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ABSTRACT
In this paper, we present a new scheme to design an adaptive neural backstepping tracking controller for a class of stochastic
nonlinear systems with unknown input constraints including saturation and dead-zone. The control design is achieved by using
certain auxiliary techniques. More specifically, some piecewise injective differential functions are constructed to approximate
these nonlinearity constraints with a bounded approximation error. A new dimension reduction inequality related the norm of
basis vectors of radial basis functions is established to design the virtual signals. Some negative power exponential functions and
the inverse functions of the above injective differentiable functions are introduced to design the adaptive laws and controller,
respectively. These techniques can enlarge the nonlinear systems currently studied by backstepping approach and neural net-
works. Furthermore, it is shown that all the signals in the closed-loop system are semi-globally uniformly, ultimately bounded in
probability and the tracking error converges to zero. Meanwhile, the effectiveness of the proposed controller is demonstrated in the
simulation study.

1 | Introduction

During the last two decades, many practical systems have been
regarded as uncertain nonlinear stochastic systems. The con-
trol problem of such systems has always been one of the hot
issues due to the existence of uncertainty and randomness
in the modern control field. Especially, the topic on adap-
tive tracking control design for these systems with unknown
nonsmooth nonlinear plant input constraints by using back-
stepping techniques and radial basis function neural networks
(RBFNNs) or fuzzy logic systems has attracted many researchers

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------
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from the control community. Many control schemes for these
systems have been developed, such as [1–15], and the refer-
ences therein. Here, a detailed presentation of prior works,
motivations, and advances on this direction of research is omit-
ted. For more information on this topic, the reader can refer
to [16–18] for stochastic systems and their stability [19, 20],
for adaptive control and backstepping techniques [21–25], for
NNs or fuzzy logic systems-based control strategies of uncertain
nonlinear systems and [7–15, 26–30] for some techniques to
deal with nonsmooth nonlinearity input constraints. Although
a number of research results have been obtained in this control
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field, there are two sources that motivate us to carry out this
research work.

First, considering the stability of the proposed control schemes
for uncertain nonlinear stochastic systems such as [1–15] and
[26–28], we see that Itô correction term (high-order Hessian
term) is commonly handled by applying Young’s inequality to
enlarge it. As a result, this method finally generates a nonzero
constant term in the right side of the enlarged derivative of
Lyapunov function candidate. Such nonzero constant maybe
lead to that most developed control schemes only guaranteeing
outputs converge to a neighborhood of the desired trajectories,
but cannot converging to zero by Lyapunov stability theorems.
Noting that it is inevitable that the developed control schemes
are of semi-global stability, because the universal approximation
property of RBFNNs or fuzzy logic systems is valid only for
any given compact set. Therefore, asymptotic stability has been
further considered by many researchers. The reader can refer
to [31–35] and the references therein for more information
on asymptotic tracking control design for uncertain nonlinear
systems. To the authors’ knowledge, asymptotic tracking control
design for nonlinear stochastic system seems to have not been
completely solved owing to the fact that Itô correction term
makes the controller design much more difficult than that of
the uncertain systems in [31–36]. For example, Remark 1 in
[10], Remark 8 in [37], and [38] has already explained this issue.
Therefore, it is necessary to design effective adaptive neural
asymptotical tracking control strategies for stochastic systems in
theoretical research and application fields.

Second, based on previous research findings, including [1–15]
and the references therein, it can also be found that the most
controllers were designed by a similar method. This method
expresses the plan input constraints as a combination of a
linear term (with time-varying gain) and a disturbance-like term
under certain conditions, and then enlarges the derivative of the
employed Lyapunov function step by step until the linear term
of control input appears for the controller design. Such normal
method is concise and ensures that the designed controller
guarantees stability of the system in use. However, it is also
occasionally seen that the same controllers are designed for the
studied system subject to different nonsmooth nonlinear inputs
by this method. For example, the controller of the employed
system with an actuator hysteresis [14] was selected as the same
as that of an actuator dead-zone [14] (Eq. 94). The controller for a
system with dead-zone input [15] (Eq. 47) is also the same as that
of another system with saturation input [39] (Eq. 43). Maybe such
cases should be taken into account during the design phase of
an experiment when practitioners in some practical application
fields hope that the differences of the designed controller can
be reflected if the studied system is subject to different input
constraints.

Motivated by the above two sources, we intend to address the fol-
lowing three questions. Specifically, we aim to develop an adap-
tive tracking control scheme for uncertain stochastic nonlinear
systems with unknown plant input constraints. The goal of this
scheme is to ensure that the tracking error converges to zero.
Additionally, we design the adaptive controllers in such a way
that they can reflect differences in the studied system if it has
different nonsmooth input constraints.

• Question 1: Can a method for dealing with Itô correction
term be given so that the proposed adaptive tracking scheme
can ensure the semi-global asymptotic stability of the studied
stochastic system with input constraints when backstepping
approach and RBFNNs or fuzzy logic systems are used to
design the control scheme?

• Question 2: Can a method for designing controller be com-
plemented so that the designed controllers can reflect their
differences when the studied system is subject to the differ-
ent nonsmooth input constraints?

• Question 3: Compared with common methods, can a design
method be provided so that it is valid for more complex
uncertain stochastic nonlinear systems under mild condi-
tions when backstepping approach and RBFNNs or fuzzy
logic systems are used in adaptive tracking control design?

For the above questions, we come up with following auxiliary
techniques (I), (II) and (III) to discuss them, which can be
regarded as the main contributions of this paper.

(I) For Question 1, the following two techniques are used to
overcome the difficulties caused by Itô correction term that
influence asymptotic tracking control design from the 1th
step to (𝑛 − 1)th step of iterative backstepping processes. (i)
The right side of the enlarged differential operator associ-
ated with the studied system is expressed as a quadratic
virtual error multiplied by an unknown continuous func-
tion. (ii) A negative power exponential function is intro-
duced to design adaptive laws. In the nth step, the obstacle
caused by Itô correction term in asymptotic tracking design
is also handled by addition or subtraction terms and dimen-
sionality reduction techniques. Based on these works, a
new adaptive neural asymptotic tracking scheme is finally
developed under mild conditions.

(II) For Question 2, according to the idea of horizontal and
oblique asymptotes, certain injective differentiable
function models are constructed to approximate some
nonsmooth nonlinearity inputs including saturation,
dead-zone, and saturation & dead-zone nonlinearity with
bounded errors. These constructed models are further
designed in the backstepping design process. And the
controllers are finally selected as the inverse functions
of the designed models. The proposed technique is a
valuable complement to the common method to design
controller, which can avoid designing the same controller
for the studied system with different input constraints and
also reflects more features of the plant input nonsmooth
nonlinearity.

(III) For Question 3, a new inequality related to the norm of
Gaussian functions vector in RBFNNs is proposed by the
aid of Lemma 1 in [40] or Corollary 4.2 in [41], which plays
a role of dimensionality reduction and is led into the design
of virtual control function. By combining this inequality
with a technique for adding and subtracting appropriate
state variables in backstepping design process, the differ-
entiable virtual control functions and adaptation laws are
directly designed under very relaxed assumptions. These
methods not only ensure that the backstepping approach
can be implemented owing to the fact that backstepping
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approach requires all functions to be differentiable but also
are valid for more complex systems under mild conditions.

With the help of the above auxiliary techniques (I), (II), and (III),
a new adaptive semi-global asymptotic tracking control design
scheme is developed for a class of uncertain stochastic systems
with some unknown system input constraints by using backstep-
ping approach and RBFNNs.

In order to describe the development of this control scheme
in detail, the remainder of this paper is organized as follows.
Section 2 presents the problem statement and some prelimi-
naries including certain injective differentiable function models
related to some constraints nonlinearity, universal approxima-
tion of RBFNNs, and a stability theorem for stochastic system.
Section 3 develops an adaptive asymptotic tracking control design
scheme for uncertain stochastic systems based on backstepping
approach, RBFNNs and the aforementioned auxiliary techniques
(I), (II), and (III). In Section 4, a class of second-order stochastic
nonlinear system with any saturation constraint or dead-zone is
introduced to illustrate the effectiveness of these method devel-
oped in this paper. Finally, some conclusions are presented in
Section 5.

2 | Problem Statement and Preliminaries

Throughout this paper, let ℛ and ℛ𝑛 be the real number field
and the dimensional real vector space, respectively.

2.1 | System Description and Control Objective

Consider the following uncertain stochastic nonlinear system

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝑑𝜁
𝑖
=
(
𝑓

𝑖

(
𝜻

𝑖+1

)
+ 𝑑

𝑖

(
𝑡, 𝜻

𝑛

))
𝑑𝑡 + 𝑔

T
𝑖

(
𝜻

𝑖+1

)
𝑑𝜔

𝑖 = 1, 2, . . . , 𝑛 − 1
𝑑𝜁

𝑛
=
(
𝑓

𝑛

(
𝜻

𝑛

)
+ 𝑑

𝑛

(
𝑡, 𝜻

𝑛

)
+ ℎ

(
𝜻

𝑛

)
𝑢

)
𝑑𝑡 + 𝑔

T
𝑛

(
𝜻

𝑛

)
𝑑𝜔

𝑦 = 𝜁1,

𝑢 = 𝑢(𝜐(𝑡))

(1)

where 𝜁
𝑖
∈ℛ are state variables, and 𝜻

𝑖
= [𝜁1, 𝜁2, . . . , 𝜁

𝑖
]T ∈ℛ𝑖

are state vectors. 𝜔 is an 𝑟-dimensional variable introduced
as standard Brownian motion defined on a complete proba-
bility space. 𝑓

𝑖
∶ ℛ𝑖+1 →ℛ, 𝑔

𝑖
∶ ℛ𝑖+1 →ℛ𝑟 and ℎ ∶ ℛ𝑛 →

ℛ are unknown nonlinear differentiable functions which sat-
isfy locally Lipschitz condition and 𝑓

𝑖
(0) = 0, 𝑔

𝑖
(0) = 0. 𝑑

𝑖
are

unknown time-varying disturbances and also satisfy locally Lips-
chitz condition. 𝑦 ∈ℛ and 𝑢 ∈ℛ represent the input and output
of the system, respectively.

In this paper, 𝑢 = 𝑢(𝜐(𝑡)) can be taken as the following two nonlin-
ear constraints, including the saturation nonlinearity 𝑢

𝑠
(𝜐(𝑡), 𝑘),

and the dead-zone 𝑢
𝑑

(
𝜐(𝑡), 𝑘1, 𝑘2

)
, where

𝑢
𝑠
(𝜐(𝑡), 𝑘) =

⎧
⎪
⎨
⎪
⎩

𝑘𝑎, 𝜐(𝑡) ≤ 𝑎

𝑘 𝜐(𝑡), 𝑎 ≤ 𝜐(𝑡) ≤ 𝑏

𝑘𝑏, 𝑏 ≤ 𝜐(𝑡)
(2)

𝑢
𝑑

(
𝜐(𝑡), 𝑘1, 𝑘2

)
=
⎧
⎪
⎨
⎪
⎩

𝑘1(𝜐(𝑡) − 𝑎), 𝜐(𝑡) ≤ 𝑎

0, 𝑎 ≤ 𝜐(𝑡) ≤ 𝑏

𝑘2(𝜐(𝑡) − 𝑏), 𝑏 ≤ 𝜐(𝑡)
(3)

and 𝑐 < 𝑎 < 0, 0 < 𝑏 < 𝑑, 𝑘 > 0, 𝑘1 > 0 and 𝑘2 > 0.

Remark 1. It is crucial to underscore that the aforementioned
system (1) can encapsulate a wide range of practical systems,
including the Brusselator model [26, 42], the one-link robot arm
system [28], and the pendulum system equipped with a motor.
Consequently, the investigation of stochastic nonlinear systems
described as (1) holds immense significance.

Remark 2. In fact, the system (1) can be seen as a class of
nonstrict feedback stochastic systems with unknown control
gain, unknown disturbances and input nonlinearities. Notice
that the plant input 𝑢 can represent any of the three input non-
linearities including input saturation, dead-zone and saturation
& dead-zone, and the system (1) is thus more general than the
known systems in the literatures such as [1, 11, 38, 43, 44].
Furthermore, it is well known that many practical systems are
often subjected to unknown disturbances and input constraints
[11, 43, 45]. Therefore, the investigation of the system (1) is also
meaningful.

The control objective is to develop adaptive tracking control
scheme such that the designed scheme guarantees that all the
signals in the closed-loop system are of semi-global asymptotic
tracking stability for the system (1) with plant input constraint
(2) or (3).

