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a b s t r a c t

Characterization of nonlocality is an open problem in physics and engineering. This
paper conducts a detailed investigation on two nonlocal models, namely, the fractional
derivative model and the peridynamic model for anomalous diffusion. A generalized
nonlocal model combining the advantages of the fractional derivative model and the
peridynamic model, is introduced. In this paper, analytical solutions and the mean
squared displacements of the two models are provided and discussed. In addition,
their intrinsic relations and notable differences are investigated. Preliminary applications
indicate that the peridynamic model can well capture an unremarkable transition
from normal-diffusion to super-diffusion, while the fractional derivative model presents
super-diffusion behaviors in the whole process. At last, a generalized nonlocal operator
is proposed as a more general strategy to solve nonlocal problems.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

Nonlocality has been widely documented in nature and engineering fields, including anomalous diffusion [1], material
racture [2] and structural damage [3]. Thus, nonlocal models, which are capable of well describing the nonlocal processes,
ave attracted extensive attention in last decades. Different from traditional local models, nonlocal models usually refer
o the integro-differential expression to characterize the long-range interaction behaviors in natural systems.

In recent decades, various nonlocal models were proposed [4,5]. Among them, the fractional derivative model (FDM)
nd the peridynamic model (PDM) attracted the most attention. Because of the convolution with the power-law kernel
unction, the FDM relates all points in the computational domain. Thus, it can accurately describe the globally correlated
nd history-dependent behaviors [6–9]. After decades of development, the FDM has been widely used in porous media
ransports, soft matter mechanics and hydrological processes etc. [10–12]. Additionally, compared to the commonly
ractional derivative, the fractional Laplacian is a nonlocal operator contains the inner product of the power function [13].

The PDM, firstly proposed by Silling in 2000 [14], is another popular nonlocal model based on integral operator. The
DM has been successfully applied to deal with various static, dynamic and multi-scale problems [15–20]. The PDM
ighlights the object interactions within a finite radius of domain, which is defined by an adjacent radius δ, and the
nteractions between the inside and outside of the adjacent domain are separated [14]. Note that when δ → 0, the points
n the computational domain have no nonlocal interactions and the PDM reduces to a local model. Therefore, δ is a critical
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Nomenclature

uF (x, t) solute concentration for FDM
Kγ effective diffusion coefficient for FDM
γ (1 < γ ≤ 2) space fractional derivative order
K spreading rate of the dispersion for PDM
uP (x, t) solute concentration for PDM
Hx near-field domain of x
x′ adjacent point
Vx′ volume belongs to x′

d(x′, x) micro-diffusivity function
δ near-field ranges
F{uF (x, t); x → k} Fourier transform
F−1

{uF (k, t); k → x} Fourier inverse transform
G (x, t) Green function
uF (k, s) Fourier and Laplace transform of uF (x, t)
δ(x) Dirac function

factor, which determines the nonlocal behavior [21]. Nevertheless, compared to the FDM, the weight function, used to
quantify the degree of interaction of the PDM, is specified as a Gaussian kernel, leading to faster decaying tails.

In summary, there are three major differences between the FDM and the PDM. The first difference is the mathematical
ramework. The FDM adopts convolution operator while the PDM uses integral operator [22,23]. Another difference is
he kernel function approximation. The FDM commonly adopts the power function while the PDM employs the Gaussian
unction in most cases [24,25]. The last difference is the range of nonlocality. The FDM represents a global correlated
onlocality while the PDM restricts the nonlocal area by a finite radius δ. To further explore the advantages and differences
f the two nonlocal models, detailed comparisons are highly desired. This paper aims to conduct a detailed investigation
n the FDM and the PDM and further propose a generalized non-local model to make full use of their advantages. To
etter understand the physical characteristics, a typical nonlocal physical process, anomalous diffusion, is taken as an
xample to investigate the nonlocality expressed by the two models.
The rest of this paper is organized as follows. In Section 2, the governing equations of the two models are presented, of

hich the analytical solutions and the mean squared displacement (MSD) are obtained by the Fourier–Laplace transform.
n Section 3, two practical applications are conducted to demonstrate the applicability of the two models, followed by
etailed comparisons and discussions. Some concluding remarks are provided in Section 4.

