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Abstract. Let n > 2 and ® be a right quaternion linear map from the
set of n X nm matrices over the quaternion division ring into itself such
that the set of n X n matrices over the complex field is invariant for ®.
We show that ® preserves the right spectrum of quaternion matrices if
and only if there exists an invertible n x n complex matrix X such that
D(A) = XAX ! for every n x n quaternion matrix A.
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1. Introduction

Linear preserver problems are questions about characterizing linear maps on
rings or algebras that preserve certain properties, which also are a very old
and active research area in matrix and operator theory. For example, in 1897,
Frobenius [7] described that the linear map preserves the determinant of com-
plex matrices; in 1949, Dieudonné [5] characterized the form of linear map
from the set of singular complex matrices into itself; in 1959, Marcus and
Moyls [15] characterized linear maps preserving invertibility of complex ma-
trices. Since 1960, much of the work on the spectrum preserving linear maps
have been done by many mathematicians, such as, Aupetit [2], Alaminos,
Bresr, Smrlb and Villena [3], Costara [4], Jafarian and Sourour [11], Li and
Tsing [13] and Marcus [14], etc. For some surveys about linear preserver prob-
lems and spectrum preserving linear maps, the reader can refer to [10,16] and
[19].
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The quaternions were discovered by Sir William Rowan Hamilton [8]
in 1835. Up to now, quaternions and quaternion matrices have become in-
creasingly useful for practitioners in theory and applications. For example,
a number of research papers related to quaternion or quaternion matrix ap-
pear in mathematical or physical journals, and quantum mechanics based on
quaternion analysis is the main stream in physics. For a detailed account of
quaternion, quaternion matrix and their applications, the reader can consult
[1] and [17].

Because of noncommutativity of quaternions, many properties of quater-
nion matrices are different from that of complex matrices, for example, Zhang
[21, Example 5.2] illustrated that there exists a 2 X 2 quaternion matrix ad-
mitting an infinite right spectrum, Rodman [17, p. 112] pointed out that two
complex matrices which are similar over the quaternion division ring are gen-
erally not similar over complex field. Thus a linear map preserving eigenvalues
of complex matrices may not be valid for the right spectrum of quaternion
matrices. So we hope to characterize the form of linear map preserving the
right spectrum of quaternion matrices, which will be discussed in this paper.

Considering that the form of the linear map preserving eigenvalues
of complex matrices, and two complex matrices which are similar over the
quaternion division ring are generally not similar over complex field, thus we
suppose that the set of n X n complex matrices is invariant for the linear map
preserving the right spectrum of quaternion matrices. With this assumption,
we characterize the form of a linear map preserving the right spectrum of
quaternion matrices. The obtained result is analogous to one of the forms of
the linear map preserving eigenvalues of complex matrices.

2. Preliminaries

Throughout this paper, let R and C be the real and complex number field,
respectively. The quaternion division ring over R, denoted by H, is the set of
all elements with the form ag + a1i + asj + azk, where ag, a1, a2 and a4 € R,
moreover,

i? =2 =k*=ijk=—1;
ij =—ji=k,jk=—kj=1ki=—ik=j.

If a = ap+a1i+asj+ask, let @ = ag — a1 — asj — azk be the conjugate of a.
It is clear that R C C C H, and the multiplication operation of quaternions
is noncommutative in H.

Let M, (C) and M,,(H) denote the set of n x n matrices over C and H,
respectively. Clearly, M,,(C) C M, (H). Let E € M, (C) denote the identity
matrix, E;; € M, (C) the matrix whose (i, j)th entry is 1 and other entries
are zero, and E(i, j) € M, (C) be obtained from the identity matrix E by
interchanging the ith row (column) and the jth row (column). For A = [a;;] €
M, (H), let A = [a;;] be the conjugate of A and A’ = [a;;] the transpose of
A If A € M,(C), we write trc(A), detc(A) and o,(A) as the trace, the
determinant and the set of distinct complex eigenvalues of complex matrix
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A, respectively. Note that every quaternion matrix A can be uniquely written
as A = A1+ Agj with Ay and Ay € M,,(C). We shall call the following 2n x 2n

complex matrix
Ay Ag
—Ay Ay

uniquely determined by A, the complex adjoint of A, denoted by x 4.

