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a b s t r a c t

In this paper, a new framework for stress analysis of three-dimensional (3D)
composite (multi-layered) elastic materials is presented. In our computations,
the composite material is firstly decomposed into several sub-domains by using
the domain-decomposition technique, and then in each of the sub-domain, the
stresses are approximated by using a meshless generalized finite difference method
(GFDM). Along the sub-domain interfaces, compatibility of displacements and
equilibrium of tractions are imposed. The new method yields a sparse and banded
matrix system which makes it very attractive for large-scale engineering simula-
tions. Numerical examples with up to 500,000 unknowns are solved successfully
using the developed GFDM code.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

The generalized finite difference method (GFDM) has emerged as a robust meshless method for various
engineering applications [1–4]. The method uses the Taylor series expansions and the moving least squares
approximation to derive explicit formulae for the required partial derivatives of unknown variables. The
method is truly meshless and can be applied for solving problems merely defined over irregular clouds of
points. The advantages of the method, as compared with the standard finite element (FEM) and boundary
element (BEM) methods [5,6], are thoroughly discussed in Refs. [7,8]. All these attractive features with the
GFDM have attracted continued interests from scientific researchers.

In this study, we document the first attempt to extend the frontiers of the GFDM, in conjunction
with a domain-decomposition technique, to stress analysis of three-dimensional (3D) multi-layered elastic
materials. The proposed domain-decomposition GFDM (DD-GFDM) scheme has been proposed to combine
the advantages of the domain-decomposition technique and the high accuracy of the GFDM to yield a
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new framework that is suitable for large-scale engineering simulations. In our computations, the whole
computational domain is firstly decomposed into several sub-domains along the interfaces of the composite
material, and then in each of the sub-domain, the displacement and stress solutions are approximated
by using the standard GFDM formulation. By enforcing the satisfaction of the displacement and traction
compatibility conditions along the interfaces, a system of sparse and banded system matrices can be formed.
The new method can now solve large-scale problems [9] with up to 500,000 unknowns on a desktop computer
without any difficulty.

2. Statement of the basic problem

The governing equations for 3D elasticity problem, also known as the Navier equation, with respect to
the displacements u1(x), u2(x) and u3(x), can be expressed as [10]:{
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where x = (x, y, z), µ is the Poison’s ratio, fi(x), i = 1, 2, 3 are the known inhomogeneous terms. The strains
εij(x), i, j = 1, 2, 3, are related to displacements by the following relations:

εij(x) = [∂ui(x)/∂xj + ∂uj(x)/∂xi]/2, (4)

and the stresses σij(x) are related to strains through Hooke’s low by:

σij(x) = 2G[εij(x) + µεkk(x)δij/(1 − 2µ)], (5)

where G is the shear modulus and δij denotes the Kronecker delta. Here and in the following, the customary
Einstein’s notation for summation over repeated subscripts is employed. According to elasticity theory, the
boundary tractions ti(x), i = 1, 2, 3, are defined in terms of stresses as:

ti(x) = σij(x)nj(x), x ∈ Γ , (6)

where nj(x) is the direction cosine of the unit outward normal vector at the boundary point x. Eqs. (1)–(6)
completely describe the elastic boundary-value problem.

3. Generalized finite difference method (GFDM) and its numerical implementation

In the GFDM approach, a cloud of nodes is discretized inside the whole computational domain Ω . Every
node inside Ω should be regarded as a central node x0. The m nearest supporting nodes xi, i = 1, . . . , m

around x0 should be found. The concept of the ‘local subdomain’ then refers to the small area containing x0
and xi . Without loss of generality, let us consider the following general differential equation in a 3D domain:
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where the coefficients ai, i = 1, 2, . . . , 9, are constants. Suppose U0 is the function value at point x0 and
Ui, i = 1, . . . , m the function values at points xi, i = 1, . . . , m, then Ui can be expanded at point x0 by
using the following Taylor series expansion:
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where (hi, ki, li) = (xi − x0, yi − y0, zi − z0) with the notations xi = (xi, yi, zi) and x0 = (x0, y0, z0). We
can define the following error function by omitting the second-order derivatives in Eq. (8)

B(U) =
m∑

i=1

[(
U0 − Ui + hi

∂U0

∂x
+ ki

∂U0

∂y
+ · · · + hili

∂2U0

∂x∂z
+ kili

∂2U0

∂y∂z

)
ωi(hi, ki, li)

]2

, (9)

where ωi(hi, ki, li) is the weighting function (quartic-spline), as defined in Ref. [11]. Let us define:

DU =
{

∂U0

∂x
,

∂U0

∂y
,

∂U0

∂z
,

∂2U0

∂x2 ,
∂2U0

∂y2 ,
∂2U0

∂z2 ,
∂2U0

∂x∂y
,

∂2U0

∂x∂z
,

∂2U0

∂y∂z

}
, (10)

and minimize B(U) with respect to DU , one has:

∂B(U)/∂ {DU } = 0. (11)

On solving Eq. (11), we can obtain the following linear equation system:

ADU = b, (12)

and the vector DU can now be expressed as

DU = A−1b. (13)

Now we can observe from Eq. (13) that the partial derivatives DU at point x0 have been expressed by
combinations of variable values at its neighboring points inside the local subdomain. It is interesting to note
that the GFDM matrix A is positive definite with a unique Cholesky decomposition, and therefore, the
condition number of A is relatively moderate. Substituting Eq. (13) into the governing Eq. (7) could yield
a linear algebraic equation. The final GFDM results can then be calculated on solving this matrix system.
We refer interested readers for Refs. [7,12] for further details. It is interesting to note that the concept of
star in the GFDM yields a sparse matrix system in contrast to a fully populated matrix in, for example, the
MFS and BEM. Therefore, the GFDM is very efficient to analyze problems defined in high dimensions and
complex geometries.

