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Abstract. Let n ≥ 2 and Φ be a right quaternion linear map from the
set of n × n matrices over the quaternion division ring into itself such
that the set of n × n matrices over the complex field is invariant for Φ.
We show that Φ preserves the right spectrum of quaternion matrices if
and only if there exists an invertible n×n complex matrix X such that
Φ(A) = XAX−1 for every n × n quaternion matrix A.
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1. Introduction

Linear preserver problems are questions about characterizing linear maps on
rings or algebras that preserve certain properties, which also are a very old
and active research area in matrix and operator theory. For example, in 1897,
Frobenius [7] described that the linear map preserves the determinant of com-
plex matrices; in 1949, Dieudonné [5] characterized the form of linear map
from the set of singular complex matrices into itself; in 1959, Marcus and
Moyls [15] characterized linear maps preserving invertibility of complex ma-
trices. Since 1960, much of the work on the spectrum preserving linear maps
have been done by many mathematicians, such as, Aupetit [2], Alaminos,
Bres̆r, S̆mrlb and Villena [3], Costara [4], Jafarian and Sourour [11], Li and
Tsing [13] and Marcus [14], etc. For some surveys about linear preserver prob-
lems and spectrum preserving linear maps, the reader can refer to [10,16] and
[19].
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The quaternions were discovered by Sir William Rowan Hamilton [8]
in 1835. Up to now, quaternions and quaternion matrices have become in-
creasingly useful for practitioners in theory and applications. For example,
a number of research papers related to quaternion or quaternion matrix ap-
pear in mathematical or physical journals, and quantum mechanics based on
quaternion analysis is the main stream in physics. For a detailed account of
quaternion, quaternion matrix and their applications, the reader can consult
[1] and [17].

Because of noncommutativity of quaternions, many properties of quater-
nion matrices are different from that of complex matrices, for example, Zhang
[21, Example 5.2] illustrated that there exists a 2 × 2 quaternion matrix ad-
mitting an infinite right spectrum, Rodman [17, p. 112] pointed out that two
complex matrices which are similar over the quaternion division ring are gen-
erally not similar over complex field. Thus a linear map preserving eigenvalues
of complex matrices may not be valid for the right spectrum of quaternion
matrices. So we hope to characterize the form of linear map preserving the
right spectrum of quaternion matrices, which will be discussed in this paper.

Considering that the form of the linear map preserving eigenvalues
of complex matrices, and two complex matrices which are similar over the
quaternion division ring are generally not similar over complex field, thus we
suppose that the set of n×n complex matrices is invariant for the linear map
preserving the right spectrum of quaternion matrices. With this assumption,
we characterize the form of a linear map preserving the right spectrum of
quaternion matrices. The obtained result is analogous to one of the forms of
the linear map preserving eigenvalues of complex matrices.

2. Preliminaries

Throughout this paper, let R and C be the real and complex number field,
respectively. The quaternion division ring over R, denoted by H, is the set of
all elements with the form a0 + a1i + a2j + a3k, where a0, a1, a2 and a4 ∈ R,
moreover,

i2 = j2 = k2 = ijk = −1;
ij = −ji = k, jk = −kj = i, ki = −ik = j.

If a = a0 +a1i+a2j +a3k, let a = a0 −a1i−a2j −a3k be the conjugate of a.
It is clear that R ⊂ C ⊂ H, and the multiplication operation of quaternions
is noncommutative in H.

Let Mn(C) and Mn(H) denote the set of n × n matrices over C and H,
respectively. Clearly, Mn(C) ⊂ Mn(H). Let E ∈ Mn(C) denote the identity
matrix, Eij ∈ Mn(C) the matrix whose (i, j)th entry is 1 and other entries
are zero, and E(i, j) ∈ Mn(C) be obtained from the identity matrix E by
interchanging the ith row (column) and the jth row (column). For A = [aij ] ∈
Mn(H), let A = [aij ] be the conjugate of A and At = [aji] the transpose of
A. If A ∈ Mn(C), we write trC(A), detC(A) and σp(A) as the trace, the
determinant and the set of distinct complex eigenvalues of complex matrix
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A, respectively. Note that every quaternion matrix A can be uniquely written
as A = A1+A2j with A1 and A2 ∈ Mn(C). We shall call the following 2n×2n
complex matrix [

A1 A2

−A2 A1

]

uniquely determined by A, the complex adjoint of A, denoted by χA.
Due to the noncommutativity of quaternions, there are right and left

eigenvalues for a quaternion matrix, right and left quaternion linear maps.
This paper only concerns about the right eigenvalue and right quaternion
linear map. Their definitions are given below, and the introductions to the
left eigenvalue and left quaternion linear map are omitted. The reader can
refer to [6,17,21] for more information about eigenvalues and linear maps
related to the quaternion matrix.