Due to the noncommutativity of quaternions, there are right and left
eigenvalues for a quaternion matrix, right and left quaternion linear maps.
This paper only concerns about the right eigenvalue and right quaternion
linear map. Their definitions are given below, and the introductions to the
left eigenvalue and left quaternion linear map are omitted. The reader can
refer to [6,17,21] for more information about eigenvalues and linear maps
related to the quaternion matrix.

Definition 2.1. [17,21] Let A € M,,(H), a A € H is called a right eigenvalue of
A if Ax = x ) for some nonzero x € H", where H" denotes the set of vectors
of n components over H. The set of distinct right eigenvalues is called to be
the right spectrum of A, denoted o, (A).

Definition 2.2. [6,17] A map ® : M, (H) — M, (H) is said to be the right
quaternion linear map if ® satisfies (A + B) = ®(A) + ¢(B) and ®(Aq) =
®(A)q for all A,B € M,,(H) and ¢ € H.

When ¢ : M, (H) — M,(H) is a right quaternion linear map, we say
that M, (C) is invariant for @ if ®(M,(C)) € M, (C), and we also say that
O preservers right spectrum of quaternion matrices if 0,.(®(4)) = o,.(A) for
every A € M, (H).

3. The Linear Map Preserving the Right Spectrum

The following Theorem 3.10 characterizes the form of a right quaternion
linear map ® preserving right spectrum of quaternion matrices when the set of
complex matrices is invariant for ®. Before starting the proof of Theorem 3.10,
we firstly give the following lemmas.

Lemma 3.1. ([18, Proposition 11.1.1.2, 1.1.4]) Let A € M, (H), then
o,(A) = Sim(o,(x4)) and op(xa) = 0-(A)NC,
where Sim(o,(xa)) ={q 'ag: g€ H, ¢#0, a € oy(xa)}

Lemma 3.2. ([17, Propsition 5.5.2 (2)], [18, Proposition IT.1.1(iii)]) Let A, X €
M, (H) and X be an invertible matriz, then o,.(XAX ') = o,.(A).

Lemma 3.3. ([15, Theorem 3 (ii), (iii)]) Let ® : M, (C) — M, (C) be a linear
map, then o,(A) = o,(®(A)) for all A € M,(C) if and only if there exists
an invertible matrix X € M, (C) such that

P(A) = XAX ! or ®(A) = XA XL,
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Lemma 3.4. Let ® be a right quaternion linear map from M, (H) into itself
such that 0,(A) = o.(P(A)) for every A € M, (H). If M,,(C) is invariant for
O, then op,(A) = 0,(P(A)) for every A € M,(C).

Proof. Let A € M,(C). Since M, (C) is invariant for ®, we have ®(A4) €
M,,(C). Note that 0,.(A) =0,.(®(A)), by Lemma 3.1, then o, (xa) =0, (Xa(4))-
By the matrix representations of x4 and x(4), then

ap(A) Uap(A) = 0,(B(A)) U g (D(A)).
Using the properties of the characteristic polynomial of matrix, we imply that
op(A) = 0p(D(A)). O
Remark 3.5. The assumption that M, (C) is invariant for ® is indispensable
to the conclusion of Lemma 3.4. For example, let

X = diag(j, 1), and ®(A) = XAX !

for every A € My(H). Clearly, ®(E2;) ¢ M3(C).
By Lemma 3.2, then 0,(A) = o,(®(A)) for every A € My(H). Take
A = diag(1 +1, 0), then ®(A) = diag(1 — i, 0). Since A, ®(A) € M,(C),

op(A) = {1+, 0}, op(®(A4)) = {1 -4, 0},

we have o,(A) # 0,(P(A)). Consequently, 0,(A) = 0,(P(A)) is not valid for
all A € My(C).

Lemma 3.6. Let A, B € M,(C). If

() d])
then op(A A) = 0,(BB).

