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Abstract—Nowadays, over 90 percent of the medical data
comes from the medical image. People can reduce the medical
faults in diagnoses by using computer to analyze and process
these medical image data. In this paper, we focus on the
reconstruction of dynamic magnetic resonance imaging (MRI),
which is crucial to medical diagnoses. Considering the suc-
cessful application of the robust principal component analysis
(RPCA) in MRI to increase the imaging speed and improve
the imaging quality, we propose a model based on RPCA.
However, the conventional models based on RPCA have two
drawbacks: one is that the nuclear norm is often inexact rank
approximation, especially when there exist some large singular
values; the other is that dealing with the whole data matrix
is always time consuming. Our strategies are to adopt a more
exact nonconvex rank approximation and matrix factorization,
respectively. The former has been proved to be better than
the nuclear norm, while the latter can reduce computation
complexity by turning the computing object into a core matrix,
which is much smaller than the original data matrix. Then the
alternating direction method (ADM) is used to solve the well-
designed model. Experiments of cardiac cine and abdomen
MRI data are conducted to verify the superior performance of
our method in both image clarity and computation efficiency
when compared with the conventional MRI reconstruction
methods.

Keywords-Magnetic resonance imaging; nonconvex; low-rank
plus sparse; low-rank matrix factorization.

I. INTRODUCTION

Dynamic magnetic resonance imaging (dMRI) plays an
important role in medical diagnosis and medical research for
the reason that it can provide static and dynamic image data
on the structure and function of the assessed organs such as
the heart, liver, abdomen and so on [1], [2], [3]. However,
it is difficult for the patient to lay still and hold breath
during the imaging, hence, the low imaging speed limits
to obtain spatial and temporal resolution when imaging the
moving organs. For this reason, it is urgent to overcome
this limitation by some techniques so as to accelerate the
reconstruction of MRI.

There have been many methods proposed to address this
issue, for example, parallel imaging [4], compressed sensing
[5] and k-t acceleration [6]. Considering these multiple
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temporal images are slowly changing and highly coherent,
they have natural low-rank structure until damage occurs
to induce sparse components, hence, there emerge some
methods based on low-rank and sparse decomposition: Otazo
et al. [2] applied a low-rank plus sparse matrix decompo-
sition model to reconstruct undersampled dynamic MRI as
a superposition of background and dynamic components in
various medical imaging problems including cardiac perfu-
sion, cardiac cine and so on; Zonoobi et al. [7] utilized some
priori knowledge for the low-rank and sparse matrix de-
composition to fast reconstruct the dynamic 3D MR images
from undersampled k-space data; Zhong et al. [8] employed
a low-rank plus sparse model by dictionary learning to
reconstruct 3D MRI with better performance; Roohi et al.
[9] proposed a low-rank plus sparse tensor decomposition
model to realize the reconstruction of MRI by solving the
related optimization with the alternating direction method of
multipliers (ADMM). Christodoulou et al. [10] integrated
parallel imaging, low-rank modeling and sparse modeling
to improve cardiovascular MRI. Gao et al. [11] proposed
a phase-constrained low-rank model for reconstruction of
Diffusion-weighted MRI images.

In theory, general RPCA recovers the low-rank part and
sparse part by convex method, i.e., using nuclear norm as the
approximation of the rank of low-rank matrix. However, this
method gets into trouble because nuclear norm cannot ap-
proximate the rank function well, which we have discussed
in our previous work [12]. In this paper, we propose a low-
rank and sparse scheme for reconstruct dAMRI by integrating
the nonconvex rank approximation and low-rank matrix
factorization. Concretely, we use logdet function as the rank
approximation and factorize the low-rank matrix into three
parts including a small core matrix wherein. Hence, our
method only needs the singular value decomposition (SVD)
of a thin matrix, which improves the imaging speed greatly.

The remainder of this paper is organized as follows.
Section II presents the related models and algorithm in
detail. Experimental results are described and analyzed in
Section III and Section IV draws the conclusion.



II. MODELS AND ALGORITHM

In this section, we introduce our model which is not only
based on low-rank and sparse, but also adopts the strategy of
matrix factorization. Then, we propose our algorithm using
augmented Lagrangian multiplier (ALM) method to solve
the associated rank minimization problem.

