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The generalized finite difference method (GFDM) is a relatively new meshless method for the numerical solution
of certain boundary value problems. The method uses the Taylor series expansions and the moving least squares
approximation to derive explicit formulae for the required partial derivatives of unknown variables. In this paper,
we document the first attempt to apply the GFDM for the numerical solution of two-dimensional (2D) multi-
layered elastic problems. A multi-domain GFDM scheme is proposed to model the composite (layered) elastic
materials. The composite material considered is decomposed into several sub-domains and, in each sub-domain,
the solution is approximated by using the GFDM-type expansion. On the subdomain interface, compatibility
of displacements and equilibrium of tractions are imposed. Preliminary numerical experiments show that the
introduced multi-domain GFDM is very promising for accurate and efficient numerical simulations of multi-

layered materials.

1. Introduction

Following the rapid improvement of industrial technology, more and
more new materials have been synthesized, designed and utilized in re-
cent years. Among these materials, the multi-layered materials which
contain single or multiple layers have been widely utilized in industrial
application to improve machining performance [1-4]. The coating lay-
ers can protect the substrate material against adhesion diffusion and in-
tensive abrasive wear, due to their better temperature and wear resistant
properties. However, the rather complex and expensive experimental in-
vestigations on composite (layered) materials underlie a general lack of
the analytical or numerical modeling efforts which can accurately and
efficiently predict the performances of multi-layered coating structures
[5-8].

The well-established and widely applied finite element method
(FEM) offers without doubt many advantages in solving multi-layered
problems due to its flexibilities in dealing with the geometry, loading
type and nonlinearities of the coating layers. The FEM itself, however,
has also many inherent shortcomings especially when a re-meshing is
required or when the elements become highly distorted [9,10]. As an
alternative numerical approach, the boundary element method (BEM)
can be applied efficiently to avoid such shortcomings become of the
boundary-only discretization and its semi-analytical nature. In the past
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two decades, the BEM has been rapidly improved and can be nowadays
considered as a competing method to the FEM. As a price paid for such
a merit, the classical BEM, however, has to compute various singular
and/or nearly singular integrals over the boundary elements, which is
usually a cumbersome and non-trivial task [11-17].

Over the past two decades, some considerable effort was devoted
to circumventing the shortcomings associated with the classical FEM
and BEM methods. This drives to the development of various meshless
methods which require neither domain nor boundary meshing [18-20].
The meshless methods still require discretization via sets of boundary
and/or domain nodes, but these nodes need not have any connectivity
and the trial functions are built entirely in terms these scattered irregular
clouds of nodes. For an overview of the state of the art, we refer the
readers to Refs. [16,21-25], as well as the references therein.

The generalized finite difference method (GFDM) is a relatively new
meshless method. The main idea of the method is to combine the Taylor
series expansion and the moving-least squares (MLS) approximation to
derive explicit formulae for the required partial derivatives of unknown
variables. The derivatives of unknown variables, and then, can be ap-
proximated by a linear combination of function values with respect to its
neighboring nodes. The key idea of the GFDM was proposed in the early
eighties by Lizska and Orkisz [26,27] and were later essentially extended
and improved by many other authors [28-37]. Prior to this study, this
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method has been successfully tried for 2D and 3D parabolic and hyper-
bolic equations [30,38,39], third- and fourth-order partial differential
equations [40], dynamic analysis of beams and plates [41], non-linear
elliptic partial differential equations [42], and applied inverse problems
[31,43,44]. In recent years, several other meshless methods have been
considered and developed by researchers to obtain numerical solutions
for different types of partial differential equations. The methods include,
but are not limited to, the element-free Galerkin (EFG) method [45],
the local radial point interpolation method (LRPIM) [46], the meshless
local Petrov-Galerkin (MLPG) method [47], the boundary point interpo-
lation method (BPIM) [48], the method of fundamental solutions (MFS)
[49], and the singular boundary method (SBM) [25]. Each of the above-
mentioned methods has its own merits and demerits. Interested readers
are referred to excellent overview articles [24,25,45] on the develop-
ment of this topic.