Proof. By [9, Corollary 4.6.15], there exist nxn nonsingular complex matrices
S and X, and n x n real matrices R and 1" such that

A=SRS™', B=XTX " (3.2)
Thus
AA=SRS 'SRS ' =5R?S ', (33)
BB=XTX 'XTX '=XT?X_
By the equality (3.2), then
0 A _
|:_A O:| _SlRlsl )
0B (3.4)
{_B 0} = X\ T X[,

where
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By the equalities (3.1) and (3.4), then 0,(Ry) = 0,(T1). Thus 0,(R?) =
o,(T?). Notice that

~R> 0 -T2 0
U TR R |

0 -R? 0 —T17
op(R?) = 0p(—R?) and 0,(T}) = 0,(—T?), then 0,(R?) = 0,(T?). By the
equality (3.3), we have 0,(A A) = 0,(BB). O

Lemma 3.7. Let A,T € M,,(C). If

0 R () R

then o,(AA) = 0,(A TAT), furthermore, if the equality (5.5) is valid for all
A € M, (C), then there exists 0 € [0,27) such that T = ¢ E.

Proof. Apply Lemma 3.6 to the equality (3.5), we have
op(AA) = 0,(ATAT). (3.6)

In addition, if the equality (3.5) is valid for all A € M, (C), take A = E;;,
by the equality (3.6), then

op(EijEij) = 0p(Eij TE;T),
where i, j =1, 2,...,n. If i # j, since 0, (E;; E;;) = {0}, one has

By simple matrix computation, then ¢;;¢;; = 0, t;; = 0. Hence T is a diagonal
matrix, write T = diag(t11,t22, ..., tnn). If i = j, note that Ey; E;; = Ey;, by
the equality (3.6), then

Up(Eii) = CTP(ETE”T),
i=1,2,...,n. Hence, {0, 1} = {0, #;t;}, that is
Etiizl, 7::1,2,...,7’7,. (37)

Take A = E(i,7), where i # j and i, j = 1,2,...,n. By the equality
(3.7), then

Note that E(i,7)E(i,j) = E, by the equality (3.6), we have

op(E) = 0,(E(i,j) TE(i, j)T). (3.8)
Thus, by the equalities (3.8) and (3.7), we have
tijtii =1 =ity (3.9)

In terms of the equality (3.9), then ¢;; = t;;. Consequently,

t11 =tog =+ =tyn.

By equality (3.7), then there exists 6 € [0,27) such that T = e’ E. O
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Lemma 3.8. Let A,T € M,,(C). If

() (e

then ,(AA) = 0,(A* TA'T). If the equality (3.10) is valid for all A € M,,(C),
then there exists 6 € [0,27) such that T = e E.

Proof. This is analogous to the proof of Lemma 3.7. 0
Lemma 3.9. When n > 2, then there exists A € M,,(H) such that

or(A) # o, (AY).
Proof. When n =2, let a; =1, as = —i, by = —i, by = —1,

_ | a2 0 . 0 b1
Bl_[O (11:|7 B2_|:b20:|.
Write B = By + Bsyj, then
_[BL By _[BI B
XB = 7B2 B1 ) XBt = _Et Et .
By simple computation, then
detc(xp) = (a1a@2 + bibz)(azar + bebi) = 0,
det(c(XBt) = (a1® + blg)(agaﬁ —+ bQE) = 4
Thus 0 € o,(xp) and 0 ¢ o,(xpt). By Lemma 3.1, then o,(B) # o,(B?).
Take A = B, we have
o.(A) # o,.(A").
When n > 2, take A= B ® I,,_», then
A= (B1®I,2)+ (B2 ®0,_2)j.

where I,,_5 and 0,,_5 denote the identity matrix and the zero-matrix of order
n — 2, respectively. Let By ® I,,_o = C7 and By @ 0,,_o = Cs, then

C, Oy ci G
XA = [_0201:| y XAt = |:_02t Clt:| .