In order to complete the control objective, the following assump-
tions are introduced.

Assumption 1. The function 𝑑
𝑖

are smooth and bounded.
Therefore, we can further assume that there exist unknown
positive constants 𝑀

𝑑
𝑖

such that
|
|
|
|
𝑑

𝑖

(
𝑡, 𝜻

𝑛
(𝑡)
)|
|
|
|
< 𝑀

𝑑
𝑖

for 𝑖 =
1, 2, . . . , 𝑛.

Assumption 2 ([46]). The desired trajectory 𝑦
𝑑

and its 𝑖th
order derivatives are assumed to be continuous and bounded,
denoted by |

|
|
𝑦
(𝑖)
𝑑
(𝑡)||
|
≤𝑀

𝑦
𝑑

for 1 ≤ 𝑖 ≤ 𝑛 and 𝑀
𝑦

𝑑

> 0.

Assumption 3. The nonlinear function ℎ is unknown, but its
sign is known, and there exist positive constants 𝑎

𝑚
and 𝑎

𝑀
such

that 𝑎
𝑚

<

|
|
|
|
ℎ

(
𝜻

𝑛

)|
|
|
|
< 𝑎

𝑀
. Without loss of generality, it is further

assumed that ℎ

(
𝜻

𝑛

)
> 0.

Assumption 4 ([11]). If the system (1) with the input
dead-zone (3), then there exist unknown positive constants 𝑘12
and 𝑘21, such that 0 < 𝑘12 < 𝑘1 < 𝑘21, 0 < 𝑘12 < 𝑘2 < 𝑘21.

Remark 3. Assumptions 1 and 2 are standard conditions for
the external disturbances and desired trajectory of the system,
which have been widely used in [46, 47]. Assumptions 3 and 4
delineate the viable prerequisites for the control method pro-
posed in this paper, which are standard assumptions in existing
literature. Assumption 3 is supported by the evidence presented
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in [42], whereas Assumption 4 is corroborated by the findings
in [11].

2.2 | Injective Differentiable Function
to Approximate (2) and (3)

According to the ideas of the horizontal and oblique asymptote
of function, the following function 𝑢

𝑠𝑚
(𝜐(𝑡)) and 𝑢

𝑑𝑚

(
𝜐(𝑡), 𝑘1, 𝑘2

)

are established to approximate 𝑢
𝑠
(𝜐(𝑡)) and 𝑢

𝑑

(
𝜐(𝑡), 𝑘1, 𝑘2

)
, respec-

tively.

𝑢
𝑠𝑚
(𝜐(𝑡)) =

⎧
⎪
⎨
⎪
⎩

𝑟
𝑎
+ 𝜐(𝑡)−𝑟

𝑎

1+𝑟
𝑎
−𝑣(𝑡)

, 𝜐(𝑡) ≤ 𝑟
𝑎

𝜐(𝑡), 𝑟
𝑎
≤ 𝜐(𝑡) ≤ 𝑟

𝑏

𝑟
𝑏
+ 𝜐(𝑡)−𝑟

𝑏

1−𝑟
𝑏
+𝜐(𝑡)

, 𝑟
𝑏
≤ 𝜐(𝑡)

(4)

𝑢
𝑑𝑚

(
𝜐(𝑡), 𝑘1, 𝑘2

)
=

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝑘1
[
−𝑟

2
𝑎
− 2𝑟

𝑎
(𝜐(𝑡) − 𝑟

𝑎
)
]
, 𝜐(𝑡) ≤ 𝑟

𝑎

− 𝑘1𝑣
2(𝑡), 𝑟

𝑎
≤ 𝜐(𝑡) ≤ 0

𝑘2𝑣
2(𝑡), 0 ≤ 𝜐(𝑡) ≤ 𝑟

𝑏

𝑘2
[
𝑟

2
𝑏
+ 2𝑟

𝑏
(𝜐(𝑡) − 𝑟

𝑏
)
]
, 𝑟

𝑏
≤ 𝜐(𝑡)

(5)

where 𝑟
𝑎
, 𝑟

𝑏
, 𝑟

𝑐
, 𝑟

𝑑
are constants and satisfy 𝑟

𝑐
< 𝑟

𝑎
< 0 and 0 <

𝑟
𝑏

< 𝑟
𝑑
.

According to the definition of derivative of function, the follow-
ing Lemma 1 is clearly true, so its proof is omitted.

Lemma 1. Let 𝑢
𝑠𝑚
(𝜐(𝑡)) and 𝑢

𝑑𝑚
(𝜐(𝑡))are injective differen-

tiable functions, respectively. Furthermore, there exist positive
constants 𝑀

𝑠
and 𝑀

𝑑
, such that

{
𝑢

𝑠
(𝜐(𝑡)) = 𝑘12𝑢𝑠𝑚

(𝜐(𝑡)) + 𝛿
𝑠
(𝜐(𝑡))

𝑢
𝑑

(
𝜐(𝑡), 𝑘1, 𝑘2

)
= 𝑢

𝑑𝑚

(
𝜐(𝑡), 𝑘1, 𝑘2

)
+ 𝛿

𝑑
(𝜐(𝑡))

where ||𝛿𝑠
(𝜐(𝑡))|| ≤𝑀

𝑠
and |

|𝛿𝑑
(𝜐(𝑡))|| ≤𝑀

𝑑
.

Remark 4. To the authors’ knowledge, the hyperbolic tangent
function or Gaussian function is commonly used to approximate
the saturation nonlinearity [48, 49]. The function formed by a lin-
ear term of control input with a bounded time-varying gain plus
a disturbance-like term is used to approximate the dead-zone
nonlinearity [10–12], as well as saturation & dead-zone nonlin-
earity [44, 50] under certain conditions. The functions (4) and (5)
can be used to approximate any given input saturation (2) and
dead-zone (3), respectively. Thus Lemma 1 is a useful comple-
ment to approximate models of the saturation, dead-zone, as well
as saturation & dead-zone nonlinearity. In addition, the reader
may refer to the monograph [51] and the references therein
for a detailed understanding of the approximate model related
backlash or hysteresis nonlinearity.

Remark 5. In this paper, the functions 𝑢
𝑠𝑚
(𝜐(𝑡)) and

𝑢
𝑑𝑚

(
𝜐(𝑡), 𝑘1, 𝑘2

)
can be used to substitute (2) and (3) in 𝑛th

step of backstepping design process, respectively. Therefore,
these functions will be designed by combining Lyapunov stabil-
ity theorem with the enlarged derivative of Lyapunov function
candidate, respectively. Subsequently, the corresponding con-
troller can be further obtained by finding inverse function of the
designed 𝑢

𝑠𝑚
(𝜐(𝑡)), 𝑢

𝑑𝑚
(𝜐(𝑡)) or 𝑢

𝑠𝑑𝑚
(𝜐(𝑡)). Based on these designed

functions, such designed controller can reflect a distinguishing
feature if the system (1) has the input (2) or (3).

Remark 6. Consider the stochastic nonlinear system (1) with
the unknown dead-zone input (3). The unknown constants 𝑘1
and 𝑘2 in the dead-zone nonlinearity (3) are unable to use to
design controller, so the following auxiliary result is provided to
design controller 𝜐(𝑡) via the design of 𝑢

𝑑𝑚
(𝜐(𝑡)) = 𝑢

𝑑𝑚
(𝜐(𝑡), 1, 1).

Lemma 2. If the system (1) with the unknown dead-zone input
(3), and a function 𝜍(𝑡) satisfies 𝜍(𝑡) 𝑢

𝑑𝑚
(𝜐(𝑡)) ≤ 0, then

𝜍(𝑡)𝑢
𝑑𝑚

(
𝜐(𝑡), 𝑘1, 𝑘2

)
≤ 𝑘12 𝜍(𝑡)𝑢

𝑑𝑚
(𝜐(𝑡)) (6)

where 𝑘12 > 0 is a constant.

Proof. In view of Assumption 4, (5) and 𝜍
𝑛
(𝑡) 𝑢

𝑑𝑚
(𝜐(𝑡)) ≤ 0, it is

not difficult to get 𝜍(𝑡)
(
𝑢

𝑑𝑚
(𝜐(𝑡), 𝑘1, 𝑘2

)
− 𝑘12𝑢𝑑𝑚

(𝜐(𝑡)) ≤ 0. Thus,
the conclusion is valid. ◽

2.3 | Universal Approximation of RBFNN

Lemma 3 ([49]). Let 𝑓 (𝒁) ∶ℛ𝑛 →ℛ be a continuous func-
tion over the compact set Ω ⊂ ℛ𝑛. Let 𝜀 > 0 be any given accuracy.
Then, there is a RBFNN 𝑊

∗T
𝑆(𝒁) such that

𝑓 (𝒁) =𝑾 ∗T
𝑆(𝒁) + 𝛿(𝒁) (7)

where 𝒁 ∈ Ω
𝑍

⊂ ℛ𝑞 with 𝑞 ≤ 𝑛 is the input vector, and 𝛿(𝑍)
denotes the smallest approximation error satisfying |𝛿(𝑍)| < 𝜀.
𝑾 ∗ =

[
𝑤
∗
1, 𝑤

∗
2, . . . , 𝑤

∗
𝑙

]T ∈ℛ𝑙 with 𝑙 > 1 means the ideal weight
vector which is defined as

𝑾 ∗ = arg min
𝑾 ∈ℛ𝑙

{

sup
𝒁∈Ω

𝑍

|
|
|
𝑓 (𝒁) −𝑾 T

𝑆(𝒁)||
|

}

where 𝑊 =
[
𝜔1, 𝜔2, . . . , 𝜔

𝑙

]T ∈ℛ𝑙 denotes the updated
weight vector. 𝑙 is the number of NN nodes and 𝑆(𝒁) =
[
𝑠1(𝒁), 𝑠2(𝒁), . . . , 𝑠

𝑙
(𝒁)

]T ∈ℛ𝑙 is the basis function vector
with 𝑠

𝑖
(𝒁) being the form of Gaussian function as follows

𝑠
𝑖
(𝒁) = exp

[

−
(
𝒁 − 𝒄

𝑖

)T(
𝒁 − 𝒄

𝑖

)

𝜂
2
𝑖

]

, 𝑖 = 1, 2, . . . , 𝑙

where 𝒄
𝑖
=
[
𝑐
𝑖1, 𝑐

𝑖2, . . . , 𝑐
𝑖𝑛

]T ∈ℛ𝑛 and 𝜂
𝑖
> 0 are the center and

width of the neural cell of the 𝑖-th hidden layer, respectively.

Assumption 5. The ideal weight 𝑾 ∗ related to 𝑓 in
Lemma 3 is unknown and bounded.

Remark 7. Assumption 5 typically appears in the design of
NN backstepping controllers such as [49, 52, 53] and the refer-
ences therein, which is only used for stability analysis and is not
required when designing the virtual signals and adaptive con-
trol laws. Thus, the ideal weight in Lemma 3 can be unknown
bounded constants.

According to [40] and [41], let 𝑠
∗
𝑍

denotes the upper bound
on the 2-norm of vector 𝑆(𝑍) introduced in Lemma 1 in [40],
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noting that 1 ≤ 𝑠
∗
𝑍

𝑖

(
‖
‖
‖
‖
𝑆

(
𝑍

𝑖

)‖
‖
‖
‖

)−1

holds from Lemma 1 in [40],

where 𝒁 =
[
𝑍̆1, 𝑍̆2, . . . , 𝑍̆

𝑞

]T and 𝒁
𝑖
=
[
𝑍̆1, 𝑍̆2, . . . , 𝑍̆

𝑖

]T, 𝑖 =
1, 2, . . . , 𝑞. Thus, the following Lemma 4 is valid.

Lemma 4. For a given RBFNN, then we have

‖𝑆(𝒁)‖ ≤ 𝑠
∗
𝑍

𝑖

𝑠
∗
𝑍

(
‖
‖
‖
‖
𝑆

(
𝒁

𝑖

)‖
‖
‖
‖

)−1

(8)

Remark 8. It is clear that Lemma 4 plays a role to reduce
the dimension of state vector. Combining a method of adding
and subtracting appropriate state variable with Lemma 4, the
differentiable virtual control functions and adaptive laws can
be easily designed, which ensure backstepping approach can be
repeated until the 𝑛th step in backstepping process. Furthermore,
the studied systems (1) also can be extended to more complex
systems by using such techniques under mild conditions. In
addition, noting that

‖
‖
‖
‖
𝑆

(
𝑍

𝑖

)‖
‖
‖
‖
≤ 1 for any vector 𝑍

𝑖
, then

‖𝑆(𝑍)‖ ≤
‖
‖
‖
‖
𝑆

(
𝑍

𝑖

)‖
‖
‖
‖

. Such inequality has been used to design
NN adaptive controllers such as Lemma 3 in [38] and Lemma
3 in [54]. Therefore, Lemma 4 also provides a new method for
adaptive tracking controller design.