In this paper, we extend the GFDM to problems of stress analysis in
multi-layered elastic materials. The multi-layered problems under con-
sideration in this paper are solved using a non-overlapping domain de-
composition method (DDM), in which the composite material is decom-
posed into several sub-domains and, in each sub-domain, the solution is
approximated by using the GFDM-type expansion. On the subdomain in-
terface, compatibility of displacements and equilibrium of tractions are
imposed. These interface continuity conditions are satisfied in a least-
squares sense in the same way as the boundary conditions of the prob-
lem. There are two main forms of the DDMs, which are the overlapping
DDM and non-overlapping DDM. As compared to overlapping methods,
the non-overlapping DDM has become very appalling for its inherent
parallelism and flexibility. We refer to the papers [50,51] for theoret-
ical and numerical results for non-overlapping DDM and to the refer-
ences given there. In recent decades, the combination of the DDM and
other methods has been proposed for the numerical solutions of elastic
problems in layered materials. In Ref. [52], Berger and Karageorghis
used the method of fundamental solutions (MFS) to deal with the stress
analysis in layered elastic materials. In Ref. [53], Gu et al. applied the
meshless singular boundary method (SBM) in conjunction with domain
decomposition technique for the stress analysis of layered elastic mate-
rials. In Ref. [54], Yan et al. employed a local RBF collocation method
for solving elastic waves in multi-layered functionally graded materials.

A brief outline of the rest of the paper is organized as follows. In
Section 2, the GFDM formulation and its numerical implementation for
the solution of general 2D elastic problems are briefly discussed. A multi-
domain GFDM scheme for the solution of multi-layered elastic problems
is presented in Section 3. In Section 4, three benchmark numerical ex-
amples are presented to validate the computational code and assess the
performances of the proposed GFDM scheme. Finally, some conclusions
and remarks are provided in Section 5.

2. The GFDM for isotropic problems in linear elasticity
2.1. Statement of the basic problem

The equilibrium equations for 2D problems in linear elasticity, in
terms of the displacements, u;(x), i=1, 2, can be stated as [4]

1—p ) Puy(x)  0%uy(x) 1 0%uy(x)
{21—2,4} o2 + 22 T\ T=2s [ axox, - 1 ®

1 Puy(x)  0%uy(x) 1—u | Puy(x)

2 = 2

{ 1—2x } ox0x, | ox? A Y o2 S2(x), @
subject to the boundary conditions
u;(x) = ;(x) x eI, (Dirichlet boundary conditions), 3)
1;(x) = 0;;(x)n;(x) = ,(x) x €I, (Neumann boundary conditions),  (4)

where x = (x;,X5), y is the Poisson’s ratio, t;(x) denotes the component
of boundary traction in the ith coordinate direction, n;(x) are the out-
ward unit normal vector, I', and I, construct the whole boundary of the
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Fig. 1. An irregular cloud of points and the selection of stars in the GFDM.

domain Q, #; and 7; represent the prescribed displacements and tractions,
respectively, f;(x) and f,(x) in Egs. (1) and (2) denote the inhomoge-
neous terms. Here and in the following, the customary Einstein’s nota-
tion for summation over repeated subscripts is applied. The kinematics
of deformation is described by the linear strain tensor

1 [ Ouy(x) | Ouy(x)
Sij(x)_z{ 0x + 0x; }

where sufficiently small displacements and displacement gradients are
assumed. The stresses aij(x) are related to the strains eij(x) through gen-
eralized Hooke’s law by

(O]

J

U
O',j(x)=20<£l-j(x)+ 1 _zﬂekk(x)é,-j), (6)
where G stands for the shear modulus, 8 is the well-known Kronecker
delta. The boundary tractions t;(x), i=1, 2, are defined in terms of the

stresses as
xerl. @)

Egs. (1)-(7) completely describe the isotropic problems in linear elas-
ticity.

t,»(x) = Gij(x)"j(x)»

2.2. Explicit formulae in GFDM

Without loss of generality, let us consider the following general dif-
ferential equation in the 2D domain [42]

oU oUu ’U ’U *U

= = = .= L = , 8
G TR+ o2 +ay o2 S ox;0%, Fx) 8
or for brevity
L,[U] = f(x), )

where L, [U] is a second-order partial differential operator, f(x) is known
function, q; i=1, 2, ..., 5, are constants.

In order to obtain the explicit GFDM formulae for partial differential
equations, an irregular cloud of points is scattered in the computational
domain (see Fig. 1). For each given node x,, named as the central node,
the m nearest nodes x; (i=1, 2, ..., m), called the neighbors or supporting
nodes, will be found within a prescribed distance d,, from the central
node xy, i.e., |x; —xg| < d,,,. The concept of the ‘star’ then refers to the
area of all supporting nodes in relation to the central node [38]. Each
node scattered inside the computational domain has an associated star
assigned.

