i fractal and fractional

[

Article

A Nonlocal Fractional Peridynamic Diffusion Model

Yuanyuan Wang "2, HongGuang Sun '?*, Siyuan Fan 2, Yan Gu 3 and Xiangnan Yu !

check for

updates
Citation: Wang, Y.; Sun, H.; Fan, S,;
Gu, Y; Yu, X. A Nonlocal Fractional
Peridynamic Diffusion Model. Fractal
Fract. 2021, 5, 76. https://doi.org/
10.3390/ fractalfract5030076

Academic Editors: Guofei Pang,

Wanrong Cao and Corina S. Drapaca

Received: 22 June 2021
Accepted: 20 July 2021
Published: 23 July 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

State Key Laboratory of Hydrology-Water Resources and Hydraulic Engineering, Hohai University,
Nanjing 210098, China; wangyuanyuan09@hhu.edu.cn (Y.W.); yxn@hhu.edu.cn (X.Y.)

College of Mechanics and Materials, Hohai University, Nanjing 210098, China; fansiyuan2021@163.com
School of Mathematics and Statistics, Qingdao University, Qingdao 266071, China; guyan@qdu.edu.cn
Correspondence: shg@hhu.edu.cn

Abstract: This paper proposes a nonlocal fractional peridynamic (FPD) model to characterize the
nonlocality of physical processes or systems, based on analysis with the fractional derivative model
(FDM) and the peridynamic (PD) model. The main idea is to use the fractional Euler-Lagrange
formula to establish a peridynamic anomalous diffusion model, in which the classical exponential
kernel function is replaced by using a power-law kernel function. Fractional Taylor series expansion
was used to construct a fractional peridynamic differential operator method to complete the above
model. To explore the properties of the FPD model, the FDM, the PD model and the FPD model
are dissected via numerical analysis on a diffusion process in complex media. The FPD model
provides a generalized model connecting a local model and a nonlocal model for physical systems.
The fractional peridynamic differential operator (FPDDO) method provides a simple and efficient
numerical method for solving fractional derivative equations.

Keywords: fractional peridynamic model; diffusion process; Euler-Lagrange formula; Taylor series
expansion; nonlocality

1. Introduction

In recent decades, nonlocal models have attracted increasing attention for dealing
with complex physical problems [1-4]. The applications of nonlocal models have been
reported in various research areas, such as groundwater flow in heterogeneous porous me-
dia [5], heat conduction in composite materials [6], and the deformations of heterogeneous
materials [7]. Numerical discretization of a traditional local model usually yields many
degrees of freedom, which leads to excessive calculations and increases the computational
complexity, despite providing low accuracy [8,9]. Therefore, nonlocal models have been
proposed to facilitate numerical analysis [10-12].

As a nonlocal model, the fractional derivative model (FDM) has been widely used to
describe the temporal history-memory and spatial nonlocality of physical behaviors [13-16].
Compared with the integer-order derivative model, the FDM has achieved great success in
characterizing various anomalous phenomena in the physics and engineering fields [17-19].
Moreover, different power-law tail phenomena can be accurately documented by employ-
ing fractional derivative models, thanks to the nonlocal property of the fractional opera-
tor [20,21]. However, its application is hindered by the heavy computational burden of
numerical simulations [22-24].

The peridynamic (PD) model is a newly developed nonlocal approach, the original
prototype of which was conceived by Silling in 2000 [25,26]. In recent years, the PD model
has been successfully applied to resolve various static and dynamic problems of different
materials [27-30] and multi-scale problems [31-33]. The peridynamic differential operator
(PDDO) is obtained by multiplying the kernel function with a Taylor series expansion of
neighborhood field variables, and then integrating them in the interaction domain with
orthogonality [34-36]. As a typical meshless method, the PDDO can greatly reduce the
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computational burden [37,38]. However, compared with the globally-dependent fractional
derivative model, many nonlocal processes cannot be fully described by using the PD
model, due to its limitation in the selection of memory area [39,40].