2.4 | Stability Theorem

Let (Ω,Γ,𝒫 ) denote a probability space, where Ω, Γ, and 𝒫 are
the set of samples, the designated collection of subsets of Ω, and
the probability measure, respectively. For a time-varying stochas-
tic nonlinear system,

𝑑𝜻 = 𝑓 (𝑡, 𝜻)𝑑𝑡 + ℎ(𝑡, 𝜻)𝑑𝑤 (9)

where 𝜻 =
[
𝜁1, 𝜁2, . . . , 𝜁

𝑛

]T ∈ℛ𝑛 is the state vector, and 𝑤 is a
𝑟-dimensional independent standard Wiener process. 𝑓 and 𝑔 are
vector-value or matrix-value functions, respectively.

Definition 1 ([26]). The solution process {𝜻(𝑡), 𝑡 ≥ 0}
of the system (9) is said to be bounded in probability if
lim

𝑐→∞ sup
0≤𝑡<∞

𝑃 {‖𝜻(𝑡)‖ > 𝑐} = 0, where 𝑃 (𝐴) denotes the proba-

bility of event 𝐴.

Definition 2 ([26]). Let 𝑉 (𝑡, 𝜻) be a function acting on
ℛ ×ℛ𝑛, then 𝑉 (𝑡, 𝜻) is said to be radially unbounded if that
𝑉 (𝑡, 𝜻) → ∞ as |𝜻|→ ∞ for 𝑡 ≥ 0.

Definition 3 ([43]). If 𝑉 (𝑡, 𝜻) is a positive definite, radially
unbounded and continuously once differentiable in 𝑡 and twice
in 𝜻 , then 𝑉 (𝑡, 𝜻), a differential operator associated with (9), is
defined as

𝑉 (𝑡, 𝜻) = 𝜕𝑉

𝜕𝑡

+ 𝜕𝑉

𝜕𝑥

𝑓 + 1
2

Tr
(

ℎ
T 𝜕

2
𝑉

𝜕𝑥
2 ℎ

)

(10)

where Tr(𝐴) is the trace of a matrix 𝐴.

Remark 9. As stated in [26, 37], the term 1
2

Tr
(
ℎ

T 𝜕
2
𝑉

𝜕𝑥
2 ℎ

)
is

called Itô correction term or high-order Hessian term. It is
common knowledge that this term is treated with Young’s
inequality in the process of adaptive controller design, such as

[1–15], and their related literature. However, this method usually
generates a nonzero constant term in the right end of the enlarged
derivative of Lyapunov function of the studied system, which
leads to the most developed control schemes that only guarantee
outputs converge to a neighborhood of the desired trajectories,
but cannot converge to zero. How to deal with the Itô correc-
tion term so that the adaptive tracking control scheme based on
backstepping approach and RBFNNs or fuzzy logic systems is of
semi-global asymptotic stability for the stochastic system with
input constraints is still a noteworthy issue in the modern control
field.

In order to analyze the stability of control design, a stability
theorem of nonlinear stochastic system is also listed as Lemma 5,
which is a corollary of Theorem 2.1 in [17].

Lemma 5 ([17]). Let 𝑡 ≥ 0, 𝑊 (𝜻) ∶ℛ𝑛 →ℛ is a continuous
and nonnegative function, for the stochastic nonlinear system (9),
if there exists positive constants 𝑎0 and 𝑏0, such that the differential
operator 𝑉 (𝑡, 𝜻) associated with (9) satisfies that

𝑉 (𝑡, 𝜻) ≤ −𝑎0𝑊 (𝜻) + 𝑏0𝑒
−𝑡 (11)

Then, (i) the system (9) has a unique solution surely; (ii) the system
(9) is bounded in probability; and (iii) the system (9) is asymptoti-
cally stable in the large.

3 | Adaptive Neural Asymptotic Tracking
Control Design

In this section, an adaptive asymptotic tracking control scheme
based on backstepping approach and RBFNNs is developed for
the system (1) with unknown input constraints. The follow-
ing definitions and symbols are given for the convenience of
discussion.

Let 𝜃̂
𝑖

be the estimation of the unknown constants 𝜃
𝑖

which is
caused by using Lemma 3 to approximation some unknown func-
tions and defined as 𝜃

𝑖
= ‖
‖𝑾 𝑖

‖
‖

2
, 𝑖 = 1, 2, . . . , 𝑛, where𝑾

𝑖
repre-

sents the weight vector of the 𝑖th RBFNN, and its value will be
specified later. 𝑆

𝑖

(
𝒁

𝑖

)
and 𝑆

𝑖

(
̆𝜻
𝑖

)
denote the given basis vector

functions corresponding to vectors 𝒁
𝑖

and ̆𝜻
𝑖

in the 𝑖th RBFNN,
respectively.

Similar to traditional backstepping design procedure, the follow-
ing coordinate transformation is needed:

⎧
⎪
⎨
⎪
⎩

𝑧1 = 𝜁1 − 𝑦
𝑑

𝑧
𝑖
= 𝜁

𝑖
− 𝛼

𝑖−1

(

𝜻
T
𝑖
,

(
𝒚
(𝑖)
𝑑

)T
,
̂𝜽

T

𝑖−1

) (12)

where 𝒚
(𝑖)
𝑑
=
[
𝑦

𝑑
, 𝑦̇

𝑑
, . . . , 𝑦

(𝑖)
𝑑

]T
, ̂𝜽

𝑖
=
[
𝜃̂1, 𝜃̂2, . . . , 𝜃̂

𝑖

]T. 𝑧
𝑖
(𝑖 = 1,

2, . . . , 𝑛) is the virtual error, and 𝛼
𝑖−1 is the virtual control signal

which need to be designed later.

3.1 | Controller Design

Step 1: From (1) and (12), it is easy to be obtained that

𝑑𝑧1 =
(
𝑓1

(
𝜻2

)
+ 𝑑1

(
𝑡, 𝜻

𝑛
(𝑡)
)
− 𝑦̇

𝑑

)
𝑑𝑡 + 𝑔

T
1

(
𝜻2

)
𝑑𝑤 (13)

1686 International Journal of Adaptive Control and Signal Processing, 2025
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Consider a Lyapunov function candidate as

𝑉1 =
1

4𝑘12
𝑧

4
1 +

1
2
𝜃

2
1 (14)

where 𝑘12 is a positive constant, and 𝜃1 = 𝜃1 − 𝜃̂1, 𝜃̂1 is the esti-
mation of the unknown constants 𝜃1, which will be defined later.

According to Assumption 1 and Young’s inequality, it is clear that

𝑧1𝑑1

(
𝑡, 𝜻

𝑛
(𝑡)
)
≤𝑀

𝑑1
|
|𝑧1

|
| (15)

𝑧
3
1𝑧2 ≤

3
4
𝑧

4
1 +

1
4
𝑧

4
2 ≤ 𝑧

4
1 + 𝑧

4
2 (16)

where 𝑀
𝑑1

is an unknown bounded positive constant.

Let 𝑓11 =
1

𝑘12

(
𝑓1

(
𝜻2

)
− 𝑦̇

𝑑

)
and 𝑔11 =

3
2𝑘12

𝑔
T
1

(
𝜻2

)
𝑔1

(
𝜻2

)
, notic-

ing that 𝜁2 = 𝑧2 + 𝛼1, from (10), (15) and (16), one has

𝑉1 = 𝑧
2
1

(

𝑧1
(
𝑓11 − 𝜁2 + 𝜁2

)
+ 1

𝑘12
𝑧1𝑑1

(
𝑡, 𝜻

𝑛
(𝑡)
)
+ 𝑔11

)

− 𝜃1
̇
𝜃̂1

≤ 𝑧
2
1𝑓12 + 𝑧

3
1𝛼1 − 𝜃1

̇
𝜃̂1 + 𝑧

4
2 (17)

where 𝑓12 = 𝑧1

(
𝑓11 +

1
𝑘12

𝑀
𝑑1

sgn
(
𝑧1
)
− 𝜁2

)
+ 𝑔11 + 𝑧

2
1.

For the subsequent theoretical analysis, introducing the function
𝑃1 as follows

𝑃1 = 𝑒
−𝑧

𝑁

1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2

∫

𝑡

0
𝑧

2
1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
𝑑𝜏

where ̆𝜻1 =
[
𝜁1, 𝑦𝑑

, 𝑦̇
𝑑

]T, and 𝑁 is any positive integer.

By adding and subtracting 𝑃1 and
(
𝑠
∗
𝑍1

𝑠
∗
̆𝜻1

)2
+𝑀

𝑦
𝑑

to 𝑓12,
inequality (17) can be rewritten as

𝑉1 ≤ 𝑧
2
1

(

𝑓13 −
(
𝑠
∗
𝑍1

𝑠
∗
̆𝜻1

)2
−𝑀

𝑦
𝑑

)

+ 𝑧
3
1𝛼1 − 𝑧

2
1𝑃1 − 𝜃1

̇
𝜃̂1 + 𝑧

4
2

(18)
where 𝑓13 = 𝑓12 + 𝑃1 +

(
𝑠
∗
𝑍1

𝑠
∗
̆𝜻1

)2
+𝑀

𝑦
𝑑

.

Clearly, 𝑓13 is a continuous unknown function with variable 𝑍1.
Then, according to Lemma 3, for any given 0 < 𝜀 < 𝑀

𝑦
𝑑

, we have

𝑓13 = 𝑊
∗𝑇

1 𝑆1
(
𝑍1

)
+ 𝛿1

(
𝑍1

)
(19)

where 𝑍1 =
[
𝜁1, 𝜁2, 𝑦𝑑

, 𝑦̇
𝑑

]T, and approximation error 𝛿1
(
𝑍1

)

satisfies ||
|
𝛿1
(
𝑍1

)|
|
|
< 𝜀.

Applying Lemma 4 to ‖
‖
‖
𝑆1

(
𝑍1

)‖
‖
‖

in (19) yields

𝑓13 ≤
‖
‖𝑊

∗
1
‖
‖
‖
‖
‖
𝑆1

(
𝑍1

)‖
‖
‖
+ 𝜀

≤ ‖
‖𝑊

∗
1
‖
‖
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−1
𝑠
∗
𝑍1

𝑠
∗
̆𝜻1
+ 𝜀

≤ ‖
‖𝑊

∗
1
‖
‖

2‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
+
(
𝑠
∗
𝑍1

𝑠
∗
̆𝜻1

)2
+ 𝜀 (20)

Combining (18) and (20), and noting that 0 < 𝜀 < 𝑀
𝑦

𝑑

, we have

𝑉1 ≤ 𝑧
2
1
‖
‖𝑊

∗
1
‖
‖

2 ‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
+ 𝑧

3
1𝛼1 − 𝑧

2
1𝑃1 − 𝜃1

̇
𝜃̂1 + 𝑧

4
2 (21)

Since ‖‖𝑊 ∗
1
‖
‖

2 = 𝜃1 and 𝜃1 = 𝜃1 − 𝜃̂1, it follows (21) that

𝑉1 ≤ 𝑧
2
1𝜃1

‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
+ 𝑧

3
1𝛼1 − 𝑧

2
1𝑃1 − 𝜃1

̇
𝜃̂1 + 𝑧

4
2

= 𝑧
2
1
(
𝜃1 + 𝜃̂1

) ‖‖
‖
‖
‖
𝑆1

(
⌣

𝜁 1

)‖
‖
‖
‖
‖

−2

+ 𝑧
3
1𝛼1 − 𝑧

2
1𝑃1 − 𝜃1

̇
𝜃̂1 + 𝑧

4
2

= 𝑧
2
1𝜃̂1

‖
‖
‖
‖
‖
𝑆1

(
⌣

𝜁 1

)‖
‖
‖
‖
‖

−2

+ 𝑧
3
1𝛼1 − 𝑧

2
1𝑃1

+ 𝜃1

(

𝑧
2
1

‖
‖
‖
‖
‖
𝑆1

(
⌣

𝜁

)‖
‖
‖
‖
‖

−2

− ̇
𝜃̂1

)

+ 𝑧
4
2 (22)

Considering the conditions of Lemma 5, design the following vir-
tual control 𝛼1 and adaptive law 𝜃̂1 as follows

𝛼1 =
⎧
⎪
⎨
⎪
⎩

− 𝜇1𝑧1 −
1−𝑒

−𝑧
2𝑁

1

𝑧1
𝜃̂1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
, 𝑧1 ≠ 0

0, 𝑧1 = 0
(23)

̇
𝜃̂1 = 𝑧

2
1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
− 2𝛾1𝑒

−𝑡

𝜃̂1 (24)

where 𝜃̂1
(
𝑡0
)
= 0, 𝜇1 and 𝛾1 are positive design parameters,

respectively.