A. Models

The low-rank plus sparse representation model of dMRI
in [2] is as follows:

I?ingLH*nLAHTSHl st. E(L+S)=d (1)
where L,S € C™*™, T is a sparsifying transform for
S, E is the encoding or acquisition operator and d is the
undersampled k-t data.

By using regularization rather than strict constraints, the

unconstrained formulation of (1) is as follows:
o1
min S{|E(L + 8) = dllz + M L. + TS|k, @)

where A\; and )\ are trade off parameters used to balance
the data consistency versus the complexity of the solution.

For problem (2), on the one hand, we adopt the following
logdet function as a better rank approximation [13] to
replace the nuclear norm || L||.,

min{m,n}
Z log(1 + o).

i=1
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On the other hand, we use matrix factorization which is
useful in high dimensional data processing. In this paper,
the low-rank part L is factorized as

|L|1a = log det(I + (LTL)?) =

L=UcvT, 4)

where U € R™F C € RM* VvV ¢ R |k <«
min{m,n}, UTU = I and VTV = I, I is the identity
matrix with appropriate dimension.

Based on the orthogonal property of U and V, we can
easily derive the following formula:

IL]liq = log det(I + (VCTUTUCVT)?)
= logdet(I + V(CTC)2 V™))
= log det(I + (CTC’)%)) = [Clza-

(&)

Obviously, the factorization L = UCVT may be used so as
to avoid the SVD for a large matrix.
Overall, our model finally reduces to the following form:

. 1
U,%l,l\r/l,s §||E(UC’VT +.8) —d||3 4+ M||Cllia + A2||TS|1

st. Uu=1, V'v=I

(©)
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B. Algorithm

By setting the initial values L = M = Efd S = 0,
we solve (6) by the following six steps to update all the
variables at each iteration.

1) Updating S: For the S—update, we can resort to the
data consistency strategy [2], which uses the singular value
soft-thresholding operator of T'S. Then, the S—update for
(6) is as follows:

S =T (A, (T(M — L)), 7

where the matrix M is used to maintain data consistency.
2) Updating U: The subproblem for optimizing U is

in |[UC —OV|? 8
min || I ®)

U
where © = (E¥E)~'EHd — S, utilizing the solution of
classical orthogonal Procrustes problem [14], we have

U=cLOvch(rRevch)T, ©)

where £(Z) and R(Z) are the left and right singular vectors
of Z, respectively.
3) Updating V : The subproblem for optimizing V' is

: v T _ oT 2 10
Jin [[VCT -6 U, (10)

similar to the U —update, we have
vV =L(©"UC)(ROTUO))T, (11)

4) Updating C: The subproblem of optimizing C' is

i 1
min \y[|Cla + S IOV = C|F, (12)
by using the singular value shrinkage operator [15],
C=F,(UTev), (13)

where F,(Z) = £(Z)diag(max (0,07 — 7))(R(Z))T.
5) Updating L: By the results of (9)(11)(13), we have

L=UcvT. (14)

6) Updating M: The matrix M is obtained to maintain
data consistency. By applying the shrinkage operator to M —
L at the last iteration, we obtain M —update as follows:

M=L+S—E*E(L+S)-d). (15)

In (15), the aliasing artifacts corresponding to the residual
Ef(E(L + S) — d) are subtracted from L + S.
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Figure 1: Performance of different algorithms for dynamic cardiac cine. The three columns from left to right correspond to:
IST[2], NLRMA[12] and Ours; the three rows from top to bottom correspond to L + .S, low-rank component L and sparse
component S of the observed data D. This figure can be better viewed in zoomed PDF.
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Figure 2: Convergence curves with respect to iterations
for cardiac cine data by three different methods IST[2],
NLRMA[12] and Ours.

III. EXPERIMENTAL RESULTS AND DISCUSSION

In this section, firstly, we compare our proposed algorithm
with IST[2] and NLRMA[12] for dynamic cardiac cine data;
then, we compare our method with several current methods
including k-t SENSE[16], XD-GRASP[17] and IST[2] for
dynamic abdomen data. All the data sets we used can be
downloaded online at http://cai2r.net/resources/ software/ls-
reconstruction-matlab-code. Our numerical experiments are
run in MATLAB R2013a on a PC with a COREi3 2.40GHz
CPU and 4GB memory.