Definition 2.1. [17,21] Let A ∈ Mn(H), a λ ∈ H is called a right eigenvalue of
A if Ax = xλ for some nonzero x ∈ H

n, where H
n denotes the set of vectors

of n components over H. The set of distinct right eigenvalues is called to be
the right spectrum of A, denoted σr(A).

Definition 2.2. [6,17] A map Φ : Mn(H) → Mn(H) is said to be the right
quaternion linear map if Φ satisfies Φ(A + B) = Φ(A) + Φ(B) and Φ(Aq) =
Φ(A)q for all A,B ∈ Mn(H) and q ∈ H.

When Φ : Mn(H) → Mn(H) is a right quaternion linear map, we say
that Mn(C) is invariant for Φ if Φ(Mn(C)) ⊆ Mn(C), and we also say that
Φ preservers right spectrum of quaternion matrices if σr(Φ(A)) = σr(A) for
every A ∈ Mn(H).

3. The Linear Map Preserving the Right Spectrum

The following Theorem 3.10 characterizes the form of a right quaternion
linear map Φ preserving right spectrum of quaternion matrices when the set of
complex matrices is invariant for Φ. Before starting the proof of Theorem 3.10,
we firstly give the following lemmas.

Lemma 3.1. ([18, Proposition II.1.1.2, 1.1.4]) Let A ∈ Mn(H), then

σr(A) = Sim(σp(χA)) and σp(χA) = σr(A) ∩ C,

where Sim(σp(χA)) = {q−1aq : q ∈ H, q �= 0, a ∈ σp(χA)}.
Lemma 3.2. ([17, Propsition 5.5.2 (2)], [18, Proposition II.1.1(iii)]) Let A,X ∈
Mn(H) and X be an invertible matrix, then σr(XAX−1) = σr(A).

Lemma 3.3. ([15, Theorem 3 (ii), (iii)]) Let Φ : Mn(C) → Mn(C) be a linear
map, then σp(A) = σp(Φ(A)) for all A ∈ Mn(C) if and only if there exists
an invertible matrix X ∈ Mn(C) such that

Φ(A) = XAX−1 or Φ(A) = XAtX−1.
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Lemma 3.4. Let Φ be a right quaternion linear map from Mn(H) into itself
such that σr(A) = σr(Φ(A)) for every A ∈ Mn(H). If Mn(C) is invariant for
Φ, then σp(A) = σp(Φ(A)) for every A ∈ Mn(C).

Proof. Let A ∈ Mn(C). Since Mn(C) is invariant for Φ, we have Φ(A) ∈
Mn(C). Note that σr(A)=σr(Φ(A)), by Lemma 3.1, then σp(χA)=σp(χΦ(A)).
By the matrix representations of χA and χΦ(A), then

σp(A) ∪ σp(A) = σp(Φ(A)) ∪ σp(Φ(A)).

Using the properties of the characteristic polynomial of matrix, we imply that
σp(A) = σp(Φ(A)). �

Remark 3.5. The assumption that Mn(C) is invariant for Φ is indispensable
to the conclusion of Lemma 3.4. For example, let

X = diag(j, 1), and Φ(A) = XAX−1

for every A ∈ M2(H). Clearly, Φ(E21) /∈ M2(C).
By Lemma 3.2, then σr(A) = σr(Φ(A)) for every A ∈ M2(H). Take

A = diag(1 + i, 0) , then Φ(A) = diag(1 − i, 0). Since A, Φ(A) ∈ M2(C),

σp(A) = {1 + i, 0}, σp(Φ(A)) = {1 − i, 0},

we have σp(A) �= σp(Φ(A)). Consequently, σp(A) = σp(Φ(A)) is not valid for
all A ∈ M2(C).

Lemma 3.6. Let A,B ∈ Mn(C). If

σp

([
0 A
−A 0

])
= σp

([
0 B
−B 0

])
, (3.1)

then σp(A A) = σp(BB).