Suppose U, is the value of the function at the central node x; and
U, i=1, 2, ..., m, are function values at the rest of the nodes inside the
star. Expanding the values of U; around the central point x; using the
Taylor series expansion, we have [39,55]

U, U, h*du, k*oU
U =Uy+h— +k— 4 - —04 1° 0
0x, 0x, 2 (3x% 2 ax%
+hk ?Uy + =12 (10)
i 'dx,6x2 ....... i=1,2,...m
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Employing indicial notation for the coordinates of points x, and x;,
i.e., xy= (x(l),xg) and x; = (x!,x?), respectively, the coefficients in the
Taylor series expansion (10) can be written as
hi=xi1—x(1), k,»=xi2—x§. (1

When the Taylor series (10) is truncated after the second-order
derivatives, it is then possible to define the following residual function

B(U)

l U, U, h U, k?oU,
B(U) = Uy—U, +h— 4k —2 4 L0 L 20
0 =2 [( 0 Yox; " Toxy 2 ax2 2 9x2

PU, :
+h-k-—>w,] . 12)

i=1

" ox,0x,

where w; = w(h;, k;) denotes the weighting coefficients at point x;. In our
computations, the weighting coefficients are taken to be

1—of & 2+8 d; \’ 3( 4 ) d. <d (13)
w; = — —_ —_ - —_ S - < .
1 dm dm dm 1 m

where d; = ||x; — x, || is the distance between points x, and x;, d,,, stands
for the distance between nodes x;, and the farthest node inside the star.
The weighting coefficients are inversely related to the distance from the
corresponding node to the central node of the star, indicating that the
Taylor series approximation is more important if the point x; is closer
to the central node x,. Of course other choices of weighting functions
are possible, see Refs. [28,56].
Let, for brevity,

T
{aUO U, 0*U, PU, U, }
Dy=9—2 -0 -0

ox; 0x,’ dx? ’ ox2 " 0x,0x, (14
pi={h;, ki, B2/2, K2)2, ik}, i=1,2,..m, 15)
and

P hy ky hyk,
N (16)
Pm h, k, - hyk,

Then the residual function B(U) defined in Eq. (12) can be expressed
in the following matrix notation [42]

U)'W(PD, +U,-U), an
U, = {Uy, Uy, -, Uy}’ and W =

B(U)= (PDy +U,—
where U = {Uj, Uy, -, Uy}7,
dzag(a) a) ,a)fn).

By m1mm1zing the residual function B(U) with respect to the partial
derivatives Dy, i.e.,

oBWU)

o{Dy }
then the following linear equation system can be obtained (for each node
of the discretization)

18)

ADy = b, (19)
where
[y ke ik | [e?
h.m k.m hm'km . o?
-hl kl hlkl_
h.2 k.z hzlkz =pP"wp, 20)
h.m k;,, hm.km
and

b=P"W(U-U,). 1)
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Fig. 2. Domain decomposition technique for the multi-coated elastic solids.

According to Egs. (19)—(21), the partial derivative vector Dy; as de-
fined in Eq. (14) can now be expressed as, see Ref. [42]

Dy =A"'b=A""P"W (U -U,)

Uy
U,

= A—1< pr, . a?pl, ...,wfnp;> U, | (22)
Um

For each node x inside the computational domain, the derivatives
of the unknown function at x, can now be approximated by a linear
combination of function values at its neighboring nodes, as shown in
Eq. (22). Substituting Eq. (22) into the governing Eq. (8) leads to

m
Ly [Ug) = £(x) = mgUy + Y mU; = £ (), (23)
i=1
where the coefficients my and m; (i=1, 2, ..., m) can be obtained from
Eq. (22). Repeating the same procedure to each one of the nodes inside
the computational domain, a system of linear algebraic equations can
then be established. On solving this equation system, the numerical re-
sults of the function U at each node inside the domain can be obtained.
It is interesting to note that there exists several essential factors to
influence the overall accuracy of the GFDM approximation, i.e.,

Factor 1: A suitable weighting function which will give more influ-
ence to the nodes closest to the central node;

Factor 2: The optimal number of nodes selected inside each of the
stars (m);

Factor 3: An optimal criterion for the adaptive selection of nodes
(the location of nodes) inside each of the stars.