Using [12, p. 33, Theorem 1], the cofactor expansion of determinant, we

have
detc(XA) = detC(XB), det(C(XAt) = det(C(XBt)-

Note that 0 € o,(xg), 0 ¢ 0,(xpt) and the above equality, by Lemma 3.1,

then
o, (A) # o, (A").
O

With the above preparations, we can prove following theorem which il-
lustrates that the form of linear map preserving the right spectrum of quater-
nion matrices is partly analogous to the form of linear map preserving eigen-
values of complex matrices.
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Theorem 3.10. Let ® be a right quaternion linear map from M, (H) into
itself such that M, (C) is invariant for ®. Then o,.(A) = o.(P(A)) for every
A € M, (H) if and only if there exists an invertible matriz X € M, (C) such
that ®(A) = XAX L for every A € M, (H).

Proof. The sufficiency follows immediately from Lemma 3.2. In the following,
we give the proof of necessity.
Note that M, (C) is invariant for ®, by Lemma 3.4, then

op(A) = 0p(®(A4))

for every A € M, (C). Apply Lemma 3.3 to the above equality, then there
exists an invertible matrix B € M,,(C) such that

®(A) = BAB™' or ®(A) = BA'B™!
for all A € M, (C).
Since A € M,,(H) can be uniquely expressed as A = A; + Asj, where
Ay, Ay € M, (C), observe that ® is a right quaternion linear map, we have
D(A) = P(A1) + P(A42)]. (3.11)
Case 1 If ®(A) = BAB~! for all A € M,,(C).
By the equality (3.11), then
®(A) = BAB™' + BA;B™'j = B(A, + A,B~'jB)B~!
for A=A; + Agj, where Al, Ay € Mn((C)
Since B € M, (C), we have jB = Bj and
®(A) = B(A, + A,B™'Bj)B~! (3.12)
for A=A + Agj, where Ay, As € MH(C).
Let T = B™'B, then T € M, (C). Take A; = 0 in the equality (3.12),
by the assumption o,(A4) = 0,.(®(A)) for all A € M, (H), and Lemma 3.2,
we obtain that
or(A2j) = 0r(A2T7)

for all Ay € M,(C). By Lemma 3.1, then o,(xa,;) = op(xa,r;) for all
As € M, (C), that is

aE) R )

for all Ay € M,,(C). Apply Lemma 3.7 to the above equality, then there exists
6 € [0,27) such that T = ¢ E. Again use the equality (3.12), we have
D(A) = B(A; + €9 Ayj)B7L.
Since A1, Ay € M,(C) and e’gj = je’ig, one has
B(A; + e Ayj)B~! = B(eigAle_i% + ei%Ageigj)B_1
= B(e'2 Aje™i% + €15 Ayjei2) B~
= eiiB(Al + Agj)(f_i%B_l

¢S B(A; + Asj) (' B)~ L.
Let X = eigB, consequently, ®(A) = XAX L.

£

B
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Case 2. If ®(A) = BA'B~! for all A € M,,(C).
Again note that B € M, (C) and jB = Bj, use the equality (3.11), then

®(A) = B(A, + ALB™'Bj)B~!
for A=A, + Agj, where Ay, As € Mn((C)
Let T = B~'B, similar to the arguments of Case 1, by Lemma 3.8, we
have T' = ¢’ E. Hence
®(A) = B(A! + AL B
Since

At Abe'?
XAt 4ei® AL; =

At ,—i0 At
—Ale A}

C[E o)Al AY[E 0
T 0 e B | AL AL| |0 BT
we have 0, (XAt 4eioat;) = 0p(Xat4ay;). Consequently,
Sim(op (XA te0 ag;)) = Sim(op(Xag+as5))-
By Lemma 3.1, then o,.(®(A)) = 0,.(A"). Note that the assumption o,.(A) =
or(®(A)) for all A € M,,(H), we have
o (A) = o, (A) (3.13)
for all A € M, (H). By Lemma 3.9, a contradiction is yielded. Consequently,

the case 2 is impossible to arise.
By the above arguments, the proof is completed. O

Acknowledgements
The authors are indebted to the Referee’s for giving many valuable comments

and pointing to us Lemma 3.6 and its proof. Their suggestions have improved
the final version of this article.