Proof. By [9, Corollary 4.6.15], there exist n×n nonsingular complex matrices
S and X, and n × n real matrices R and T such that

A = SRS
−1

, B = XTX
−1

. (3.2)

Thus
AA = SRS

−1
SRS

−1
= SR2S

−1
,

BB = XTX
−1

XTX
−1

= XT 2X
−1

.
(3.3)

By the equality (3.2), then
[

0 A
−A 0

]
= S1R1S

−1
1 ,[

0 B
−B 0

]
= X1T1X

−1
1 ,

(3.4)

where

S1 =
[

S 0
0 S

]
, R1 =

[
0 R
−R 0

]
,

X1 =
[

X 0
0 X

]
, T1 =

[
0 T
−T 0

]
.
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By the equalities (3.1) and (3.4), then σp(R1) = σp(T1). Thus σp(R2
1) =

σp(T 2
1 ). Notice that

R2
1 =

[−R2 0
0 −R2

]
, T 2

1 =
[−T 2 0

0 −T 2

]
,

σp(R2
1) = σp(−R2) and σp(T 2

1 ) = σp(−T 2), then σp(R2) = σp(T 2). By the
equality (3.3), we have σp(A A) = σp(BB). �

Lemma 3.7. Let A, T ∈ Mn(C). If

σp

([
0 A
−A 0

])
= σp

([
0 AT
−A T 0

])
, (3.5)

then σp(A A) = σp(A TAT ), furthermore, if the equality (3.5) is valid for all
A ∈ Mn(C), then there exists θ ∈ [0, 2π) such that T = eiθE.

Proof. Apply Lemma 3.6 to the equality (3.5), we have

σp(AA) = σp(A TAT ). (3.6)

In addition, if the equality (3.5) is valid for all A ∈ Mn(C), take A = Eij ,
by the equality (3.6), then

σp(EijEij) = σp(Eij TEijT ),

where i, j = 1, 2, . . . , n. If i �= j, since σp(Eij Eij) = {0}, one has

trC(Eij TEijT ) = 0.

By simple matrix computation, then tjitji = 0, tji = 0. Hence T is a diagonal
matrix, write T = diag(t11, t22, . . . , tnn). If i = j, note that Eii Eii = Eii, by
the equality (3.6), then

σp(Eii) = σp(Eii TEiiT ),

i = 1, 2, . . . , n. Hence, {0, 1} = {0, tiitii}, that is

tiitii = 1, i = 1, 2, . . . , n. (3.7)

Take A = E(i, j), where i �= j and i, j = 1, 2, . . . , n. By the equality
(3.7), then

σp(E(i, j) TE(i, j)T ) = {tjjtii, tiitjj , 1}.

Note that E(i, j)E(i, j) = E, by the equality (3.6), we have

σp(E) = σp(E(i, j) TE(i, j)T ). (3.8)

Thus, by the equalities (3.8) and (3.7), we have

tjjtii = 1 = tiitii. (3.9)

In terms of the equality (3.9), then tii = tjj . Consequently,

t11 = t22 = · · · = tnn.

By equality (3.7), then there exists θ ∈ [0, 2π) such that T = eiθE. �
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Lemma 3.8. Let A, T ∈ Mn(C). If

σp

([
0 A
−A 0

])
= σp

([
0 AtT

−At T 0

])
, (3.10)

then σp(AA) = σp(At TAtT ). If the equality (3.10) is valid for all A ∈ Mn(C),
then there exists θ ∈ [0, 2π) such that T = eiθE.

Proof. This is analogous to the proof of Lemma 3.7. �

Lemma 3.9. When n ≥ 2, then there exists A ∈ Mn(H) such that

σr(A) �= σr(At).

Proof. When n = 2, let a1 = 1, a2 = −i, b1 = −i, b2 = −1,

B1 =
[

a2 0
0 a1

]
, B2 =

[
0 b1

b2 0

]
.

Write B = B1 + B2j, then

χB =
[

B1 B2

−B2 B1

]
, χBt =

[
Bt

1 Bt
2

−B2
t
B1

t

]
.

By simple computation, then

detC(χB) = (a1a2 + b1b2)(a2a1 + b2b1) = 0,

detC(χBt) = (a1a2 + b1b2)(a2a1 + b2b1) = 4.

Thus 0 ∈ σp(χB) and 0 /∈ σp(χBt). By Lemma 3.1, then σr(B) �= σr(Bt).
Take A = B, we have

σr(A) �= σr(At).

When n > 2, take A = B ⊕ In−2, then

A = (B1 ⊕ In−2) + (B2 ⊕ 0n−2)j.

where In−2 and 0n−2 denote the identity matrix and the zero-matrix of order
n − 2, respectively. Let B1 ⊕ In−2 = C1 and B2 ⊕ 0n−2 = C2, then

χA =
[

C1 C2

−C2 C1

]
, χAt =

[
Ct

1 Ct
2

−C2
t
C1

t

]
.

Using [12, p. 33, Theorem 1], the cofactor expansion of determinant, we
have

detC(χA) = detC(χB), detC(χAt) = detC(χBt).