A detailed review on advantages and drawbacks of different strate-
gies for these factors is beyond the scope of the paper, and interested
readers may find a detailed discussion on this subject in Refs. [30,38].

3. Non-overlapping domain-decomposition GFDM for
multi-layered materials

One way to model the multi-layered materials is to use the non-
overlapping DDM. The main idea behind this method is that the whole
computational domain is broken up into separate sub-domains and the
final system of equations is then formed by assembling algebraic equa-
tions written for each subdomain, based on the compatibility of displace-
ments and equilibrium of tractions at the interface of the multi-layered
materials. The main idea of this method is summarized hereafter, more
details can be found in Refs. [53,57].

Fig. 2 shows an elastic body coated with n elastic layers. The bound-
ary and interface conditions for each layer can be written as follows:

(1) Along every interface I'; between jth and j + 1th layers, both dis-
placements U and tractions T are unknowns. To solve the problem
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Fig. 4. Convergence curves of the calculated stresses at interior points inside
the computational domain.

numerically, there will be the same number of algebraic equa-
tions as the unknowns. Therefore, the following continuity con-
ditions at the interface must be considered:

T =Ty =T Tu=T;=-T;" @4

—yl =yt — 1l = it
Un=U, =0 . U=U; =0y @25)

where the subscript (In) indicates interface (I) and normal (n)
component, and subscript (It) stands for interface (I) and tangen-
tial (t) direction.

On the external surfaces (boundaries beside the interface I'}), the
traction boundary conditions are given as:

@

T,=pp Ti=p (26)

where T, and T, are the normal and tangential components of the trac-
tion, p, and p, the applied loads in the normal and tangential directions,
respectively. In addition, the coating system is constrained, with speci-
fied displacement, at the bottom of the substrate.

Without loss of generality, the two layers j and j+ 1 with interface
I', as illustrated in Fig. 2, are analyzed. In the jth layer, the solution can
be approximated by the GFDM expansion as

. 27
o @7

@] ?"}} - (). [ai] E}} = {v'}
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where Ulj s T]j and u{ denote the interface displacements, tractions, and
the unknown variables of layer j on the interface I';, U/, T/ and u/ the
displacements, tractions, and the unknown variables of layer j on the
remaining surfaces. G/, G/, HJ, and HI’ are coefficient matrices of the
GFDM expansion.

Similarly, for the (j + 1)th layer, we have:

(28)

={r) . [mi]

[G7*1] ?;j-{-l}} ={uv™*'}, [G{H] ?;Hl}} ={Ulj+l} @9
[Hf+1] ?;{H}} Z{Tj+l} , [HIJ'H] ?;{H}} ={le+1} (30)

where U/+1, TJ*+1 and /*1 denote the displacements, tractions, and the
unknown variables of layer j+ 1 on the external surface, U]j + TIj * and
w1 the interface displacements, tractions, and the unknown variables
of layer j+ 1 on the interface I';.

We here suppose that the traction boundary conditions are pre-
scribed on the external surfaces of T, and displacement boundary con-
ditions are prescribed on the external surfaces of I; , ;. According to the
equilibrium and compatibility conditions (25) and (26) at the interface,
Egs. (27)—(30) can be coupled as

[H] [0] {w} ()

] =ler i) || o o
VI sy

[0] [G/+1] {M{H }

More equations will be added to this system in a similar way for other
layers and the substrate. The system still needs to be reordered according
to the prescribed displacement and traction boundary conditions.

4. Numerical results and discussions

To verify the methodologies developed above, three benchmark
numerical examples are examined in which the proposed domain-
decomposition GFDM solutions are compared with the corresponding
exact solutions. In order to evaluate the performance of the numerical
method, an L, error norm is defined as follows:

M 172 M 1/2
GlObal Error = |:Z [Inumer(k) - Iexacr(k)]2:| / |:2 [Iexact(k)]2:| ’
k=1 k=1

(32)

where 1 merical ) and I,, (k) denote the numerical and analytical so-
lutions at the kth calculated point, respectively, M is the number of cal-
culation points tested. In our test cases, the simulated noisy data are
generated using the following formula
= 2

b= b(1+ rand x m),

where b is the exact boundary data, rand is a random number and its
range is— 1 < rand < 1, and § stands for the level of noise.