Apparently, the solution of the Equation (24) with the initial
value 𝜃̂1

(
𝑡0
)
= 0 can be described by

𝜃̂1(𝑡) =
∫

𝑡

𝑡0

[

𝑧
2
1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
exp

(

∫

𝑡

𝜏

− 2𝛾1𝑒
−𝑠

𝑑𝑠

)]

𝑑𝜏 (25)

Obviously, exp
(
∫

𝑡

𝜏
− 2𝛾1𝑒

−𝑠
𝑑𝑠

)
< 1. According to the properties

of definite integral, the following inequality holds

𝜃̂1(𝑡) ≤
∫

𝑡

𝑡0

𝑧
2
1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
𝑑𝜏 (26)

Substituting 𝑃1 into the term 𝑧
2
1𝜃̂1

‖
‖
‖
‖
‖
𝑆1

(
⌣

𝜁 1

)‖
‖
‖
‖
‖

−2

− 𝑧
2
1𝑃1, and

using the inequality (26), we have

𝑧
2
1𝑒
−𝑧

2𝑁

1 𝜃̂1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
− 𝑧

2
1𝑃1

= 𝑒
−𝑧

2𝑁

1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
(

𝜃̂1 −
∫

𝑡

𝑡0

𝑧
2
1
‖
‖
‖
𝑆1

(
̆𝜻1
)‖
‖
‖

−2
𝑑𝜏

)

≤ 0 (27)

Substituting (23) and (24) into (22), using the inequality (27), we
obtain that

𝑉1 ≤ −𝜇1𝑧
4
1 + 2𝛾1𝑒

−𝑡

𝜃1𝜃̂1 + 𝑧
4
2 (28)

Furthermore, noting that

𝜃1𝜃̂1 = 𝜃1𝜃1 − 𝜃

2
1 ≤ −

1
2
𝜃

2
1 +

1
2
𝜃

2
1 (29)
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Then, substituting (29) into (28) gives

𝑉1 ≤ −𝜇1𝑧
4
1 − 𝛾1𝑒

−𝑡

𝜃

2
1 + 𝛾1𝑒

−𝑡

𝜃
2
1 + 𝑧

4
2

≤ −𝜇1𝑧
4
1 + 𝛾1𝑒

−𝑡

𝜃
2
1 + 𝑧

4
2 (30)

Step 𝑖(1 < 𝑖 ≤ 𝑛 − 1): For 𝑗 = 1, 2, . . . , 𝑖 − 1, we suppose that vir-
tual controls 𝛼

𝑗
and adaptive laws 𝜃̂

𝑗
have been designed in the

following forms.

𝛼
𝑗
=
⎧
⎪
⎨
⎪
⎩

− 𝜇
𝑗
𝑧

𝑗
− 1−𝑒

−𝑧
2𝑁

𝑗

𝑧
𝑗

𝜃̂
𝑗

‖
‖
‖
𝑆

𝑗

(
̆𝜻
𝑗

)‖
‖
‖

−2
, 𝑧

𝑗
≠ 0

0, 𝑧
𝑗
= 0

(31)

̇
𝜃̂

𝑗
= 𝑧

2
𝑗

‖
‖
‖
𝑆

𝑗

(
̆𝜻
𝑗

)‖
‖
‖

−2
− 2𝛾

𝑗
𝑒
−𝑡

𝜃̂
𝑗

(32)

where ̆𝜻
𝑗
=
[
𝜻

𝑗
, 𝑦

𝑑
, 𝑦̇

𝑑
, . . . , 𝑦

(𝑗)
𝑑

, 𝜃̂1, . . . , 𝜃̂
𝑗−1

]T
. 𝜇

𝑗
and 𝛾

𝑗
are

positive parameters, respectively.

Obviously, (31) and (32) hold for 𝑖 − 1 = 1. In the following, we
only need to give the design process of virtual control 𝛼

𝑖
and adap-

tive law 𝜃̂
𝑖
.

According to (1), (10) and (12), it follows that

𝑑𝑧
𝑖
=
(
𝑓

𝑖

(
𝜻

𝑖+1

)
+ 𝑑

𝑖

(
𝑡, 𝜻

𝑛
(𝑡)
)
− 𝛼

𝑖−1

)
𝑑𝑡 + 𝑔

T
𝑖1 𝑑𝑤 (33)

where 𝛼
𝑖−1 =

∑
𝑖−1
𝑗=1

𝜕𝛼
𝑖−1

𝜕𝜁
𝑗

(
𝑓

𝑖

(
𝜻

𝑖
, 𝜁

𝑖+1

)
+ 𝑑

𝑖

(
𝑡, 𝜻

𝑛
(𝑡)
))

+ 1
2

∑
𝑖−1
𝑗,𝑘=1

𝜕
2
𝛼

𝑖−1
𝜕𝜁

𝑗
𝜕𝜁

𝑘

𝑔
T
𝑗
𝑔

𝑘
+
∑

𝑖−1
𝑘=1

𝜕𝛼
𝑖−1

𝜕𝜃̂
𝑘

̇
𝜃̂

𝑘
+
∑

𝑖−1
𝑘=1

𝜕𝛼
𝑖−1

𝜕𝑦
(𝑘−1)
𝑑

𝑦
(𝑘+1)
𝑑

and 𝑔
T
𝑖1 = 𝑔

T
𝑖

(
𝜻

𝑖+1

)
−

∑
𝑖−1
𝑗=1

𝜕𝛼
𝑖−1

𝜕𝜁
𝑗

𝑔
T
𝑗

(
𝜻

𝑗+1

)
.

Choose the following Lyapunov function candidate

𝑉
𝑖
= 1

4𝑘12
𝑧

4
𝑖
+ 1

2
𝜃

2
𝑖
+ 𝑉

𝑖−1 (34)

where 𝜃
𝑖
= 𝜃

𝑖
− 𝜃̂

𝑖
, 𝜃̂

𝑖
is the estimation of the unknown constant

𝜃
𝑖
, which will defined later.

According to Lemma 3 in [10], if the given initial value 𝜃̂
𝑗

(
𝑡0
)
≥ 0

for 𝑗 = 1, 2, . . . , 𝑖 − 1, then 𝜃̂
𝑗
(𝑡) ≥ 0 for ∀𝑡 ≥ 𝑡0. Therefore, it fol-

lows from (32) that

̇
𝜃̂

𝑗
≤ 𝑧

2
𝑗

‖
‖
‖
𝑆

𝑗

(
̆𝜻
𝑗

)‖
‖
‖

−2
+ 2𝛾

𝑗
𝜃̂

𝑗
(35)

Furthermore, from inequality (35), 𝛼
𝑖−1 can be enlarged as

a continuous function with variable 𝒁
𝑖
=
[

𝜻
𝑇

𝑖+1,
(
𝒚
(𝑖)
𝑑

)T
, 𝜃̂

T

𝑖−1

]T

.

Based on this, repeating the similar method used in (15), (16), (17)
of Step 1, we can imply that there exists a continuous function 𝑓

𝑖2
with variable 𝒁

𝑖
∈ Ω

𝑍
𝑖

⊂ ℛ3𝑖+1 such that

𝑉
𝑖
≤ 𝑧

2
𝑖
𝑓

𝑖2 + 𝑧
3
𝑖
𝛼

𝑖
− 𝜃

𝑖

̇
𝜃̂

𝑖
+ 𝑧

4
𝑖+1 +

𝑖−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
(36)

Following the similar procedure as (18), (36) can be rewritten as

𝑉
𝑖
≤ 𝑧

2
𝑖

(

𝑓
𝑖3 −

(
𝑠
∗
𝑍

𝑖

𝑠
∗
̆𝜻
𝑖

)2
−𝑀

𝑑

)

+ 𝑧
3
𝑖
𝛼

𝑖
− 𝑧

2
𝑖
𝑃

𝑖
− 𝜃

𝑖

̇
𝜃̂

𝑖
+ 𝑧

4
𝑖+1 (37)

where 𝑃
𝑖
= 𝑒

−𝑧
2𝑁

𝑖

‖
‖
‖
𝑆

𝑖

(
̆𝜻
𝑖

)‖
‖
‖

−2
∫

𝑡

𝑡0
𝑧

2
𝑖

‖
‖
‖
𝑆

𝑖

(
̆𝜻
𝑖

)‖
‖
‖

−2
𝑑𝜏, ̆𝜻

𝑖
=
[
𝜻

T
𝑖
,

(
𝒚
(𝑖)
𝑑

)T
,

̂𝜽
T

𝑖−1

]
T and 𝑓

𝑖3 = 𝑓
𝑖2 + 𝑃

𝑖
+
(
𝑠
∗
𝑍

𝑖

𝑠
∗
̆𝜻
𝑖

)2
+𝑀

𝑦
𝑑

.

Similar to (19), (20), (21), and (22), according to Lemma 3, for any
given 0 < 𝜀 < 𝑀

𝑦
𝑑

, the unknown continuous function 𝑓
𝑖3 can be

approximated as

𝑉
𝑖
≤ 𝑧

2
𝑖
𝜃̂

𝑖

‖
‖
‖
𝑆

𝑖

(
̆𝜻
𝑖

)‖
‖
‖

−2
+ 𝑧

3
𝑖
𝛼

𝑖
− 𝑧

2
𝑖
𝑃

𝑖
+ 𝜃

𝑖

(
𝑧

2
𝑖

‖
‖
‖
𝑆

𝑖

(
̆𝜻
𝑖

)‖
‖
‖

−2
− ̇

𝜃̂
𝑖

)

+ 𝑧
4
𝑖+1 +

𝑖−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
(38)

Based on (38), design the virtual control signal 𝛼
𝑖

and the
adaptation law ̇

𝜃̂
𝑖

in the following forms

𝛼
𝑖
=
⎧
⎪
⎨
⎪
⎩

− 𝜇
𝑖
𝑧

𝑖
− 1−𝑒

−𝑧
2𝑁

𝑖

𝑧
𝑖

𝜃̂
𝑖

‖
‖
‖
𝑆

𝑖

(
̆𝜻
𝑖

)‖
‖
‖

−2
, 𝑧

𝑖
≠ 0

0, 𝑧
𝑖
= 0

(39)

̇
𝜃̂

𝑖
= 𝑧

2
𝑖

‖
‖
‖
𝑆

𝑖

(
̆𝜻
𝑖

)‖
‖
‖

−2
− 2𝛾

𝑖
𝑒
−𝑡

𝜃̂
𝑖

(40)

where 𝜇
𝑖

and 𝛾
𝑖

are positive design parameters, respectively.

Substituting (39) and (40) into (38), and following the similar
method used in (28), (29) and (30), we have

𝑉
𝑖
≤

𝑖∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
+ 𝑧

4
𝑖+1 (41)

Step 𝑛: By (1), (10) and (12), it follows that

𝑑𝑧
𝑛
=
(
𝑓

𝑛

(
𝜻

𝑖+1

)
+ 𝑑

𝑛

(
𝑡, 𝜻

𝑛
(𝑡)
)
− 𝛼

𝑛−1

)
𝑑𝑡 + 𝑔

T
𝑛1 𝑑𝑤 (42)

where 𝛼
𝑛−1 =

∑
𝑛−1
𝑗=1

𝜕𝛼
𝑛−1

𝜕𝜁
𝑗

(
𝑓

𝑖

(
𝜻

𝑖
, 𝜁

𝑖+1

)
+ 𝑑

𝑖

(
𝑡, 𝜻

𝑛
(𝑡)
))

+ 1
2

∑
𝑛−1
𝑗,𝑘=1

𝜕
2
𝛼

𝑛−1
𝜕𝜁

𝑗
𝜕𝜁

𝑘

𝑔
T
𝑗
𝑔

𝑘
+
∑

𝑛−1
𝑘=1

𝜕𝛼
𝑛−1

𝜕𝜃̂
𝑘

̇
𝜃̂

𝑘
+
∑

𝑛−1
𝑘=1

𝜕𝛼
𝑛−1

𝜕𝑦
(𝑘−1)
𝑑

𝑦
(𝑘+1)
𝑑

and 𝑔
T
𝑛1 = 𝑔

T
𝑛

(
𝜻

𝑖+1

)

−
∑

𝑛−1
𝑗=1

𝜕𝛼
𝑛−1

𝜕𝜁
𝑗

𝑔
T
𝑗

(
𝜻

𝑗+1

)
.