. Mathematical models

.1. Governing equations

The governing equation of the FDM to describe anomalous diffusion is expressed as [26]

∂uF (x, t)
∂t

= Kγ

∂uγ

F (x, t)
∂xγ

, 1 < γ ≤ 2, (1)

where uF (x, t) is the solute concentration for FDM, x is the location of points, t denotes ordinary time, Kγ denotes the
ffective diffusion coefficient for FDM and γ (1 < γ ≤ 2) represents the space fractional derivative order. When γ = 2,

Eq. (1) reduces to the classical diffusion equation. Based on the definition of the Riesz potential [27], the space fractional
operator is defined as

∂uγ

F (x, t)
∂xγ

= Dγ uF (x, t) =

∫
R
kγ

(
x − x′

)
uF
(
x′, t

)
dx′. (2)

Note that the Riesz fractional potential with the nonlocal power-law kernel was defined by Kilbas et al. [28], and
kγ

(
x − x′

)
= 2γ π1/2Γ (2/γ ) Γ (1 − γ /2)

⏐⏐x − x′
⏐⏐γ−1. Here, the FDM involves global interactions in R [29].

For comparison purposes, the governing equation of the PDM for diffusion is given as [7]
∂uP (x, t)

∂t
= K

∫
Hx

{H[x, t]⟨x′, x⟩ − H[x′, t]⟨x, x′
⟩}dVx′ , (3)

where K is the spreading rate of the dispersion for PDM, uP (x, t) is the solute concentration for PDM. Then, H[x, t]⟨x′, x⟩
and H[x′, t]⟨x, x′

⟩ are the fluid density. H is the near-field domain of x, x′ is adjacent point.
x

2
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2.2. Analytical solutions

For Eq. (1), the Pseudo differential operator with the Fourier symbol is used to represent the spatial fractional
erivative [30]. Then its characteristics closely related to the inversion of the Riesz potential are employed to solve the
perator(

F
dγ

d |x|γ
uF

)
(k) = − |k|γ ûF (k) , 1 < γ ≤ 2, k ∈ R, (4)

here ûF (k) = (FuF ) (k) =
∫

+∞

−∞
e+ikxuF (x) dx and F represents the Fourier transform. For Eq. (1), the initial condition

s uF (x, 0) = ϕ (x) , x ∈ R while the boundary condition is uF (±∞, t) = 0, t > 0. Here, an explicit formula for Green
unction of Eq. (1) is introduced and the solution to Eq. (1) is assumed to be

u(x, t) =

∫
+∞

−∞

G (x − ξ, t) ϕ (ξ) dξ, x ∈ R, t > 0, (5)

where G (x − ξ, t) denotes the Green function [31]. Using the Mellin integral transform and the inverse Mellin integral
transform, the following formula can be obtained

G (x, t) =
1

√
πγ |x|

1
2π i

∫ Υ +i∞

Υ −i∞

Γ

(
s
γ

)
Γ
( 1
2 −

s
2

)
2sΓ

( s
2

) (
t

1
γ

|x|

)−s

ds, 0 < Υ < 1. (6)

or Eq. (6), it is necessary to convert the contour of integration into the loop L+∞ encircling all the poles sk =

(1 + k) , k = 0, 1, 2, . . . and sm = 2m+1,m = 0, 1, 2, . . . of the functions Γ (1 − s/γ ) and Γ (1/2 − s/2), respectively.
hen, Eq. (6) can be rewritten as

G (x, t) =
1

πγ t1/γ

∞∑
k=0

Γ ((2k + 1) /γ )

(2k)!

(
−

x2

t2/γ

)k

, 1 < γ ≤ 2. (7)

The solution to Eq. (1) with 1 < γ ≤ 2 is given by the following formula:

uF (x, t) =

∫
+∞

−∞

G (x − ξ, t) ϕ (ξ) dξ

=

∫
+∞

−∞

1
πγ t1/γ

∞∑
k=0

Γ ((2k + 1) /γ )

(2k)!

(
−

(x − ξ)2

t2/γ

)k

dξ, x ∈ R, t > 0.
(8)

Here, only the main idea of the derivation process is summarized. For more details, interested readers are referred to
Ref. [32].