References

[1] Adler, S.L.: Quaternionic Quantum Mechanics and Quantum Fieldx. Oxford
Univ. Press, New York (1995)

[2] Aupetit, B.: Spectrum-preserving linear mappings between Banach algebras or
Jordan-Banach algebras. J. Lond. Math. Soc. 62(3), 917-924 (2000)

[3] Alaminos, J., Bresr, M., Smrlb, P., Villena, A.R.: A note on spectrum-
preserving maps. J. Math. Anal. Appl. 387, 595-603 (2012)

[4] Costara, C.: A survey of invertibility and spectrum preserving linear maps.
Linear Algebra Appl. 435, 2674-2680 (2011)

[5] Dieudonné, J.: Sur une généralisation du groupe orthogonal aquatre variables.
Arch. Math. 1, 282-287 (1949)

[6] Farenick, D.R., Pidkowich, B.A.F.: The spectral theorem in quaternions. Linear
Algebra Appl. 371, 75-102 (2003)

[7] Frobenius, G.: Uber die Darstellung der endlichen Gruppen durch Linear Sub-
stitutionen. Sitzungsber Deutsch. Akad. Wiss. Berlin. pp. 994-1015 (1897)



Vol. 28 (2018) Linear Map Preserving the Right Spectrum Page 9 of 10 87

[8] Hamilton, W.R.: Theory of conjugate functions, or algebraic couples; with a
preliminary and elementary essay on algebra as the science of pure time. Trans.
R. Irish Acad. 17, 293-422 (1835)
[9] Horn, R.A., Johnson, C.R.: Matrix Analysis, 2nd edn. Cambridge University

Press, New York (2013)

[10] Jafarian, A.A.: A survey of invertibility and spectrum preserving linear maps.
Bull. Iran. Math. Soc. 2, 1-10 (2009)

[11] Jafarian, A.A., Sourour, A.R.: Spectrum-preserving linear maps. J. Funct.
Anal. 66, 255-261 (1986)

[12] Lancaster, P., Tismenetsky, M.: The theory of matrix, 2nd edn. Academic
Press, NewYork (1985)

[13] Li, C.K., Tsing, N.K.: Linear preserver problems: a brief introduction and some
special techniques. Linear Algebra Appl. 162-164(2), 217-235 (1992)

[14] Marcus, M.: Linear transformations on matrices. J. Res. Nat. Bur. Standards
Sect. B. 75B, 107-113 (1971)

[15] Marcus, M., Moyls, B.N.: Linear transformations on algebras of matrices. Can.
J. Math. 11, 61-66 (1959)

[16] Pierce, S.: A survey of linear preserver problems. Linear Multilinear Algebra
33, 1-129 (1992)

[17] Rodman, L.: Topics in Quaternion Linear Algebra. Princeton Univ. Press, New
Jersey (2014)

[18] Siu, L. S.: A study of polynomials, determinants, eigenvalues and numerical
ranges over quaternions. M. Phil. thesis, University of Hong kong (1997)

[19] Sourour, A.R.: Three linear perserver problems, Mathematics and the 21st
century, pp. 211-221. World Sci. Publ, London (2001)

[20] Semrl, P.: Linear maps that preserve the nilpotent operators. Acta Sci. Math.
(Szeged) 61, 523-534 (1995)

[21] Zhang, F.Z.: Quaternions and Matrices of quaternions. Linear Algebra Appl.
251, 21-57 (1997)

Deyu Duan and Xiang Gong

Research Center of Mathematical Modeling
Qingdao University of Science and Technology
Qingdao 266061

China

e-mail: 1215769486@qq. com

Xiang Gong
e-mail: 1ping1967@163.com

Geng Yuan and Fahui Zhai

Department of Mathematics

Qingdao University of Science and Technology
Qingdao 266061

China

e-mail: fahuiz@163.com



87 Page 10 of 10 D. Duan et al.

Geng Yuan
e-mail: 2106249719@qq. com

Received: March 12, 2018.
Accepted: September 5, 2018.

Adv. Appl. Clifford Algebras



	Linear Map Preserving the Right Spectrum of Quaternion Matrices
	Abstract
	1. Introduction
	2. Preliminaries
	3. The Linear Map Preserving the Right Spectrum
	Acknowledgements
	References