Note that 0 ∈ σp(χB), 0 /∈ σp(χBt) and the above equality, by Lemma 3.1,
then

σr(A) �= σr(At).

�

With the above preparations, we can prove following theorem which il-
lustrates that the form of linear map preserving the right spectrum of quater-
nion matrices is partly analogous to the form of linear map preserving eigen-
values of complex matrices.
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Theorem 3.10. Let Φ be a right quaternion linear map from Mn(H) into
itself such that Mn(C) is invariant for Φ. Then σr(A) = σr(Φ(A)) for every
A ∈ Mn(H) if and only if there exists an invertible matrix X ∈ Mn(C) such
that Φ(A) = XAX−1 for every A ∈ Mn(H).

Proof. The sufficiency follows immediately from Lemma 3.2. In the following,
we give the proof of necessity.

Note that Mn(C) is invariant for Φ, by Lemma 3.4, then

σp(A) = σp(Φ(A))

for every A ∈ Mn(C). Apply Lemma 3.3 to the above equality, then there
exists an invertible matrix B ∈ Mn(C) such that

Φ(A) = BAB−1 or Φ(A) = BAtB−1

for all A ∈ Mn(C).
Since A ∈ Mn(H) can be uniquely expressed as A = A1 + A2j, where

A1, A2 ∈ Mn(C), observe that Φ is a right quaternion linear map, we have

Φ(A) = Φ(A1) + Φ(A2)j. (3.11)

Case 1 If Φ(A) = BAB−1 for all A ∈ Mn(C).
By the equality (3.11), then

Φ(A) = BA1B
−1 + BA2B

−1j = B(A1 + A2B
−1jB)B−1

for A = A1 + A2j, where A1, A2 ∈ Mn(C).
Since B ∈ Mn(C), we have jB = Bj and

Φ(A) = B(A1 + A2B
−1Bj)B−1 (3.12)

for A = A1 + A2j, where A1, A2 ∈ Mn(C).
Let T = B−1B, then T ∈ Mn(C). Take A1 = 0 in the equality (3.12),

by the assumption σr(A) = σr(Φ(A)) for all A ∈ Mn(H), and Lemma 3.2,
we obtain that

σr(A2j) = σr(A2Tj)

for all A2 ∈ Mn(C). By Lemma 3.1, then σp(χA2j) = σp(χA2Tj) for all
A2 ∈ Mn(C), that is

σp

([
0 A2

−A2 0

])
= σp

([
0 A2T
−A2 T 0

])

for all A2 ∈ Mn(C). Apply Lemma 3.7 to the above equality, then there exists
θ ∈ [0, 2π) such that T = eiθE. Again use the equality (3.12), we have

Φ(A) = B(A1 + eiθA2j)B−1.

Since A1, A2 ∈ Mn(C) and ei θ
2 j = je−i θ

2 , one has

B(A1 + eiθA2j)B−1 = B(ei θ
2 A1e

−i θ
2 + ei θ

2 A2e
i θ
2 j)B−1

= B(ei θ
2 A1e

−i θ
2 + ei θ

2 A2je
−i θ

2 )B−1

= ei θ
2 B(A1 + A2j)e−i θ

2 B−1

= ei θ
2 B(A1 + A2j)(ei θ

2 B)−1.

Let X = ei θ
2 B, consequently, Φ(A) = XAX−1.
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Case 2. If Φ(A) = BAtB−1 for all A ∈ Mn(C).
Again note that B ∈ Mn(C) and jB = Bj, use the equality (3.11), then

Φ(A) = B(At
1 + At

2B
−1Bj)B−1

for A = A1 + A2j, where A1, A2 ∈ Mn(C).
Let T = B−1B, similar to the arguments of Case 1, by Lemma 3.8, we

have T = eiθE. Hence
Φ(A) = B(At

1 + eiθAt
2j)B

−1.

Since
χAt

1+eiθAt
2j =

[
At

1 At
2e

iθ

−At
2e

−iθ At
1

]

=
[

E 0
0 e−iθE

] [
At

1 At
2

−At
2 At

1

] [
E 0
0 eiθE

]
.

we have σp(χAt
1+eiθAt

2j) = σp(χAt
1+At

2j). Consequently,

Sim(σp(χAt
1+eiθAt

2j)) = Sim(σp(χAt
1+At

2j)).

By Lemma 3.1, then σr(Φ(A)) = σr(At). Note that the assumption σr(A) =
σr(Φ(A)) for all A ∈ Mn(H), we have

σr(A) = σr(At) (3.13)

for all A ∈ Mn(H). By Lemma 3.9, a contradiction is yielded. Consequently,
the case 2 is impossible to arise.

By the above arguments, the proof is completed. �
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