For the PDM, to derive an analytical solution to Eq. (3), the formula of the inverse Fourier transform can be considered

uP (x) =
(
F−1ûP

)
(x) =

1
2π

∫
+∞

−∞

e−ikxûP (k) dk, if ûP ∈ L1 (R) . (9)

ince the weight function of PDM is a Gaussian function, the Gaussian asymptotic result can be obtained from Eq. (9).
ssuming a =

4
δ2
, we get

ûP (k, t) = exp
(
Kt
√

π

a
e−

k2
4a

)
= 1 + Kt

√
π

a
e−

k2
4a +

1
2

(
Kt
√

π

a
e−

k2
4a

)2

+
1
6

(
Kt
√

π

a
e−

k2
4a

)3

+ · · · +
1
n!

(
Kt
√

π

a
e−

k2
4a

)n

.

(10)

s k approaches infinity, ûP (k, t) is increasingly close to 1. In other words, Eq. (10) is convergent. Then the following
olution by the inverse Fourier transform is obtained

uP (x, t) = δ (x) + Kt2πe−4aπ2x2
+

1
2
K 2t2

√
π

a

√
2πe−2aπ2x2

+ · · · +
1
n!

K ntn
(√

π

a

)n−1√
4
n
πe−

4
n aπ

2x2 . (11)

hus, the analytical solution of the PDM diffusion equation with the Gaussian kernel function is given as the series
xpression

uP (x, t) = δ (x) +

∞∑
k=1

1
k!
K ktk

(
δ
√

π
)k−1 √

kπe−
16
kδ2

π2x2
, (12)

here δ(x) denotes the Dirac function. In Eq. (12), u x, t converges to δ(x), when k approaches infinity.
P ( )
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2.3. MSD expressions of the two models

In the scheme of the FDM, the infinite waiting time results in a non-Markovian process while the jump length with
nfinite variance leads to a non-Gaussian propagation. For a broad range of systems, the MSD is usually modeled with a
oisson distribution for the waiting time and a Lévy distribution for the jump length, respectively. Thus, the MSD can be
sed to characterize the nonlocal diffusion phenomenon, i.e., [33]

ϕ (k) = exp(−σ γ
|k|γ ) ∼ 1 − σ γ

|k|γ , 1 < γ < 2. (13)

ere, to illustrate the explicit dependence on the related variables, the expression of the Laplace transform and Fourier
ransform is given as

uF (k, s) = F {L {uF (x, t) ; t → s} ; x → k} , (14)

here uF (k, s) represents the Fourier transform and Laplace transform of uF (x, t).
With the Fourier and Laplace inversion, the governing equation for FDM can be transformed as

∂uF (x, t)
∂t

= Kγ−∞Dγ
x uF (x, t) . (15)

In one dimension, the Weyl operator −∞Dγ
x equals to the fractional Riesz operator [34], and the Fourier transform of uF (x,

t) is

uF (k, t) = exp
(
−Kγ t |k|γ

)
, 1 < γ ≤ 2. (16)

This is a closed-form representation of a Lévy stable expression. When γ→2, the classical Gaussian solution is recovered
by the standard theorem of the Fox functions. A power-law asymptotic result can be achieved

uF (x, t) ∼
Kγ t

|x|1+γ
, 1 < γ < 2. (17)

The MSD can be computed with the Fox function. Now the definition of ∆t=(L1−L2)t1/γ is introduced. By using the
évy distribution, the MSD of the space fractional derivative equation is⟨

x2 (t)
⟩
∼

∫ L2t1/γ

L1t1/γ
dxx2uF (x, t) ∼ t2/γ . (18)

For the PDM, g(x′, t) = e−αx′ is defined and the following operator is used

F
(∫

∞

−∞

(
g
(
x − x′, t

)) (
f
(
x′, t

))
dx′

)
= ĝ (k, t) f̂ (k, t) , (19)

where ĝ(k, t) denotes the Fourier transform of g(x, t) and f̂ (k, t) is the Fourier transform of f (x’, t). For ĝ(k, t),

ĝ (k, t) =

∫
∞

−∞

e−ax2−jkxdx, (20)

here j is a unit imaginary number. Assuming u =
√
ax + jk/2

√
a and Eq. (21) can be further expressed as

ĝ (k, t) =

√
π

a
e−

k2
4a . (21)

ourier transform of Eq. (3) is conducted and Eq. (22) is substituted into Eq. (3). Then the following form is obtained

dûP (k, t)
dt

= K
√

π

a
e−

k2
4a uP (k, t) . (22)

ext, using initial point source condition ûP (k, 0)≡1, we obtain

ûP (k, t) = exp
(
Kt
√

π

a
e−

k2
4a

)
. (23)