Taking the Lyapunov function candidate 𝑉
𝑛

as

𝑉
𝑛
= 1

4𝑘12
𝑧

4
𝑛
+ 1

2
𝜃

2
𝑛
+ 𝑉

𝑛−1 (43)

where 𝜃
𝑛
= 𝜃

𝑛
− 𝜃̂

𝑛
, 𝜃̂

𝑛
is the estimation of the unknown constant

𝜃
𝑛
, which will defined later.

Similar to step 𝑖, 𝛼
𝑛−1 is also can be enlarged as a continuous

function with variable ̆𝜻
𝑛
=
[

𝜻
T
𝑛
,

(
𝒚
(𝑛)
𝑑

)T
, 𝜃̂

T

𝑛−1

]T

, which is also

integrated into an unknown function and approximated by using
Lemma 3. That is to say, there exist continuous functions 𝑓

𝑛1 and
𝑔

𝑛1 such that

𝑉
𝑛
= 𝑧

2
𝑛

(
𝑧

𝑛
𝑓

𝑛1 + 𝑔
𝑛1
)
+ 𝑧

3
𝑛
ℎ

(
𝜻

𝑛

)
𝑘
−1
12 𝑢 − 𝜃

𝑛

̇
𝜃̂

𝑛
+ 𝑉

𝑛−1 (44)

Considering that the control objective of this paper, based on
Lemma 1, we further assume that there exists a positive constant
𝑀

𝑢
> 0, such that

𝑢(𝜐(𝑡)) = 𝜌(𝜐(𝑡)) + 𝛿(𝜐(𝑡)) (45)
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where 𝜌(𝜐(𝑡)) is a differentiable function and |𝛿(𝜐(𝑡))| < 𝑀
𝑢
.

Substituting (41) with 𝑖 = 𝑛 − 1 and (45) into (44), we have

𝑉
𝑛
≤ 𝑧

2
𝑛

(
𝑧

𝑛
𝑓

𝑛1 + 𝑔
𝑛1
)
+ 𝑧

3
𝑛
ℎ

(
𝑥

𝑛

)
𝑘
−1
12 (𝜌(𝑣(𝑡)) + 𝛿(𝑣(𝑡))) − 𝜃

𝑛

̇
𝜃̂

𝑛

+
𝑛−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
+ 𝑧

4
𝑛

= 𝑧
2
𝑛

(
𝑧

𝑛
𝑓

𝑛1 + 𝑔
𝑛1 + 𝑧

𝑛
ℎ

(
𝑥

𝑛

)
𝑘
−1
12 𝛿(𝑣(𝑡)) + 𝑧

2
𝑛

)

+ ℎ

(
𝑥

𝑛

)
𝑧

3
𝑛
𝑘
−1
12 𝜌(𝑣(𝑡)) − 𝜃

𝑛

̇
𝜃̂

𝑛
+

𝑛−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
(46)

where 𝑓
𝑛2 = 𝑓

𝑛1 + ℎ

(
𝑥

𝑛

)
𝑘
−1
12 𝛿(𝑣(𝑡)) + 𝑧

𝑛
.

In the following, a detailed deduction process for designing 𝜌(𝜐(𝑡))
will be provided, as it is a key step in designing an asymptotic
tracking controller.

Similar to the functions 𝑃1 and 𝑃
𝑖
, define the function 𝑃

𝑛
as fol-

lows

𝑃
𝑛
= 𝑒

−𝑧
2𝑁

𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2
ℎ

(
𝜻

𝑛

)
𝑎
−1
𝑚 ∫

𝑡

𝑡0

𝑧
2
𝑛

(
𝑆

𝑛

(
̆𝜻
𝑛

))−2
𝑑𝜏 (47)

By adding and subtracting 𝑧
2
𝑛
𝑃

𝑛
in (46), we have

𝑉
𝑛
≤ 𝑧

2
𝑛

(
𝑓

𝑛2 + 𝑃
𝑛

)
− 𝑧

2
𝑛
𝑃

𝑛
+ ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛
𝑘
−1
12 𝜌(𝜐(𝑡)) − 𝜃

𝑛

̇
𝜃̂

𝑛

+
𝑛−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
(48)

Similar to (18), we can get

𝑉
𝑛
≤ 𝑧

2
𝑛

(

𝑓
𝑛3 −

(
𝑠
∗
𝑍

𝑛

𝑠
∗
̆𝜻
𝑛

)2
−𝑀

𝑦
𝑑

)

− 𝑧
2
𝑛
𝑃

𝑛
− 𝜃

𝑛

̇
𝜃̂

𝑛

+ ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛
𝑘
−1
12 𝜌(𝜐(𝑡)) +

𝑛−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
(49)

where 𝑓
𝑛3 = 𝑓

𝑛2 + 𝑃
𝑛
+ (𝑠∗

𝑍
𝑛

𝑠
∗
̆𝜻
𝑛

)2 +𝑀
𝑦

𝑑

,𝒁
𝑛
=
[
𝜻

T
𝑛
,

(
𝒚
(𝑛)
𝑑

)T
,
̂𝜽

T

𝑛

]
T.

Again, applying Lemma 3 to the unknown function 𝑓
𝑛3 over a suf-

ficient large compact set Ω
𝑍

𝑛

⊂ ℛ3𝑛+1 and repeating the similar
method used in (19), (20), (21) and (22), we can get that

𝑉
𝑛
≤ 𝑧

2
𝑛
𝜃̂

𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2
− 𝑧

2
𝑛
𝑃

𝑛
+ ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛
𝑘
−1
12 𝜌(𝜐(𝑡))

+ 𝜃
𝑛
(𝑧2

𝑛
||𝑆

𝑛

(
̆𝜻
𝑛

)
||−2 − ̇

𝜃̂
𝑛
) +

𝑛−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
(50)

Based on (50), define the function 𝜌(𝜐(𝑡)) and the adaptive law ̇
𝜃̂

𝑛

as follows
𝜌(𝜐(𝑡)) = 𝑘12𝑎

−1
𝑚

𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

)
(51)

̇
𝜃̂

𝑛
= 𝑧

2
𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2
− 2𝛾

𝑛
𝑒
−𝑡

𝜃̂
𝑛

(52)

with

𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

)
=
⎧
⎪
⎨
⎪
⎩

− 𝜇
𝑛
𝑧

𝑛
− 1−𝑒

−𝑧
2𝑁

𝑛

𝑧
𝑛

𝜃̂
𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2
, 𝑧

𝑛
≠ 0

0, 𝑧
𝑛
= 0

(53)

where 𝜇
𝑛

> 0 is a positive parameter, and 𝜃̂
𝑛

satisfies an initial
condition 𝜃̂

𝑛

(
𝑡0
)
= 0, and 𝛾

𝑛
is a positive parameter.

Clearly, 𝑧
𝑛
(𝑡)𝜌(𝜐(𝑡)) ≤ 0. By the Equation (53) with the initial

value 𝜃̂
𝑛

(
𝑡0
)
= 0, it follows that

𝜃̂
𝑛
(𝑡) =

∫

𝑡

𝑡0

[

𝑧
2
𝑛
||𝑆

𝑛

(
̆𝜻
𝑛

)
||−2 exp

(

∫

𝑡

𝜏

− 2𝛾
𝑛
𝑒
−𝑠

𝑑𝑠

)]

𝑑𝜏

≤
∫

𝑡

𝑡0

𝑧
2
𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2
𝑑𝜏 (54)

From (47) and (54), we have

− 𝑧
2
𝑛
𝑃

𝑛
+ 𝑎

−1
𝑚

ℎ

(
𝜻

𝑛

)
𝑧

2
𝑛
𝑒
−𝑧

2𝑁

𝑛 𝜃̂
𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2
≤ 0 (55)

Furthermore, for 𝑧
𝑛
= 0, it follows that ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛
𝜌(𝜐(𝑡)) = 0. For

𝑧
𝑛
≠ 0, from (51), we have

ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛
𝑘
−1
12 𝜌(𝜐(𝑡))

= 𝑎
−1
𝑚

ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛

𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

)

= −𝜇
𝑛
𝑎
−1
𝑚

ℎ

(
𝜻

𝑛

)
𝑧

4
𝑛
− 𝑎

−1
𝑚

ℎ

(
𝜻

𝑛

)
𝑧

2
𝑛

𝜃̂
𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2

+ 𝑎
−1
𝑚

ℎ

(
𝜻

𝑛

)
𝑒
−𝑧

2𝑁

𝑛 𝜃̂
𝑛

‖
‖
‖
𝑆

𝑛

(
̆𝜻
𝑛

)‖
‖
‖

−2
(56)

Substituting (51) and (52) into (50), by (55) and (56), (50) can be
further enlarged as

𝑉
𝑛
≤ −𝜇

𝑛
𝑧

4
𝑛
+ 2𝛾

𝑛
𝑒
−𝑡

𝜃
𝑛
𝜃̂

𝑛
+

𝑛−1∑

𝑗=1

(
−𝜇

𝑗
𝑧

4
𝑗
+ 𝛾

𝑗
𝑒
−𝑡

𝜃
2
𝑗

)
(57)

Repeating the similar method used in (28), (29), and (30), we have

𝑉
𝑛
≤ −

𝑛∑

𝑗=1
𝜇

𝑗
𝑧

4
𝑗
+ 𝑒

−𝑡

𝑛∑

𝑗=1
𝛾
𝑗
𝜃

2
𝑗

(58)

Based on the above analysis, the input 𝑢(𝜐(𝑡)) in different situa-
tions can be designed as follows.

Case 1: If it is only needed to design the plant input 𝑢(𝜐(𝑡)) for the
system (1) without input constraints, according to (45) and (51),
we can take 𝛿(𝜐(𝑡)) = 0, then

𝑢(𝜐(𝑡)) = 𝜌(𝜐(𝑡)) (59)

Case 2: If the system (1) is a controlled system with unknown non-
smmoth nonlinearity constraint 𝑢(𝜐(𝑡)), it is necessary to further
design the controller for the system (1). For this case, the con-
troller 𝜐(𝑡) can be designed by solving the Equation (51) if 𝜌(𝜐(𝑡))
can ensure the Equation (51) is solvable.

Considering the system (1) with the saturation input con-
straint (2), according to (45) and Lemma 1, we can take
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𝜌(𝜐(𝑡)) = 𝑘12𝑢𝑠𝑚
(𝜐(𝑡)) in (45). Obviously, 𝜌(𝜐(𝑡)) is injective. There-

fore, the controller 𝜐(𝑡) can be designed as

𝜐(𝑡) = 𝑢
−1
𝑠𝑚

(
𝑎
−1
𝑚

𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

))

Considering the system (1) with dead-zone input (3), in view
of (45) and Lemma 1, we take 𝜌(𝜐(𝑡)) = 𝑢

𝑑𝑚

(
𝜐(𝑡), 𝑘1, 𝑘2

)
in

(45). Noting that 𝑘1, 𝑘2 are unknown and cannot be used for
controller design, we again take 𝑢

𝑑𝑚
(𝜐(𝑡)) = 𝑘12𝑎

−1
𝑚

𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

)
.

Then, 𝑧
𝑛
(𝑡)𝑢

𝑑𝑚
(𝜐(𝑡)) ≤ 0. By Lemma 2, we can enlarge

ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛
𝑘
−1
12 𝜌(𝜐(𝑡)) in (46), (48), (49) and (50) as ℎ

(
𝜻

𝑛

)
𝑧

3
𝑛
𝑢

𝑑𝑚
(𝜐(𝑡)).

Furthermore, notice that 𝑢
𝑑𝑚
(𝜐(𝑡)) is injective. Therefore, the

dead-zone controller 𝜐(𝑡) can be designed as

𝜐(𝑡) = 𝑢
−1
𝑑𝑚

(
𝑎
−1
𝑚

𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

))

Based on the analysis above, the controller 𝜐(𝑡) of the system (1)
with the input constraint (2) or (3) can be designed as follow

𝜐(𝑡) = 𝑢
−1
𝜅𝑚

(
𝑎
−1
𝑚

𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

))
(60)

where 𝜅 ∈ {𝑠, 𝑑}.