(33)

4.1. Test problem 1: stress analysis in an amoeba-like domain

In order to validate the accuracy of the proposed GFDM model, we
first consider the stress analysis in a single material with an irregular
multiply-connected domain, as shown in Fig. 3. The computational do-
main with an irregular boundary dQ=T"; UT', where I'; is an amoeba-
like domain defined by

[y = {(rcos@,rsing) : r = " %sin?(20) + ¢**cos?(20),0 < 0 < 2z}, (34)
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Fig. 5. Geometry of the problem (a) and the configuration of the nodes distribution (b).

and the remaining boundary T, is a circle with radius r=0.4 and cen-
ter at (0.5, 0.5). This 2D model is subjected to a mixed-type boundary
condition, where the traction boundary conditions are prescribed on the
outer surface of the domain and the displacement boundary conditions
are imposed on the remaining surface.

For the ease of comparison, we consider the displacements with the
following analytical solution

uy(x) = 12 4 x5, uy(x) = sin(x; + x,) + 1. (35)

The elastic constants as introduced in Section 2 are taken to be u=0.25
(Poisson’s ratio) and E =200 GPa (elastic modulus).

The relative error curves of the calculated stresses (61,6499 and o5)
at interior points inside the whole computational domain are illustrated
in Fig. 4, as functions of various number of GFDM nodes. As shown in
Fig. 4, it can be seen that the proposed GFDM model is stable, accurate,
and rapidly convergent as the number of nodes increases. It is also ob-
served that the numerical results with only 700 collocation points are
quite accurate for this 2D simulation. Although not presented here, it
should be noted that analogous results have been obtained for displace-
ments and stresses in the cases with other combinations of boundary
conditions.

4.2. Test problem 2: a two-layered coating system on a rectangle

Next, we consider the stress analysis in a two-layered coating system,
where L = 1m is the length of the system, H.; = 0.5m the thickness of the
inside coating, and H,, = 0.1m the thickness of the outside coating. The
geometric configuration of the problem and the GFDM nodes distribu-
tion are schematically shown in Fig. 5. This 2D model is subjected to a
mixed-type boundary condition, where the tractions are prescribed on
the external surfaces of the outside coating (Q") and displacements are
prescribed on the external surfaces of inside coating (Q'). Along the in-
terface, the displacement and traction continuity conditions are given,
see Egs. (24) and (25). For this problem, we considered the solution of
the Navier equations corresponding to the following exact solutions:

u(x) = cos(xy + x,) + cos(xy) + X5, Uy(x) =sin(x; +x,)+x,+1, (36)

for the outside coating, and

u(x) = cos(x; + x,) +cos(xy) + 1,  uy(x) = sin(x; + x,) + cos(x,) + x5,

(37

for the inside coating. The elastic constants as introduced in Section
2 are taken to be y =0.25 (Poisson’s ratio) and E = 200 GPa (elastic mod-
ulus). For the numerical implementation, a total number of 1200 GFDM
nodes are discretized inside the whole computational domain.

Figs. 6 and 7 illustrate the relative error curves of the calculated
stresses and displacements at interior points along the coating-coating
interface x,=0. It can be seen that numerical results predicted by
the proposed GFDM, for both stresses and displacements, are in excel-
lent agreement with their corresponding analytical solutions, with the
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Fig. 7. Global error variation of the calculated stresses at points along the
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largest relative error less than 2E—4 for displacements and 3E-3 for
stresses. It is also observed that the GFDM results with only 1200 nodes
are quite accurate for this coating system, and the size of the resulting
system of linear algebraic equations is quite small. In fact, for an i5-
2.90 GHz computer, the total CPU times taken to solve this problem are
0.31 s for the proposed GFDM model.

Figs. 8 and 9 show the relative error curves of the computed displace-
ments and stresses at interior points inside the whole computational
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Fig. 10. Stress results calculated at points along the coating-coating interface
(x, =0).

domain. As can be seen from these figures, the proposed GFDM scheme
is extremely accurate for both displacements and stresses. In addition,
stress results calculated at points along the coating—coating interface
(x5 =0) are listed in Fig. 10. The relative error curves of the calculated
stresses (611, 699 and oy,) at interior points inside the whole computa-
tional domain are illustrated in Fig. 11, as functions of various number
of GFDM nodes. As shown in Fig. 11, it can be seen that the proposed
GFDM model is stable, accurate, and rapidly convergent as the number
of nodes increases. We can also observed that the convergence rate for
both stresses is about 1.65. We can conclude that the GFDM, in conjunc-

99
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Fig. 11. Convergence curves of the calculated stresses at points inside the com-
putational domain.

tion with the domain decomposition technique, can provide stable and
accurate numerical solutions for multi-layered elastic problems.