For the PDM with the Gaussian kernel function, the natural boundary condition is lim x→∞uP (x, t) = 0 and an initial
condition is uP (x, 0) = δ(x). The MSD can be derived by the formula

⟨
x2 (t)

⟩
= − limk→0

(
∂2

∂k2

)
ûP (k, t). Here k is the

Fourier transform parameter, and ûP (k, t) represents the Fourier transform of uP (x, t). Therefore, using Eq. (10), the limit
form of the MSD can be expressed as⟨

x2 (t)
⟩
= Kt

δ
√

π
(

δ3
)
exp

(
ct

δ
√

π
)

. (24)

2 16 2
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Table 1
Parameters in the analytical solution of the PDM.
Spatial unit (dx, mm) Near-field range (δ, mm) m-convergence

3.33 10 3
3.33 20 6
3.33 30 9

3. Discussions

3.1. Model comparisons: Nonlocality and kernel functions

As a nonlocal model, the FDM has been widely used to describe the temporal memory and long-range correlations
f physical behaviors. Due to the differential–integral operator, the FDM can accurately characterize different power-law
ails [35]. In contrast, the PDM mainly used in the field of solid mechanics, based on the nonlocal theory of continuous
edia [36]. The PDM employs displacement rather than displacement derivative in its formulation. Thus, the PDM usually

estates the motion equation in solid mechanics to better describe fracture and crack propagation processes [37].
Although both the FDM and the PDM are nonlocal models, their nonlocality mechanisms and expressions are different.

heir nonlocality discrepancies can be investigated from two aspects. The first one is the mathematical and physical origin.
ased on convolution operators, the FDM is a powerful mathematical tool in modeling transport processes with strong
emory. For the time fractional derivative equation, the integral term reflects the history-dependence of the system

unction while the spatial fractional derivative equation can accurately describe the path dependence of the mechanical
ehaviors in complex fractal structures. Different from the FDM with convolution operators, the PDM adopts integral
perators. Thus, the state of each point in the PDM relates to the points located in its vicinity. The near-field range of the
DM can be adjusted to the space–time scale of the problem, which enables the PDM to carry out multi-scale analysis
nder a unified computational framework.
The other aspect is the kernel function. The kernel function of the FDM is a typical nonlocal kernel function with

ower law characteristics. Hence, the power-law kernel function of the FDM plays a key role in describing the nonlocality
f anomalous diffusion. Meanwhile, the PDM uses Gaussian function as the kernel function in most cases. The Gaussian
ernel function highlights the interactions among adjacent points while it weakens the interactions among the points
utside the adjacent domain. Thus, its influence on the nonlocality intensity and the convergence speed is limited. In
ther words, Gaussian kernel function weakens the degree of nonlocality of the PDM.

.2. Model comparisons: MSD of diffusion processes

MSD is an important statistical expression to characterize diffusion processes [38]. Many properties of anomalous
iffusion, such as the super- and the sub-diffusion behaviors, can be explored from the analysis of MSD. In this section,
he FDM and the PDM are compared by exploring their MSD curves. It is worth noting that there is no clear expression
f the MSD for the two models, apart from some simple cases. Here the MSD tests are performed to investigate the
onlocality diversity between two models. In this study, the nonlocality of the PDM is investigated by the m-convergence
est. The m-convergence is defined as the ratio of the near-field range to the spatial unit, i.e., m=δ/dx. Detailed values of
the spatial unit, near-field range and spatial step size are given in Table 1. The length L is taken to be 1 m.

It can be seen from Fig. 1 that when m takes different values, the initial MSD of the PDM is consistent with that of
the classical model. At a later stage, the PDM shows weak super-diffusion features. As m decreases, the super-diffusion
features of the PDM gradually disappear. In contrast, the MSD profiles of the FDM show clear super-diffusion behaviors.
It seems that the FDM can better characterize super-diffusion features than the PDM, based on the comparison of MSD
curves.