Remark 10. The non-smooth nonlinearities of the actual con-
trol system are usually unknown and time-varying, which will
limit the system performance. The ideas and techniques such
as Lemma 1, Lemma 4, and (51) in this paper can provide the
effective control schemes to deal with such nonsmooth nonlin-
earities, so that the developed schemes are able to accommodate
the uncertainties. In particular, by virtue of (45) and (51), the
problem of designing adaptive asymptotic controllers for a class
of uncertain systems with input constraint converts to how to find
a differentiable function to approximate such input constraints
with bounded approximation errors. If the established differen-
tial function satisfies (45), it is easy to design a controller for the
system (1) with any input constraint based on (51).

3.2 | Stability Analysis

Based on Lemma 5 and the above discussions, the control objec-
tives are achieved. We summarized the stability result of the
above control design in the following theorem and corollary.

Theorem 1. For the system (1), based on Assumptions 1–5,
backstepping approach and RBFNNs, the designed virtual signals
(23), (31) and (39), adaptive laws (24), (32), (40) and (52), and the
system input (59) guarantee that all the signals in the closed-loop
control system remain ultimately bounded in probability and the
tracking error converges in to zero. Furthermore, if the plant input
𝑢(𝜐(𝑡)) is unknown nonsmooth nonlinearity satisfying the expres-
sion (45), and the Equation (51) is solvable, then a controller
designed by selecting a solution of the Equation (51), as well as vir-
tual signals (23), (31) and (39), adaptive laws (24), (32), (40), and
(52) guarantees the semi-global asymptotic tracking stability of the
system (1) with input constraints 𝑢(𝜐(𝑡)).

Proof. According to Lemma 5 and (58), the conclusion of
Theorem 1 is valid. ◽

Before concluding this section, we present the following
corollary.

Corollary 1. Based on Theorem 1, it is evident that we can
draw a conclusion that the virtual signals (23), (31) and (39), adap-
tive laws (24), (32), (40), and (52), as well as controller (60) guar-
antees the semi-global asymptotic tracking stability of the system (1)
with plant input (2) or (3).

4 | Controller Design and Simulation Examples

By Corollary 1, it is clear that we can design the semi-global
asymptotic tracking controller for the system (1) with the input
constraints (2) or (3).

Consider the following second-order stochastic nonlinear system
with input saturation

⎧
⎪
⎨
⎪
⎩

𝑑𝜁1 =
(
0.5𝜁1 +

(
1 + 0.1𝜁

2
1
)
𝜁2 + 0.5 sin 𝑡

)
𝑑𝑡 + 0.03𝜁1𝑑𝑤

𝑑𝜁2 =
(
𝜁1𝜁2 + 0.5 cos 𝑡 +

(
2 + cos

(
𝜁1𝜁2

))
𝑢

)
𝑑𝑡 + 0.04𝜁2𝑑𝑤

𝑦 = 𝜁1

(61)

where 𝜁1 and 𝜁2 represent the system states and the initial
condition satisfy 𝜁1(0) = 0 and 𝜁2(0) = 0. 𝑦 and 𝑢 represent the
input and output of the system, respectively. The desired signal
is chosen as 𝑦

𝑑
(𝑡) = 0.5 sin 𝑡.

Example 1. Consider the system (61) with the following
input saturation

𝑢 = 𝑢(𝑣) =
⎧
⎪
⎨
⎪
⎩

− 2.5, 𝑣(𝑡) ≤ −2.5
𝑣(𝑡), −2.5 < 𝑣(𝑡) < 1.5
1.5, 𝑣(𝑡) ≥ 1.5

(62)

For the purpose of simplicity, let 𝜑 = 𝜑

(
𝑧

𝑛
,
̆𝜻
𝑛

)
. Noting that

𝑢
𝑠𝑚
(𝜐(𝑡)) is injective, and from (60), it follows that

𝜐(𝑡) = 𝑢
−1
𝑠𝑚

(
𝑎
−1
𝑚

𝜑

)
(63)

From (63), the designed controller 𝜐(𝑡) can be expressed as

𝜐(𝑡) =

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝑟
𝑎
+ 𝜑−𝑎

𝑚
𝑟
𝑎

𝑎
𝑚
−𝑎

𝑚
𝑟
𝑎
+𝜑

, 𝑎
𝑚
(𝑟

𝑎
− 1) < 𝜑 ≤ 𝑎

𝑚
𝑟

𝜑

𝑎
𝑚

, 𝑎
𝑚
𝑟
𝑎
≤ 𝜑 ≤ 𝑎

𝑚
𝑟
𝑏

𝑟
𝑏
+ 𝜑−𝑎

𝑚
𝑟
𝑏

𝑎
𝑚
+𝑎

𝑚
𝑟
𝑏
− 𝜑

, 𝑎
𝑚
𝑟
𝑏
≤ 𝜑 < 𝑎

𝑚
(𝑟

𝑏
+ 1)

(64)

It is apparent that this system satisfies Assumptions 1 and 3.
Based on the control design process, the designed controller can
be expressed as (64), and the virtual control 𝛼1, the adaptive laws
𝜃̂

𝑖
are constructed, respectively, as

𝛼1 =
⎧
⎪
⎨
⎪
⎩

− 𝜇1𝑧1 −
1−𝑒

−𝑧
2𝑁

1

𝑧1
𝜃̂1||𝑆1( ̆𝜻1)||−2

, 𝑧1 ≠ 0

0, 𝑧1 = 0
(65)

̇
𝜃̂

𝑖
= 𝑧

2
𝑖

‖
‖
‖
𝑆

𝑖

(
̆𝜻
𝑖

)‖
‖
‖

−2
− 2𝛾

𝑖
𝑒
−𝑡

𝜃̂
𝑖
, 𝑖 = 1, 2 (66)

where 𝑧1 = 𝜁1 − 𝑦
𝑑
, 𝑧2 = 𝜁2 − 𝛼1, ̆𝜻1 =

[
𝜁1, 𝑦𝑑

, 𝑦̇
𝑑

]T, and ̆𝜻2 =[

𝜻
T
2 ,

(
𝒚
(2)
𝑑

)T
,
̂𝜽1

]T

.

In the simulation, the correlative design parameters are cho-
sen as: 𝜇1 = 80, 𝜇2 = 50, 𝑁 = 1, 𝑎

𝑚
= 2, 𝑟

𝑎
= −30, 𝑟

𝑏
= 20,
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FIGURE 1 | The trajectories of 𝑦 and 𝑦
𝑑

of Example 1.

FIGURE 2 | The trajectory of the tracking error 𝑦 − 𝑦
𝑑

of Example 1.

𝛾1 = 𝛾2 = 1. The simulation is run with the initial conditions
[
𝜁1(0), 𝜁2(0)

]T = [0.01, 0.01]T, and
[
𝜃̂1(0), 𝜃̂2(0)

]T = [0, 0]T. The
simulation results are shown in Figures 1–4. Figure 1 exhibits
the time trajectories of the desired signal 𝑦

𝑑
and system output 𝑦.

It can be seen that the output 𝑦 can almost surely track the given
reference signal 𝑦

𝑑
asymptotically. Figure 2 shows the trajectory

of tracking error 𝑦
𝑑
− 𝑦. It appears that the tracking error is

always converges in to zero and the effect of asymptotic tracking
is achieved. Figure 3 depicts the trajectories of 𝑣 and 𝑢. Figure 4
shows the time trajectories of the system state 𝜁2.

As a result, the simulation results demonstrate the effectiveness
of the proposed controller in handling input saturation and the
good asymptotic tracking performance of the control scheme.

Example 2. Consider the system (61) with the following
input dead-zone

𝑢 = 𝑢(𝑣) =
⎧
⎪
⎨
⎪
⎩

𝑣 + 1.5, 𝑣 ≤ −1.5
0, −1.5 < 𝑣 < 1.5
𝑣 − 1.5, 𝑣 ≥ 1.5

(67)

FIGURE 3 | The trajectories of 𝑣 and 𝑢 of Example 1.

FIGURE 4 | The trajectory of system state 𝜁2 of Example 1.

Noting that 𝑢
𝑑𝑚
(𝜐(𝑡)) = 𝑢

𝑑𝑚
(𝜐(𝑡), 1, 1) is also injective, by (60), it

follows that
𝜐(𝑡) = 𝑢

−1
𝑑𝑚

(
𝑎
−1
𝑚

𝜑

)
(68)

According to (5) and (68), the controller 𝜐(𝑡) is designed as

𝜐(𝑡) =

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

1
2

(
𝑟
𝑎
− 𝜑

𝑎
𝑚
𝑟
𝑎

)
, 𝜑 ≤ −𝑎

𝑚
𝑟

2
𝑎

−
√
− 𝜑

𝑎
𝑚

,−𝑎
𝑚
𝑟

2
𝑎
≤ 𝜑 ≤ 0

√
𝜑

𝑎
𝑚

, 0 ≤ 𝜑 ≤ 𝑎
𝑚
𝑟

2
𝑏

1
2

(
𝑟
𝑏
+ 𝜑

𝑎
𝑚
𝑟
𝑏

)
, 𝜑 ≥ 𝑎

𝑚
𝑟

2
𝑏

(69)

The virtual control law 𝛼1, the adaptive laws ̇
𝜃̂

𝑖
are defined in (65)

and (66), respectively.

The simulation is carried out with
[
𝜁1(0), 𝜁2(0)

]T = [0.01, 0.01]T,
[
𝜃̂1(0), 𝜃̂2(0)

]T = [0, 0]T, 𝜇1 = 80, 𝜇2 = 30, 𝑁 = 1, 𝑎
𝑚
= 1,
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FIGURE 5 | The trajectories of 𝑦 and 𝑦
𝑑

of Example 2.

FIGURE 6 | The trajectory of tracking error 𝑦 − 𝑦
𝑑

of Example 2.

𝑟
𝑎
= −1.5, 𝑟

𝑏
= 1.5, 𝛾1 = 1, 𝛾2 = 1. The simulation results are

shown in Figures 5–8.

From above simulation results, it can clearly verify that the good
asymptotic tracking performance is achieved and the proposed
control scheme is also effective for the studied system (61) with
dead-zone (67).

From the above simulation results, it can clearly be verified that
good asymptotic tracking performance is achieved and that the
proposed control scheme is also effective for the studied system
(61) with the dead-zone (67).

Remark 11. Note that the systems (61) studied in Examples 1
and 2 are the same, but the input constraints (62) and (67) of
the system are different, and then two different controllers are
designed, respectively. Therefore, the methods proposed in this
paper can avoid designing the same controller for the same sys-
tem with different input constraints and reflects more features of
the plant input nonsmooth nonlinearity.

FIGURE 7 | The trajectories of 𝑣 and 𝑢 of Example 2.

FIGURE 8 | The trajectory of system state 𝜁2 of Example 2.

FIGURE 9 | The trajectories of 𝑦 and 𝑦
𝑑

under different control meth-
ods.

1692 International Journal of Adaptive Control and Signal Processing, 2025
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Example 3. To further underscore the superiority of our pro-
posed control scheme, a comparative experiment is conducted
based on system (61) with input saturation (62), pitting the
method proposed in this paper against the method in [42]. The
simulation comparison outcomes are depicted in Figure 9.

As illustrated in Figure 9, both the method introduced in this
paper and the method presented in [42] exhibit the capability to
achieve tracking control, with virtually indistinguishable track-
ing effects. This further underscores the effectiveness of the con-
trol strategy proposed in this paper.

5 | Conclusion

In this paper, a new adaptive neural backstepping asymptotic
tracking control scheme is proposed for a class of uncertain
stochastic nonlinear systems with unknown input constraints
under loose conditions. Some novel auxiliary techniques such as
differentiable approximation function and dimension reduction
inequality are provided to avoid the possible obstacles which
result in the tracking error can’t converge zero in the process
of NN controller design. Two simulation examples with differ-
ent input nonlinearity are applied to elucidate the validity of the
designed scheme. Furthermore, the methods used in this paper
are also valid for the asymptotic tracking controller design of
more complex uncertain nonlinear systems with unknown nons-
mooth nonlinear input. Although these methods have some clear
advantages, this study still has its limitations and leaves some
questions for further exploration. For example, our results only
demonstrate the local stability of the studied system because
they depend on the given compact set. And we also don’t give
a method to determine the sufficient large compact set which
heavily influences the choice and design of RBFNNs and fuzzy
logic systems. These limitations will be discussed in the follow-up
research work.

Acknowledgments

The authors thank the Editor-in-Chief, the Associate Editor, the anony-
mous reviewers and Professor Fa-Hui Zhai for his valuable suggestions
on controller design and theoretical derivation in the manuscript.

