 1 1 I

Time (sec)

Figure 3. The tracking errory — y,.
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the virtual controllers and the actual controller constructed in
this paper that both are bounded. Additionally, because z; =
x; — aj—1 — A; holds, x; are bounded. In summary;, all signals
in the closed-loop system are bounded.

On the basis of (61), further derivation can lead to

V<=V — 1oV 4+ ooV — o V2 + 2 (62)
where 0 < w < 1.
When E < @ u, V2, the following equation holds:
V<=V — (1 — o) V? (63)

According to Lemma 2.1, the convergence time can be deter-
mined as follows:

1 1
Ts < + (64)
0.25u1  po(l — @)

It can be seen that the tracking error converges to a small
neighbourhood of the origin in a fixed time. |

4, Simulation example

On the basis of the above theoretical analysis, this part fur-
ther verifies the feasibility and superiority of the control scheme
designed in this paper through the following three simulation
examples.

0.4 T T

T T T

The state variable Xy

WV

60
Time (sec)
' A a T A
0.2 The state variable x,
0.1
0
-0.1
_02 - 1 1 1
0 10 20 30 40 60
Time (sec)

Figure 4. The state variables x; and x3.
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The auxiliary system state variable /\1

VUL

Time (sec)
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60
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0 ARV ARVSART AT A
2 1 1 1 1
0 10 20 30 40 50 60
Time (sec)
Figure 5. The auxiliary system state variables A1, A, and As.
4.1 Numerical example ear system
A third-order nonlinear system with input delay is considered Ay = Ay — 1.5A,

and described mathematically as follows: Ay = As — 15A,

X =x —x11795 4 0.15sin ¢ Az = —15A5 +u(t — 0.1) — u(t)

Xy =x3 — X2+ 0.2sint The desired trajectory is y, = 0.3 sin(tf — 1.8). The control strat-

X3 = u(t—0.1) —x3e”™ +0.3sint egy of the nonlinear system is designed based on Theorem
y=x 3.1.
Since the selection of parameters has a great influence
where the initial condition is [x; (0), x(0), x3(0)]T = [—0.3,0,0]T. on the tracking effect, the following parameters are obtained
The following auxiliary system is introduced for this nonlin-  through repeated attempts r, =, =r3 =1, n1=n =13 =

1 ‘ ] ' I' N 0.04 : . : :
The reference signal y, l The tracking errorl
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Figure 6. The reference signal y, and the system output y. Figure 7. The tracking errory — y,.
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The state variable Xy
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Figure 8.

La=h=p=1LI=5Ty=1,I'3=I, T ="Tp=
10, Y51 = Yo = 1,731 = 0.1, Y35 = 1,9 =0.01,9, =93 =
1.

Figures 2-5 show the simulation results of the numerical
simulation. Figure 2 displays the reference signal and the sys-
tem output curve; Figure 3 illustrates the tracking error curve,
which shows that the tracking error of the system converges to a
small neighbourhood of the origin within a fixed time; Figures
4 and 5 show that the state variables x,, x3, A1, A, and Az are
both bounded.

4.2 Practical example

The actual inverted pendulum system can be described in the
following form:

x1 = xp — 0.2sinx;
Xy = 0.8sinx7 + u(t — 0.005)
Yy =X

where the initial condition means [x1(0), x2(0)]T = [0,0]7.
The following auxiliary system is constructed as

Ay =
Ay =

Ay — 1.5A
—1.5A + u(t — 0.005) — u(t)
The desired trajectory is y, = sin t. The control strategy of the
inverted pendulum system is designed based on Theorem 3.1.
The parameters are as follows:
n=n=m=m=0=0=1

I'=1Is I'y=1Iy, Y11 =T ="y =Yy =10, ¥ =0.01,
¥, = 0.001.Figures 6-8 show the simulation results of actual

The state variable x; and the auxiliary system state variables A7 and A».

simulation. As we can see from Figure 6, the trace scheme devel-
oped in this article is quite superior. From Figure 7, it can
be found out that system’s tracking error converges to a small
neighbourhood of the origin within a fixed time. Figure 8 illus-
trates the status of the system and auxiliary system, which shows
that they are bounded.

4.3 Initial state comparison simulation

To demonstrate that the convergence time of fixed-time con-
trol is independent of the initial state, based on numerical
simulation, the following comparative experiments is presented.

The reference signal Y,
— — — - The system output Y4

| The system output Yy ]
| KRR The system output Y

!
|
i
|
|
i

e

.f
g
[
|

s

30
time (sec)

60

Figure 9. Tracking trajectories with three different initial states.



66 (&) Y.-F.ZHOUETAL.

For the system in the numerical simulation, y; represents the
system output with the initial state of [—0.3, 0, 0]T. y, stands for
the system output with the initial state of [0, 0, 0]T. y3 indicates
the system output with the initial state of [0.2,0, 0]T. As can
be seen from Figure 9, the initial state does not affect the con-
vergence time, and the simulation effects of the three different
initial states are consistent.

Remark 4.1: From the simulation results, it can be concluded
that the proposed adaptive fixed-time controller has the follow-
ing three advantages. (1) The controller is constructed based
on MTN, with a simple structure, fast convergence speed for
parameter learning, short learning time, and good real-time
performance. (2) The impact of input delay is compensated by
the auxiliary system, which does not compromise tracking per-
formance. (3) The convergence time is not affected by the initial
state.

5. Conclusion

The tracking control problem of nonlinear systems with input
delay was studied for the first time based on MTN under a fixed-
time control framework. The auxiliary system is constructed
to compensate for the influence of input delay on the system,
and the MTNs are used to approximate the unknown nonlin-
ear functions. At the same time, it has been proven that the
closed-loop controlled system is fixed time stable. Finally, the
simulation results presented in this article also validate the supe-
riority of the proposed scheme. It is worth noting that the results
of this paper are obtained under the assumption that the output
of the system is unconstrained, but many real systems have out-
put constraints. Therefore, the future research direction is fixed
time control of nonlinear systems subject to input and output
constraints.
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