3.3. Model comparisons: Concentration profiles and experimental data analysis

In the worked examples, an instantaneous source is placed in the center of the space domain. The diffusion coefficient
Kγ is taken to be 1 cmγ s−1. In Fig. 2, Non-Gaussian phenomena are observed from the analytical results of the FDM, due
to the memory form characterized by the power-law kernel function. In the super-diffusion, the heavy-tail phenomenon
is stronger with a decrease in the fractional derivative and the peak value decreases dramatically. It indicates that the
FDM can characterize nonlocality of anomalous diffusion and the smaller the index γ is, the stronger the super-diffusion
behavior is. In contrast to the FDM, the heavy-tailing phenomena are not observed in the analytical results of the PDM.
Besides, the m-convergence test reveals that the peak of the PDM decreases with the increase of the nonlocal ratio m.
t indicates that the PDM with larger m values can better describe the nonlocal characteristics of diffusion processes.
owever, due to the use of Gaussian kernel function, the analytical results of the PDM do not show obvious heavy-tailing
henomena.
5
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c

Fig. 1. MSD curves captured by the FDM and the PDM under an instantaneous source, with diffusion coefficients K = 1 cm2 s−1 and Kγ = 1
mγ s−1 .

Fig. 2. Concentration profiles of the FDM for different γ values (γ = 1.5, 1.7 and 1.9) and the PDM for different m values (m = 3, 6 and 9) with
γ = 2. The plot on the right side is the semi-log form.

Here an average error is defined as

Average Error =
1
n

n∑
i=1

|Iexact (i) − Idata (i)| (25)

Many studies showed that super-diffusion widely exists in nature and engineering fields, such as biophysics [39],
optics [40] and image processing [41]. To further evaluate the performance of the FDM and the PDM, two sets of
experimental data from Refs. [42,43] are employed. In Ref. [42], the movement of nanoparticles (NPs) in the polyethylene
oxide (PEO) solution containing diffused polystyrene nanoparticles is measured. Densely packed PEO molecules slow down
the movement of NPs and an increase in the polymer concentration enhances this limiting effect. However, when the
concentration of NPs increases and the particle size reaches 40 nm, the MSD has a sign of super-diffusion in a short
time. In the beginning, the MSD of NPs is larger than 0, which closely relates to the solute environment and the pore
permeability. In Fig. 3(a), the experimental data of NPs can be well simulated by the FDM with a fractional index γ of
1.8. Fig. 4(a) shows that γ = 1.8 is the best spatial index of the FDM. On the contrary, the PDM cannot well fit the
experimental data, though the optimum fitting result for m = 6 is used (here the relative error is the smallest one
6
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Fig. 3. Comparison of the MSD curves from the experimental data, the FDM and the PDM. The plot (a) is the MSD of NPs (black dots) with a
ize of 40 nm [41]. The MSD are fitted by the FDM (the red line) with Kγ = 1µmγ s−1 and γ = 1.8, and the PDM (blue line) with parameters
K = 1 µm2 s−1 , γ = 2 and m = 6. The plot (b) is the MSD of monomers with K = 2 µm2 s−1 [42]. The MSD are fitted by the PDM (blue line)
with parameters K = 2 µm2 s−1 , γ = 2 and m = 150, and the PDM (red line) with parameters Kγ = 2 µmγ s−1 and γ = 1.1.

ompared with other m values in Fig. 5(a)). Here, an increase in the near-field range does not improve the accuracy in
escribing the super-diffusion phenomenon.
For comparison purposes, a second group of experiment data from Ref. [43] is also provided. In these experiment

ata, the movement of the membrane-targeting C2A domain of synaptic marker protein 741 (labeled with Atto-565)
n a supporting lipid bilayer composed of phosphatidylcholine (PC) and phosphatidylserine (PS) with a ratio of 3:1 is
racked [42]. Based on the above description, the experimental data provide a good example for validating the anomalous
iffusion predictions from the FDM and the PDM. It is found that there is a good agreement between the ensemble-
veraged MSD of C2A monomers in Fig. 3(b) and that from the PDM with parameters γ = 2 and m = 150. Fig. 5(b)
ndicates that the near-field range m = 150 is the optimum parameter. At the same time, the FDM cannot accurately
describe the super-diffusion process with the best spatial index γ = 1.1 (the best spatial index is shown in Fig. 4(b)).
Compared with the strong super-diffusion behavior of the FDM from the initial moment, the PDM can more accurately
capture the transition of C2A monomers from normal diffusion to super-diffusion.