Conflicts of Interest

The authors declare no conflicts of interest.

Data Availability Statement

Data sharing is not applicable to this article as no data sets were generated
or analyzed during the current study.

References

1. Y. Q. Han, S. L. Zhu, D. Y. Duan, L. Chu, P. C. Xiong, and S. G. Yang,
“Observer-Based Adaptive Neural Tracking Control for a Class of Stochas-
tic Nonlinear Systems,” International Journal of Control 94, no. 5 (2021):
1344–1354, https://doi.org/10.1080/00207179.2019.1648876.

2. C. Hua, L. Zhang, and X. Guan, “Decentralized Output Feedback Adap-
tive NN Tracking Control for Time-Delay Stochastic Nonlinear Systems
With Prescribed Performance,” IEEE Transactions on Neural Networks
and Learning Systems 26, no. 11 (2015): 2749–2759, https://doi.org/10.
1109/TNNLS.2015.2392946.

3. Y. Q. Han, “Adaptive Control of a Class of Stochastic Nonlin-
ear Systems With Full State Constraints and Input Saturation Using
Multi-Dimensional Taylor Network,” Asian Journal of Control 24, no. 4
(2022): 1609–1621, https://doi.org/10.1002/asjc.2551.

4. T. Zhang and X. Xia, “Adaptive Output Feedback Tracking Control
of Stochastic Nonlinear Systems With Dynamic Uncertainties,” Inter-
national Journal of Robust and Nonlinear Control 25, no. 9 (2015):
1282–1300, https://doi.org/10.1002/rnc.3139.

5. X. Su, L. Wu, P. Shi, and Y. D. Song, “A Novel Approach to Output
Feedback Control of Fuzzy Stochastic Systems,” Automatica 50,
no. 12 (2014): 3268–3275, https://doi.org/10.1016/j.automatica.2014.10.
053.

6. M. X. Wang, S. L. Zhu, S. M. Liu, Y. Du, and Y. Q. Han, “Design of
Adaptive Finite-Time Fault-Tolerant Controller for Stochastic Nonlinear
Systems With Multiple Faults,” IEEE Transactions on Automation Science
and Engineering 20, no. 4 (2023): 2492–2502, https://doi.org/10.1109/
TASE.2022.3206328.

7. Y. Q. Han and J. J. Sun, “Adaptive Finite-Time Control for a Class of
Stochastic Nonlinear Systems With Input Saturation Constraints: A New
Approach Based on Multi-Dimensional Taylor Network,” International
Journal of Robust and Nonlinear Control 34, no. 8 (2024): 5329–5345,
https://doi.org/10.1002/rnc.7266.

8. B. Homayoun, M. M. Arefi, and N. Vafamand, “Robust Adaptive
Backstepping Tracking Control of Stochastic Nonlinear Systems With
Unknown Input Saturation: A Command Filter Approach,” International
Journal of Robust and Nonlinear Control 30, no. 8 (2020): 3296–3313,
https://doi.org/10.1002/rnc.4933.

9. G. Cui, T. Jiao, Y. Wei, G. Song, and Y. Chu, “Adaptive Neural Control
of Stochastic Nonlinear Systems With Multiple Time-Varying Delays and
Input Saturation,” Neural Computing and Applications 25, no. 3-4 (2014):
779–791, https://doi.org/10.1007/s00521-014-1548-6.

10. N. Li, Y. Du, D. M. Wang, S. L. Zhu, and H. Yu-Qun, “Adap-
tive Decentralized Prescribed Performance Control for a Class of
Large-Scale Stochastic Nonlinear Systems Subject to Input Saturation and
Full State Constraints,” International Journal of Adaptive Control and
Signal Processing 37, no. 9 (2023): 2451–2471, https://doi.org/10.1002/
acs.3647.

11. H. Li, L. Bai, L. Wang, Q. Zhou, and H. Wang, “Adaptive Neural
Control of Uncertain Nonstrict-Feedback Stochastic Nonlinear Systems
With Output Constraint and Unknown Dead Zone,” IEEE Transactions
on Systems, Man, and Cybernetics: Systems 47, no. 8 (2017): 2048–2059,
https://doi.org/10.1109/TSMC.2016.2605706.

12. H. Su and W. Zhang, “Adaptive Fuzzy Control for Pure-Feedback
Stochastic Nonlinear Systems With Unknown Dead Zone Outputs,”
International Journal of Systems Science 49, no. 14 (2018): 2981–2995,
https://doi.org/10.1080/00207721.2018.1530397.

13. H. Wang, B. Chen, K. Liu, X. Liu, and C. Lin, “Adaptive Neural
Tracking Control for a Class of Nonstrict-Feedback Stochastic Nonlin-
ear Systems With Unknown Backlash-Like Hysteresis,” IEEE Transac-
tions on Neural Networks and Learning Systems 25, no. 5 (2014): 947–958,
https://doi.org/10.1109/TNNLS.2013.2283879.

14. M. M. Aghajary and A. Gharehbaghi, “A Novel Adaptive Control
Design Method for Stochastic Nonlinear Systems Using Neural Net-
work,” Neural Computing and Applications 33, no. 15 (2021): 9259–9287,
https://doi.org/10.1007/s00521-021-05689-1.

15. Y. Q. Han, S. L. Zhu, and S. G. Yang, “Adaptive Multi-Dimensional
Taylor Network Tracking Control for a Class of Stochastic Nonlin-
ear Systems With Unknown Input Dead-Zone,” IEEE Access 6 (2018):
34543–34554, https://doi.org/10.1109/ACCESS.2018.

16. H. Deng and M. Krstic, “Stochastic Nonlinear Stabilization - I: A Back-
stepping Design,” Systems & Control Letters 32, no. 3 (1997): 143–150,
https://doi.org/10.1016/S0167-6911(97)00068-6.

1693

 10991115, 2025, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/acs.4019 by Q

IN
G

D
A

O
 U

N
IV

E
R

SIT
Y

 O
F SC

IE
N

C
E

 &
 T

E
C

H
, W

iley O
nline L

ibrary on [04/03/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1080/00207179.2019.1648876
https://doi.org/10.1080/00207179.2019.1648876
https://doi.org/10.1109/TNNLS.2015.2392946
https://doi.org/10.1109/TNNLS.2015.2392946
https://doi.org/10.1109/TNNLS.2015.2392946
https://doi.org/10.1002/asjc.2551
https://doi.org/10.1002/asjc.2551
https://doi.org/10.1002/rnc.3139
https://doi.org/10.1002/rnc.3139
https://doi.org/10.1016/j.automatica.2014.10.053
https://doi.org/10.1016/j.automatica.2014.10.053
https://doi.org/10.1016/j.automatica.2014.10.053
https://doi.org/10.1109/TASE.2022.3206328
https://doi.org/10.1109/TASE.2022.3206328
https://doi.org/10.1109/TASE.2022.3206328
https://doi.org/10.1002/rnc.7266
https://doi.org/10.1002/rnc.7266
https://doi.org/10.1002/rnc.4933
https://doi.org/10.1002/rnc.4933
https://doi.org/10.1007/s00521-014-1548-6
https://doi.org/10.1007/s00521-014-1548-6
https://doi.org/10.1002/acs.3647
https://doi.org/10.1002/acs.3647
https://doi.org/10.1002/acs.3647
https://doi.org/10.1109/TSMC.2016.2605706
https://doi.org/10.1109/TSMC.2016.2605706
https://doi.org/10.1080/00207721.2018.1530397
https://doi.org/10.1080/00207721.2018.1530397
https://doi.org/10.1109/TNNLS.2013.2283879
https://doi.org/10.1109/TNNLS.2013.2283879
https://doi.org/10.1007/s00521-021-05689-1
https://doi.org/10.1007/s00521-021-05689-1
https://doi.org/10.1109/ACCESS.2018
https://doi.org/10.1109/ACCESS.2018
https://doi.org/10.1016/S0167-6911(97)00068-6
https://doi.org/10.1016/S0167-6911(97)00068-6


17. X. Mao, “Stochastic Versions of the LaSalle Theorem,” Journal of Dif-
ferential Equations 153, no. 1 (1999): 175–195, https://doi.org/10.1006/
jdeq.1998.3552.

18. R. Khasminskii, Stochastic Stability of Differential Equations (Springer
Science & Business Media, 2011).

19. M. Krstic, P. V. Kokotovic, and I. Kanellakopoulos, Nonlinear and
Adaptive Control Design (John Wiley & Sons, Incorporation, 1995).

20. Z. Ding, Nonlinear and Adaptive Control Systems (Institution of Engi-
neering & Technology, 2013).

21. J. T. Spooner, M. Maggiore, R. Ordonez, and K. M. Passino, Stable
Adaptive Control and Estimation for Nonlinear Systems: Neural and Duzzy
Approximator Techniques (John Wiley & Sons, Inc., 2002).

22. L. X. Wang, Adaptive Fuzzy Systems and Control: Design and Stability
Analysis (Prentice-Hall, 1994).

23. H. Xu, D. X. Yu, and Y. J. Liu, “Observer-Based Fuzzy Adaptive Pre-
defined Time Control for Uncertain Nonlinear Systems With Full-State
Error Constraints,” IEEE Transactions on Fuzzy Systems 32, no. 3 (2024):
1370–1382, https://doi.org/10.1109/TFUZZ.2023.3321669.

24. S. Sui, C. L. P. Chen, and S. C. Tong, “Command Filter-Based Prede-
fined Time Adaptive Control for Nonlinear Systems,” IEEE Transactions
on Automatic Control 69, no. 11 (2024): 7863–7870, https://doi.org/10.
1109/TAC.2024.3399998.

25. Y. J. Liu, L. Liu, and S. C. Tong, “Adaptive Neural Network Tracking
Design for a Class of Uncertain Nonlinear Discrete-Time Systems With
Dead-Zone,” SCIENCE CHINA Information Sciences 57 (2014): 1–12,
https://doi.org/10.1007/s11432-012-4779-0.

26. H. Wang, B. Chen, X. Liu, K. Liu, and C. Lin, “Robust Adaptive Fuzzy
Tracking Control for Pure-Feedback Stochastic Nonlinear Systems With
Input Constraints,” IEEE Transactions on Cybernetics 43, no. 6 (2013):
2093–2104, https://doi.org/10.1109/TCYB.2013.2240296.

27. Y. Xu, H. Liang, T. Li, and H. Ma, “Observer-Based Adaptive Con-
trol for Nonlinear Strict-Feedback Stochastic Systems With Output Con-
straints,” International Journal of Robust and Nonlinear Control 29, no. 5
(2019): 1515–1536, https://doi.org/10.1002/rnc.4445.

28. H. Min, S. Xu, and Z. Zhang, “Adaptive Finite-Time Stabilization of
Stochastic Nonlinear Systems Subject to Full-State Constraints and Input
Saturation,” IEEE Transactions on Automatic Control 66, no. 3 (2021):
1306–1313, https://doi.org/10.1109/TAC.2020.2990173.

29. Y. Li, J. Zhang, W. Liu, and S. Tong, “Observer-Based Adaptive Opti-
mized Control for Stochastic Nonlinear Systems With Input and State
Constraints,” IEEE Transactions on Neural Networks and Learning Sys-
tems 33, no. 12 (2022): 7791–7805, https://doi.org/10.1109/TNNLS.2021.
3087796.

30. C. Liu, L. Liu, Z. Wu, J. Cao, and J. Qiu, “Observer-Based
Event-Triggered Optimal Control for Unknown Nonlinear Stochas-
tic Multi-Agent Systems With Input Constraints,” Journal of the
Franklin Institute 360, no. 12 (2023): 8144–8177, https://doi.org/10.1016/
j.jfranklin.2023.06.015.

31. S. S. Ge, C. C. Hang, and L. C. Woon, “Adaptive Neural Network
Control of Robot Manipulators in Task Space,” IEEE Transactions on
Industrial Electronics 44, no. 6 (1997): 746–752, https://doi.org/10.1109/
41.649934.

32. L. B. Wu, G. H. Yang, H. Wang, and F. Wang, “Adaptive
Fuzzy Asymptotic Tracking Control of Uncertain Nonaffine Non-
linear Systems With Non-symmetric Dead-Zone Nonlinearities,”
Information Sciences 348 (2016): 1–14, https://doi.org/10.1016/j.ins.
2016.02.017.