Our algorithm stops when the relative error is less than
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2.5 x 1073, namely,

B | Lk41 + Sk41 — (L + Sk)l|p

RelErr =
| Lk + Skllr

< 2.5x 1073,
(16)

Futhermore, we compute the root mean square error
(RMSE) defined as:

|D—L—Sl|lr

|
RMSE = , (17)
Dl r

where D, L, S represent the observed data, low-rank and
sparse matrices, respectively.

A. Dynamic Cardiac Cine

We choose A1 = 1000, A2 = 0.2 on dynamic cardiac cine
data. Our experimental results compared with the other two
algorithms (IST[2] and NLRMA[12]) are showed in Fig. 1,
the selected image size is 128 x 128 x 40, the display window
is [0, 1]. Fig. 2 shows that our method converges earlier and
faster. Besides the comparable visual effects, our method has
improvements by decreasing the computation time around
10% to 20% when compared with the other two, as shown
in Table I. Especially, our main experimental quantitative
indicators, such as RMSE and relative error, have reduced
greatly.

Table I COMPUTATIONAL RESULTS FOR DYNAMIC
CARDIAC CINE

Algorithm Time(s) Iteration RMSE Relative Error
IST 190.7 26 0.5063 2.47 %1073
NLRMA 178.8 22 0.4829 2.42% 1073
Ours 153.8 16 0.2338 2.18 %1072
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Figure 3: Performance of different algorithms for dynamic abdomen. The two columns from left to right correspond to:
IST[2] and Ours; the three rows from top to bottom correspond to L + S, low-rank component L and sparse component S
of the observed data D. This figure can be better viewed in zoomed PDF.
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Figure 4: Reconstruction results of four algorithms for the
dynamic abdomen: (a) k-t SENSE[16], (b) XD-GRASP[17],
(c) IST[2], (d) Ours.

B. Dynamic Abdomen

1) Compare the abdominal L+ S, L and S: We compare
our algorithm with IST[2] by using the abdominal data.
Here, we choose A\; = 10000, Ay = 0.5. Fig. 3 demonstrates
the comparison of the low-rank part L, the sparse part S and
the reconstructed L+ S part of the abdomen data by the two
algorithms IST[2] and Ours when reaching the same relative
error; Table. II reflects the comparison of the indicators,
including the running time, the times of iterations and the
RMSE:s. It can be obviously seen that our algorithm is more
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efficient.

Table II: COMPUTATIONAL RESULTS
NAMIC ABDOMEN

FOR DY-

Algorithm Time(s) Iteration RMSE
IST 1505.84 50 11.4246
Ours 250.98 5 3.9073

2) Compare the abdominal L: We compare the ex-
perimental results among our method and there different
methods k-t SENSE[16], XD-GRASP[17] and IST[2]. Fig.
4 shows the comparisons of the different reconstruction
results when the parameters A; = 10000, A2 = 0.5. Note
the spots which several red arrows point to. Table III lists
the comparisons of RMSE and running time among these
four algorithms. Our method has obvious advantage over
the other three.

Table III: COMPARISONS OF RUNNING TIME AND

RMSE FOR DYNAMIC ABDOMEN
k-t SENSE XD-GRASP
336.2 3103
12.4521 11.7607

IST Ours
1505.84  250.98
9.2530 3.9073

Time(s)
RMSE

IV. CONCLUSION

In this paper, we propose a low-rank and sparse formula-
tion and integrate nonconvex rank approximation and matrix
factorization for reconstructing dynamic magnetic resonance
imaging. The comparisons with other current methods ob-
viously show that our algorithm greatly speeds up the MRI



reconstruction. This may be due to two reasons, one is that
we use the logdet function as the rank approximation which
is more exact than the traditional nuclear norm as the rank
approximation, the other reason is that the low-rank matrix
in our model is factorized into three smaller parts, so the
time consuming singular value decomposition (SVD) on
the original large matrix can be avoided. Experiments are
performed using dynamic cardiac cine data and abdomen
data, we find that our algorithm not only greatly shortens the
running time, but also improves the reconstruction effects. In
our future work, we will consider the MRI data as a tensor
rather than a matrix in order to use the linear relationship
between the different frames along the time mode.
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