3.4. A universal operator based on FDM and PDM

It is clear that the FDM can accurately describe the anomalous diffusion, while the PDM captures the transition from
normal diffusion to super-diffusion. Hereby, to combine the advantages of the FDM and the PDM, a generalized nonlocal
model is proposed to describe the complex transport processes in natural systems as

Lδuγ (x) =

∫
Rd

[
uγ (x) − uγ (y)

]
γδ(x, y)dy, 1 < γ ≤ 2, x ∈ Rd, (26)

here δ is a parameter to measure the scale of nonlocal effect and γδ(x, y) is the kernel function, defined as γδ(x, y) = (|
−y|)−γ . It includes the classical diffusion model, the PDM and the FDM as

δ = 1, γ = 2 ⇒ lim
δ→0+

Lδuγ (x) = −∆u(x); (27)

δ = O(1), γ = 2 ⇒ PDM; (28)

δ → ∞, 1 < γ ≤ 2 ⇒ lim
δ→∞

Lδuγ = (−∆)γ u. (29)

he advantages of the generalized nonlocal model (27) are summarized as follows:
(1) By introducing the power kernel function into the PDM, the PDM can be extended to describe anomalous diffusion

ith different levels of nonlocality.
7
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m
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n

h

Fig. 4. Error analysis of the experimental data and the analytical results by the FDM (Left corresponds to the fitted results in Fig. 3(a), right side
corresponds to the fitted results in Fig. 3(b)).

Fig. 5. Error analysis of the experimental data and the analytical results by the PDM (Left corresponds to the fitted results in Fig. 3(a), right side
corresponds to the fitted results in Fig. 3(b)).

(2) With a combination of the PDM and FDM, the generalized nonlocal model (27) connects local models and nonlocal

odels by changing the fractional index and the near-field range.

(3) Madenci et al. [44] proposed a meshless numerical method by using the peridynamic theory, which is capable of

olving the nonlocal PDM efficiently. However, the application of the FDM is hindered by the high computational cost of

umerical simulations. Hereby, the generalized model can conveniently solve the fractional derivative equation with the

elp of the fractional Taylor expansion.
8
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4. Conclusions

This paper provides an investigation on two nonlocal mathematical and physical models, namely, FDM and PDM, in
haracterizing anomalous diffusion to offer a guidance for model selection and further proposes a generalized nonlocal
odel. Through the analysis of the MSD, analytical experiments and two field applications, it is found that the integral
odel and the kernel function are the two key factors of the two nonlocal models. Specifically, the power-law kernel

unction of the FDM can better preserve the nonlocality while the Gaussian kernel function of the PDM limits the
onlocality. Based on the MSD profiles, it is observed that the FDM exhibits obvious super-diffusion features while the PDM
an only describe weak super-diffusion behaviors. Two groups of experimental data are also used to test their applicability
n characterizing anomalous diffusion. At last, a generalized nonlocal model, which is capable of not only enhancing the
bility in describing the nonlocality by using the PDM but also improving the computational efficiency of the FDM, is
roposed.
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ppendix

The governing equation of the PDM is given as

∂uP (x, t)
∂t

= K
∫
Hx

{H[x, t]⟨x′
− x⟩ − H[x′, t]⟨x − x′

⟩}dVx′ , (30)

ssume that the fluid density relates only to the absolute difference of the two material points, x and x′

H[x, t]⟨x′
− x⟩ = −H[x′, t]⟨x − x′

⟩, (31)

hich leads to the specialized bond-based PD diffusion. In the particular case, the fluid density is defined as

H[x, t]⟨x′
− x⟩ − H[x′, t]⟨x − x′

⟩ = 2H[x′, t]⟨x − x′
⟩ = H[x′, t]⟨x − x′

⟩ (32)

o that the PD heat conduction equation can be written as

∂uP (x, t)
∂t

= K
∫
Hx

{2H[x′, t]⟨x − x′
⟩}dVx′ (33)

he fluid density function governs the interaction between x and x′. In the case of bond-based PD diffusion, the pairwise
interactions are independent of each other, and the fluid between a pair of material points are independent of the
concentration difference between other pairs of material points.

For the PD with a single variable [45], the fluid density is defined as

H[x, t]⟨x′
− x⟩ =

1
2
d(x′

− x, t)uP (x′, t) (34)

where uP (x, t) is the solute concentration for PDM, and d(x′
− x, t) is the influence function which may have different

expressions for different near-field ranges. The Gaussian function exp[−
4
δ2

|x − x′
|
2
]δ (is the near-field range) is widely

sed as the influence function.
9
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