33. P. M. Patre, W. MacKunis, K. Kaiser, and W. E. Dixon, “Asymptotic
Tracking for Uncertain Dynamic Systems via a Multilayer Neural Net-
work Feedforward and RISE Feedback Control Structure,” IEEE Transac-
tions on Automatic Control 53, no. 9 (2008): 2180–2185, https://doi.org/
10.1109/TAC.2008.930200.

34. T. Hayakawa, W. M. Haddad, and N. Hovakimyan, “Neural Network
Adaptive Control for a Class of Nonlinear Uncertain Dynamical Systems
With Asymptotic Stability Guarantees,” IEEE Transactions on Neural Net-
works 19, no. 1 (2008): 80–89, https://doi.org/10.1109/TNN.2007.902704.

35. P. M. Patre, W. MacKunis, C. Makkar, and W. E. Dixon, “Asymp-
totic Tracking for Systems With Structured and Unstructured Uncertain-
ties,” IEEE Transactions on Control Systems Technology 16, no. 2 (2008):
373–379, https://doi.org/10.1109/TCST.2007.908227.

36. X. Zhao, X. Wang, L. Ma, and G. Zong, “Fuzzy Approximation Based
Asymptotic Tracking Control for a Class of Uncertain Switched Nonlinear
Systems,” IEEE Transactions on Fuzzy Systems 28, no. 4 (2020): 632–644,
https://doi.org/10.1109/TFUZZ.2019.2912138.

37. S. J. Liu, J. F. Zhang, and Z. P. Jiang, “Decentralized Adaptive
Output-Feedback Stabilization for Large-Scale Stochastic Nonlinear Sys-
tems,” Automatica 43, no. 2 (2007): 238–251, https://doi.org/10.1016/j.
automatica.2006.08.028.

38. Y. Liu and Q. Zhu, “Adaptive Neural Network Asymptotic Tracking
Control for Nonstrict Feedback Stochastic Nonlinear Systems,” Neural
Networks 143 (2021): 283–290, https://doi.org/10.1016/j.neunet.2021.06.
011.

39. Y. Q. Han, “Adaptive Output-Feedback Tracking Control for a Class
of Nonlinear Systems With Input Saturation: A Multi-Dimensional Tay-
lor Network-Based Approach,” International Journal of Systems Science
51, no. 13 (2020): 2471–2482, https://doi.org/10.1080/00207721.2020.
1797226.

40. C. Wang, D. J. Hill, S. S. Ge, and G. Chen, “An ISS-Modular Approach
for Adaptive Neural Control of Pure-Feedback Systems,” Automatica 42,
no. 5 (2006): 723–731, https://doi.org/10.1016/j.automatica.2006.01.004.

41. A. J. Kurdila, F. J. Narcowich, and J. D. Ward, “Persistency of Exci-
tation in Identification Using Radial Basis Function Approximants,”
SIAM Journal on Control and Optimization 33, no. 2 (1995): 625–642,
https://doi.org/10.1137/S0363012992232555.

42. H. Wang, B. Chen, X. Liu, K. Liu, and C. Lin, “Adaptive Neural
Tracking Control for Stochastic Nonlinear Strict-Feedback Systems With
Unknown Input Saturation,” Information Sciences 269 (2014): 300–315,
https://doi.org/10.1016/j.ins.2013.09.043.

43. Y. F. Gao, X. M. Sun, C. Wen, and W. Wang, “Adaptive Tracking Con-
trol for a Class of Stochastic Uncertain Nonlinear Systems With Input
Saturation,” IEEE Transactions on Automatic Control 62, no. 5 (2017):
2498–2504, https://doi.org/10.1109/TAC.2016.2600340.

44. Q. Wang, C. Gao, Y. Cui, and L. B. Wu, “Adaptive Control-Based Bar-
rier Lyapunov Functions for Strict-Feedback Stochastic Nonlinear Sys-
tems With Input Saturation and Dead Zone,” International Journal of
Systems Science 53, no. 15 (2022): 3165–3176, https://doi.org/10.1080/
00207721.2022.2075486.

45. S. H. Crandall and W. D. Mark, Random Vibration in Mechanical Sys-
tems (Academic Press, 1963).

46. H. Wang, X. Liu, K. Liu, and H. R. Karimi, “Approximation-Based
Adaptive Fuzzy Tracking Control for a Class of Nonstrict-Feedback
Stochastic Nonlinear Time-Delay Systems,” IEEE Transactions on Fuzzy
Systems 23, no. 5 (2015): 1746–1760, https://doi.org/10.1109/TFUZZ.
2014.2375917.

47. S. Tong, Y. Li, Y. Li, and Y. Liu, “Observer-Based Adaptive Fuzzy Back-
stepping Control for a Class of Stochastic Nonlinear Strict-Feedback Sys-
tems,” IEEE Transactions on Systems, Man, and Cybernetics, Part B 41, no.
6 (2011): 1693–1704, https://doi.org/10.1109/TSMCB.2011.2159264.

1694 International Journal of Adaptive Control and Signal Processing, 2025

 10991115, 2025, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/acs.4019 by Q

IN
G

D
A

O
 U

N
IV

E
R

SIT
Y

 O
F SC

IE
N

C
E

 &
 T

E
C

H
, W

iley O
nline L

ibrary on [04/03/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1006/jdeq.1998.3552
https://doi.org/10.1006/jdeq.1998.3552
https://doi.org/10.1006/jdeq.1998.3552
https://doi.org/10.1109/TFUZZ.2023.3321669
https://doi.org/10.1109/TFUZZ.2023.3321669
https://doi.org/10.1109/TAC.2024.3399998
https://doi.org/10.1109/TAC.2024.3399998
https://doi.org/10.1109/TAC.2024.3399998
https://doi.org/10.1007/s11432-012-4779-0
https://doi.org/10.1007/s11432-012-4779-0
https://doi.org/10.1109/TCYB.2013.2240296
https://doi.org/10.1109/TCYB.2013.2240296
https://doi.org/10.1002/rnc.4445
https://doi.org/10.1002/rnc.4445
https://doi.org/10.1109/TAC.2020.2990173
https://doi.org/10.1109/TAC.2020.2990173
https://doi.org/10.1109/TNNLS.2021.3087796
https://doi.org/10.1109/TNNLS.2021.3087796
https://doi.org/10.1109/TNNLS.2021.3087796
https://doi.org/10.1016/j.jfranklin.2023.06.015
https://doi.org/10.1016/j.jfranklin.2023.06.015
https://doi.org/10.1016/j.jfranklin.2023.06.015
https://doi.org/10.1109/41.649934
https://doi.org/10.1109/41.649934
https://doi.org/10.1109/41.649934
https://doi.org/10.1016/j.ins.2016.02.017
https://doi.org/10.1016/j.ins.2016.02.017
https://doi.org/10.1016/j.ins.2016.02.017
https://doi.org/10.1109/TAC.2008.930200
https://doi.org/10.1109/TAC.2008.930200
https://doi.org/10.1109/TAC.2008.930200
https://doi.org/10.1109/TNN.2007.902704
https://doi.org/10.1109/TNN.2007.902704
https://doi.org/10.1109/TCST.2007.908227
https://doi.org/10.1109/TCST.2007.908227
https://doi.org/10.1109/TFUZZ.2019.2912138
https://doi.org/10.1109/TFUZZ.2019.2912138
https://doi.org/10.1016/j.automatica.2006.08.028
https://doi.org/10.1016/j.automatica.2006.08.028
https://doi.org/10.1016/j.automatica.2006.08.028
https://doi.org/10.1016/j.neunet.2021.06.011
https://doi.org/10.1016/j.neunet.2021.06.011
https://doi.org/10.1016/j.neunet.2021.06.011
https://doi.org/10.1080/00207721.2020.1797226
https://doi.org/10.1080/00207721.2020.1797226
https://doi.org/10.1080/00207721.2020.1797226
https://doi.org/10.1016/j.automatica.2006.01.004
https://doi.org/10.1016/j.automatica.2006.01.004
https://doi.org/10.1137/S0363012992232555
https://doi.org/10.1137/S0363012992232555
https://doi.org/10.1016/j.ins.2013.09.043
https://doi.org/10.1016/j.ins.2013.09.043
https://doi.org/10.1109/TAC.2016.2600340
https://doi.org/10.1109/TAC.2016.2600340
https://doi.org/10.1080/00207721.2022.2075486
https://doi.org/10.1080/00207721.2022.2075486
https://doi.org/10.1080/00207721.2022.2075486
https://doi.org/10.1109/TFUZZ.2014.2375917
https://doi.org/10.1109/TFUZZ.2014.2375917
https://doi.org/10.1109/TFUZZ.2014.2375917
https://doi.org/10.1109/TSMCB.2011.2159264
https://doi.org/10.1109/TSMCB.2011.2159264


48. C. Wen, J. Zhou, Z. Liu, and H. Su, “Robust Adaptive Control of Uncer-
tain Nonlinear Systems in the Presence of Input Saturation and External
Disturbance,” IEEE Transactions on Automatic Control 56, no. 7 (2011):
1672–1678, https://doi.org/10.1109/TAC.2011.2122730.

49. J. Ma, S. S. Ge, Z. Zheng, and D. Hu, “Adaptive NN Control of a Class
of Nonlinear Systems With Asymmetric Saturation Actuators,” IEEE
Transactions on Neural Networks and Learning Systems 26, no. 7 (2015):
1532–1538, https://doi.org/10.1109/TNNLS.2014.2344019.

50. S. Kang, P. X. Liu, and H. Wang, “Fixed-Time Adaptive Fuzzy Com-
mand Filtering Control for a Class of Uncertain Nonlinear Systems With
Input Saturation and Dead Zone,” Nonlinear Dynamics 110, no. 3 (2022):
2401–2414, https://doi.org/10.1007/s11071-022-07731-w.

51. G. Bertotti and I. D. Mayergoyz, The Science of Hysteresis (American
Academic Press, 2005).

52. M. Chen, S. S. Ge, and B. V. E. How, “Robust Adaptive Neural Network
Control for a Class of Uncertain MIMO Nonlinear Systems With Input
Nonlinearities,” IEEE Transactions on Neural Networks 21, no. 5 (2010):
796–812, https://doi.org/10.1109/TNN.2010.2042611.

53. Y. Zhou, X. Wang, and R. Xu, “Command-Filter-Based Adaptive Neu-
ral Tracking Control for a Class of Nonlinear MIMO State-Constrained
Systems With Input Delay and Saturation,” Neural Networks 147 (2022):
152–162, https://doi.org/10.1016/j.neunet.2021.12.006.

54. H. Wang, H. R. Karimi, P. X. Liu, and H. Yang, “Adaptive Neural Con-
trol of Nonlinear Systems With Unknown Control Directions and Input
Dead-Zone,” IEEE Transactions on Systems, Man, and Cybernetics: Sys-
tems 48, no. 11 (2018): 1897–1907, https://doi.org/10.1109/TSMC.2017.
2709813.

1695

 10991115, 2025, 8, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/acs.4019 by Q

IN
G

D
A

O
 U

N
IV

E
R

SIT
Y

 O
F SC

IE
N

C
E

 &
 T

E
C

H
, W

iley O
nline L

ibrary on [04/03/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1109/TAC.2011.2122730
https://doi.org/10.1109/TAC.2011.2122730
https://doi.org/10.1109/TNNLS.2014.2344019
https://doi.org/10.1109/TNNLS.2014.2344019
https://doi.org/10.1007/s11071-022-07731-w
https://doi.org/10.1007/s11071-022-07731-w
https://doi.org/10.1109/TNN.2010.2042611
https://doi.org/10.1109/TNN.2010.2042611
https://doi.org/10.1016/j.neunet.2021.12.006
https://doi.org/10.1016/j.neunet.2021.12.006
https://doi.org/10.1109/TSMC.2017.2709813
https://doi.org/10.1109/TSMC.2017.2709813
https://doi.org/10.1109/TSMC.2017.2709813

	New Design to Adaptive Neural Asymptotic Tracking Control for a Class of Uncertain Stochastic Nonlinear Systems With Unknown Input Constraints
	ABSTRACT
	1 | Introduction
	2 | Problem Statement and Preliminaries
	2.1 | System Description and Control Objective
	2.2 | Injective Differentiable Function to Approximate (2) and (3)
	2.3 | Universal Approximation of RBFNN
	2.4 | Stability Theorem

	3 | Adaptive Neural Asymptotic Tracking Control Design
	3.1 | Controller Design
	3.2 | Stability Analysis

	4 | Controller Design and Simulation Examples

	5 | Conclusion
	Acknowledgments
	Conflicts of Interest
	Data Availability Statement
	References