4.3. Test problem 3: a circular shaft with two layers of coatings

Finally, a circular shaft with two layers of coating is considered, as
shown in Fig. 12. The layers of coatings consist of different materials
(Young’s modulus of outside coating/Young’s modulus of inner coat-
ing=1/2 and Poisson ratio of outside coating = Poisson ratio of inner
coating = 0.2). The shaft and the two coatings have outer radii r; =5m,
ry=6m and r3 =7m, respectively. It is assumed that the coatings are
free to expand laterally except at the interface to the rigid shaft, but are
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Table 1

Engineering Analysis with Boundary Elements 94 (2018) 94-102

Radial and tangential stress results calculated at point A by using different GFDM node number.

GFDM  Radial stress o,

Tangential stress o,

nodes
Exact solutions GFDM solutions Relative errors Exact solutions GFDM solutions Relative errors
1000  -1.0496 -1.0430 6.2156E-3 —0.4995 —-0.4991 8.2156E—4
2000 -1.0479 1.5622E-3 —0.4994 2.5125E-4
qr
x, A
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Fig. 14. Analytical and GFDM results of radial stress (c,) solutions calculated
at points along the line x, =0.
Fig. 12. Cross-section of a shaft with two layers of coatings. 02r
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Fig. 13. Convergence curves of the calculated radial and tangential stresses at
interior point A and B.

constrained axially so that a condition of plane strain relative to x; —x,
plane exists. Also it is assumed that the coating system is loaded by a
uniform pressure p =1 which is distributed around the circumference of
the outside coating. The boundary conditions for the displacement, con-
sidering the rigid shaft assumption, are u,.=u, =0 for all nodes at the
shaft-coating interface, where (r, ) denotes the polar coordinates. The
analytical solutions corresponding to this coating system can be found
in Ref. [53].

To investigate the convergence of the proposed method, the relative
error curves of the calculated radial (¢,) and tangential (c,) stresses at
interior points A(5.5, 0) and B(6.5, 0) are illustrated in Fig. 13, as func-
tions of various number of GFDM nodes. As shown in Fig. 13, both the
GFDM results converge towards their corresponding analytical solutions
as the number of nodes increases. It can be also seen from Fig. 13 that
the global errors decrease until the number of GFDM nodes reaches the

100

Fig. 15. Analytical and GFDM results of tangential stress (c,) solutions calcu-
lated at points along the line x, =0.

value N=10, 000, after which a further increase in the number of nodes
does not improve substantially the accuracy of the numerical results.

Next, we examine the sensitivity of the GFDM results with respect
to various levels of noise added into the input data. The GFDM results
for radial (s,) and tangential (c,) stresses at interior points on the line
x5, =0, computed using exact, 1% and 3% noise added into the input
data, are illustrated in Figs. 14 and 15, respectively. As shown in these
figures, the GFDM solutions retrieved for both ¢, and 6, are in good
agreement with their corresponding exact solutions, even with a rela-
tively large amount of noise (3%) added into the input data. It is also
shown that, as expected, the GFDM solutions converge to their corre-
sponding exact solutions as the amount of noise decreases. In addition,
radial and tangential stress results calculated at point A are illustrated
in Table 1. Similar results have been obtained also for the other com-
ponents of the displacements and stresses analyzed, but they are not
presented here for the sake of brevity.
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5. Concluding remarks

In this study, we demonstrate the applicability of the generalized fi-
nite difference method (GFDM) for the stress analysis in multi-layered
elastic materials. The multi-layered problems under consideration are
solved using a domain decomposition technique, in which the compos-
ite material is decomposed into several sub-domains and, in each sub-
domain, the solution is approximated by using the GFDM-type expan-
sion. On the subdomain interface, compatibility of displacements and
equilibrium of tractions are imposed. These interface continuity condi-
tions are satisfied in a least-squares sense in the same way as the bound-
ary conditions of the problem. Three benchmark numerical examples
clearly demonstrate the stability and accuracy of the proposed GFDM
scheme. However, further analyses and optimized implementation are
required in order to fully explore the efficiency and accuracy of the new
method. These include the detailed convergence order analyses of the
method, optimized strategies for adaptive nodes refinements, as well as
the optimal choice of many different parameters. Results along these
lines will be presented in the future.
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