To combine the advantages of the FDM and the PD model, this paper attempts
to introduce a fractional peridynamic (FPD) model to characterize different degrees of
nonlocality. The FPD diffusion equation was constructed by employing the fractional
Euler-Lagrange formula. The corresponding fractional peridynamic differential operator
(FPDDO) was established with the help of a generalized Taylor series expansion. Since
the FPDDO method can directly solve the fractional equation, the FPD model avoids the
complex expression and heavy computational burden of the FDM. In the FPD model,
the classical exponential kernel function of the PD model is replaced by a power-law
kernel function. Therefore, the FPD model can describe different degrees of nonlocality via
changing the index of the power-law kernel function and the size of the near-field range.
Furthermore, here the PD model and FPD model are used to solve the diffusion process by
considering a numerical example, to explore its advantages and characteristics.

The rest of this paper is organized as follows. In Section 2, the FPD model and the
FPDDO are introduced. In Section 3, a numerical example is given to verify the accuracy of
the FPD model with a power-law function kernel and discuss its nonlocality. Finally, some
conclusions and remarks are provided in Section 4.

2. Materials and Methods
2.1. The FPD Anomalous Diffusion Model

Fick’s law to describe diffusion in porous media can be expressed as

y—-pc, 1)

dx
in which J is the diffusion flux, D is the diffusion coefficient, C is the concentration, and
dC/dx represents the concentration gradient [41].
The governing equation of diffusion is derived from the Euler-Lagrange equation. To
introduce the FPD model, we first give the expression of fractional Lagrange function [42]:

L= L(t,C(x, 1), Cc@ (x,t)), O<a<1), )
where CW (x,t) = dagiff’t); when « = 1, Equation (2) reduces to the classical Lagrange
function. Based on the fractional Lagrange function, the fractional Euler-Lagrange equation
can be given as

d oL oL
- - =0, 0<a<). 3
dt (a(cw (x,t))) 9C(x, 1) ( = o

For the node x(;, assume the Lagrange function to be
L=T-V, @)

where T and V represent the kinetic and potential energies, respectively. In the hydro-
dynamic approach, molecular diffusion needs to satisfy the momentum equation for
constant flow:

F— ?{ Clpcda), ®)

where p is the fluid density and p = 1.0 kg/ m®. By summing the kinetic energy and
potential energy of all particles [43], we can get

T= g;l %c(cv(k)), (©)
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where by is the particle source intensity representing the amount of particles produced
by the particle source term per unit time and volume, and Wy, is the molecular po-
tential energy of all nodes interacting with node x(). Here we define: (1) w ;) =

Wk (j) (C(lk) — C(k)rc(zk) — C(k)r' . ) and Wiy = Wk (C(l]) — C(])/C(ZJ) — C(]), .. ')1'
(2) w(k)(j) depends on the concentration difference between point x ;) and all interact-

ing points; (3) C(x) is the concentration of point x); (4) C(;x) denotes the concentration of
the first point interacting with point x ;). Then W( k) is deflned as

Vij)- (8)

g1 [ Wik (j) (C(lk) - C(k)/ (2k) — C(k)/ .. )+
j=1

Wi ==Y =
=752
2(32| wim(Cw) ~ CirCay ~ Copro7)

Based on Equation (8), Equation (7) can be rewritten as
vt ) I 1| W) (Cak) Ciyr Caty = Crryo ')+
“L 2L Ciyy — Ciiyr Cray — C
k=1 | 7j=1 W) (k) ( ) = =G =@) T =0T )

By substituting Equations (6) and (9) into Equation (4), the Lagrange function can be
expressed as

121 [ W(k)(j) (Cak) — Ciy: C2y = Cipyr )
W () k) (Cuf) = Ci) Ciy — €y )

Then, Equation (3) leads to the fractional Euler-Lagrange equation as such:

Vij) — [ba«)'C(kﬂ }V<k>- ©)