4. Non-overlapping domain-decomposition GFDM (DD-GFDM)

A generic 3D layered material is illustrated in Fig. 1(a), where the entire domain is decomposed into
two sub-domains Ω I and Ω II. The exterior boundary of sub-domain Ω I is Γ I and that of sub-domain Ω II

is Γ II. The interface between the two sub-domains is denoted by Γ c. The Poison’s ratio and shear modulus
associated with Ω I and Ω II are represented by µI, µII and GI, GII, respectively. In the DD-GFDM approach,
we treat the two sub-domains Ω I and Ω II separately. In sub-domain Ω I, the following discretized algebraic
equations can be obtained:
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where U I
c , T I

c and uI
c denote the interface displacements, tractions, and the unknown variables of sub-domain

Ω I on the interface Γc, U I, T I and uI the displacements, tractions, and the unknown variables of sub-domain
Ω I on the remaining surfaces. F I, F I

c , HI, and HI
c are coefficient matrices of the GFDM expansion. Similarly,

for the sub-domain Ω II, we have:
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Fig. 1. Geometry of the problem (a) and the nodes distribution of the DD-GFDM model.

To solve the problem numerically, there will be the same number of algebraic equations as the unknowns.
Therefore, the following continuity conditions at the interface must be considered:

Tcn = T I
cn = −T II

cn, Tct = T I
ct = −T II

ct , (16)

Ucn = U I
cn = U II

cn, Uct = U I
ct = U II

ct , (17)

where the subscript (cn) indicates interface Γc and normal (n) component, and subscript (ct) stands
for interface Γc and tangential (t) direction. We here suppose that the traction boundary conditions are
prescribed on the external surfaces of ΓI, and displacement boundary conditions are prescribed on the
external surfaces of ΓII. According to the equilibrium and compatibility conditions (16) and (17) at the
interface, Eqs. (14)–(15) can be coupled as:⎛⎜⎜⎜⎝
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More equations will be added to this system in a similar way for other layers and the substrate. The system
still needs to be reordered according to the prescribed boundary conditions.

5. Numerical results and discussions

To verify the methodologies developed above, one benchmark numerical examples are examined in which
the proposed DD-GFDM solutions are compared with the corresponding exact solutions. The relative error
defined below is employed [13,14]:

Relative Error =
[

M∑
i=1

[Inumer(i) − Iexact(i)]2
]1/2/[

M∑
i=1

[Iexact(i)]2
]1/2

, (19)

where Inumerical and Iexact denote the numerical and analytical results, respectively. In this example, we
consider a composite material where we take Ω I to be a cubic (0, 1) × (0, 1) × (0, 0.2) and Ω II to be
(0, 1) × (0, 1) × (−0.5, 0), as shown in Fig. 1(b). The elastic constants are µI = 0.3, GI = 5 × 106 for
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Fig. 2. Relative errors of the calculated stresses at points along the interface of the material.

Ω I, and µII = 0.1, GII = 4 × 106 for Ω II. For the ease of comparison, we considered the following analytical
solutions:

u1(x) = (1 − µ)
2(1 + µ)Gxz2, u2(x) = (1 − µ)

2(1 + µ)Gyz2, u3(x) = 1
4(1 + µ)Gz2, (20)

where µ = µI and G = GI for Ω I, and µ = µII and G = GII for Ω II. This 3D model is subjected to a
mixed-type boundary conditions, where the tractions are prescribed on the external surfaces of domain Ω I

and displacements are prescribed on the external surfaces of Ω II.
For the numerical implementation, a total number of 20,160 GFDM nodes are discretized inside the whole

computational domain. Fig. 2 shows the contours of relative errors of the calculated stresses σ11 and σ22 at
the interface of the composite material. It can be seen that the stresses predicted by the proposed DD-
GFDM are in excellent agreement with their corresponding analytical solutions. It is also observed that the
DD-GFDM results with only 20,160 nodes are quite accurate for this layered material, and the size of the
resulting system of linear algebraic equations is quite small. In fact, for an i5-2.90 GHz computer, the total
CPU times taken to solve this problem are 3.96 CPU seconds for the proposed DD-GFDM model.

In Fig. 3, we illustrate how the global error decays as an increasing number of GFDM nodes. It can be seen
that the proposed DD-GFDM model is stable, accurate, and rapidly convergent as the number of GFDM
nodes increases. It can be also observed that for the largest model with 500,000 GFDM nodes, the proposed
method used only about 81.64 CPU seconds, which makes the method possible for large-scale engineering
simulations.

6. Concluding remarks

This paper makes the first attempt to apply the generalized finite difference method (GFDM) for stress
analysis of 3D elastic composite materials. The multi-layered materials under consideration are solved using a
domain-decomposition technique, in which the whole computational domain is decomposed into several sub-
domains and, in each of the sub-domain, the displacement and stress solutions are approximated by using the
GFDM simulations. Our preliminary numerical experiment shows that the proposed domain-decomposition
GFDM is very promising for accurate and efficient numerical simulations of multi-layered materials. The
method also offers great promise in the analysis of many other problems, including flow/convection problems,
wave propagations, non-linear and advection–diffusion problems. Some work along these lines is already
underway and will be reported in the subsequent papers.
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Fig. 3. Relative error curves of calculated stresses inside the whole domain.
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