Vi) + b Cry }V<k>- (10)

o*“w i e 0 ¢ i
T TWO aV(i) — Z 59 - B U0 av(i) + b(k), (0 <a< 1). (11)
a(C(j) - C(k)) =17 =t a(% - C(j))
Here we define the fluid density C\) (x, t)(x’ — x) and C(®) (x/, t)(x — x’) as
CO (x 1) (' — :11{""”‘@@”},
() (¥ =x) = 27 51 a(C—C)" ¥ (12)
@) (3 #)(x — 11 )y Tan y
=) =3 Y {121 9(Ci—Cyy)” ¢ },

where (x — x’) contains interacting pairs of particles, and clearly fluid density is a function
of each pair of point sets. With the state notation of Equation (12), Equation (11) can be
rewritten as

M

I
—

u(x, t) = (c(zx) (x, ) {x' —x) — c@) () (x — x’>)v@ +0b(x,t), (0<a<1). (13)

]
When we consider the volume of each particle is infinitesimal, V{;) — 0, then infinite
sums can be approximated by using integral Z OV,

=1
the FPD anomalous diffusion model is obtained as

() = Jy 0dVe — [; (JdH. Hereby,

u(x, t) = /H[C(“)(x,t)<x’ —x) = CW () (x - x’>}der +b(x,t), (0<a<1), (14)
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and CW (x,t)(x’ — x) = 0 when x’ ¢ H. The integral domain H is defined by the horizon
of the material point.
In order to fulfill completeness, the kernel function in FPD should satisfy the zeroth-
order consistency conditions as
/ CQwdVy =1, (15)
Hy

where CY; is defined as the polynomial function. We recall the fractional binomial formula

y ( i )Z" = (1+2)7, (16)

k=0

which is valid for any v > 0 and complex |z| < 1. When z = —1, Equation (16) can be

written as
E 1)k T = 0. 17
k=0 ( ) < k ) ( )

The kernel function in fractional FPD should satisfy the zeroth-order consistency
conditions as
/ (x— ') EdVy=1. (18)

Hy

2.2. The Fractional Peridynamic Differential Operator
To solve real-world anomalous diffusion problem, a fractional peridynamic differential
operator is necessary for the given fractional peridynamic model. Here we use fractional
Taylor series expansion to establish the fractional peridynamic differential operator. The
fractional Taylor series expansion is given as [44]
00 gl/llx

_ (na) o
fe+8 =L tagam/ )+ RN, (0<a<1), (19)

where f(")(x) = d’;zl(,,‘x), R*(N, x) is the remainder. When « = 1, Equation (19) is reduced
to the classical Taylor series expansion. If the contribution of the remainder is very small, it
can be neglected. In this case, we multiply each term in this expression by a PD function
gi(é) (P=0,a,2x,...,Na), and integrate over the family of points; then Equation (19)
becomes

Ju, fx+¢ gN< )dg = f( x)fog?V@)cha{C:‘) S, FW g% (e
+ 5B [ b ER R @dE + -+ R [, rrk VSN (©)de.

(20)

For the two-dimensional case, the fractional Taylor series expansion of a scalar field
f(x') = f(x+ &) can be expressed as

N—mnq 1 an1a+nzp¢f(x)
x+ magnaa (X)L pwyy 1y "
?- nlzo nzzo T(1+ma)T(14na)”t 72 x*9xy" (N,x), (21

where ¢ = ¥’ — x, and R*(N, x) is the remainder. Assuming the remainder is very small,
the nonlocal expression of FPD is obtained by using the properties of orthogonal functions:
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anlrxf(x)
axnlk
b
aanzkf(x) g%o(ér)
e - / flx+8)3 &) pdxydxs, (22)
82”2:]‘(3() Hy g%i(‘:)
axz”z“ & (6)
LTI f(x)
ax;”“axgz“

where n;a4 denotes the derivative order. For a node located at x, the horizon ¢ defines
the extent of its family as Hy = {x’ € [a = —§,b = J]}. According to the orthogonality
of the function, the PD function g&(&)(P = 0,a,2x, ..., Na) possess the orthogonality
property of

1
I'(1+ma)T(1+ npa)

/6"10‘ o P1P2(§)dx1dxz = Onyadnya- (23)

The gé’le (¢)(P1, P, =0,1,2) is expressed in matrix form as

2 2—q
P P Py P
2 ( 2 Y aglgrw(|E)Ent s, (24)

Oqz 0

in which w(|¢|) is the kernel function. By substituting Equation (24) into Equation (23), we
can get

2 2-q
Z Z Alning)(1g2) ”511522 = bﬁ}% (ny,n,P;, P, =0,1,2), (25)

q1=042=0

where
A — (mtqaz(mata)a g, 4 2%
() () = [ W(EDE & x1dxy, (26)
Hy

bty = T(1+ ma)T (1 + 1), Oy 27)

Then the unknown coefficients can be obtained by solving the above equation.

3. Results

In our numerical analysis of PD and FPD diffusion models, the spatial integral term
is discretized by a single-point Gauss quadrature scheme, and then solved by using
the PDDO or FPDDO method. The PDDO method employs the exponential function
w(l) = el=(28/ ‘5)2), whereas the FPDDO method adopts the power-law kernel function
w(¢) = (x' —x)~ 7. The discretization of the temporal derivative is obtained via finite
difference scheme.

The PD diffusion equation can be written as below.

E)C(x f fH [C(x, t) <x/ _ x> _ C(x/, t) <x — x’ﬂdV/,

1 t) =
xiri‘ooc( 2 oL (28)
1,x=46(x—L/2),
Clx,0) = { 0, otherwise.

Then the governing equation is discretized by the meshless method of PDDO as

8C§;;rf> _ / (C(x+8) — C(x))G(E)dVy. (29)

X
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The FPD anomalous diffusion equation is expressed as

PG = [y [ () = x) = COW, 1) (x = )|V, (0 < < 1),
lim C(x,t) =0,
x—+oo

[ 1, x=06(x—L/2),
C(x0) = { 0, otherwise.

(30)

Here the governing equation is discretized by the meshless method of FPDDO as

aC(lef, ) - / (Cx+¢) = C(x))g1 (§)dVy, (1 < v <2). (31)

X

The governing Equations (28) and (30) can be numerically evaluated as

Nik)

=AY C (1) d (x) — x0 )y, 32
j=1
Nk)

= ¢ ar, C(agt)s (30— xw) oy @)
]:

For comparison purposes, here we also consider FDM for anomalous diffusion:

dC (x,t 9*C(x,t C(x,t
gf L = D"C(l _q) a(,(;:)vt) + Dug 835’1( ), 1<a<?2,

Hm Clet) =0, (34)

[ 1, x=6(x—L/2),
C(x,0) = { 0, otherwise.

Here, we use a symmetric space FDM with g = 0.5 [45]. The space fractional derivative
is defined in Riemann-Liouville sense.

4. Discussion

In our numerical examples, a transient source released in the middle of the compu-
tational domain represented a typical contamination process. The fractional derivative
model used a symmetric spatial decay process. Additionally, the diffusion coefficient D,
was given as 1 mY /s, and the time-step size was At = 0.0005. For the near-field range of
the FPD model, 6 = m(Ax), the range of m was 3 to the total number of discrete points,
and the discrete points (totally N = 600) were uniformly distributed in the computational
domain Q) = [0, 3].

In order to explore the influence of index () in the FPD model, we calculated the
concentration profiles of FPD model with four different orders (Figure 1). The peak value of
the FPD model increased with index (7). In the super-diffusion, the heavy-tail phenomenon
was stronger as index () decreased. The peak value decreased dramatically. This indicates
that the FPD model can characterize the nonlocality of anomalous diffusion. A smaller
index () represents stronger super-diffusion behavior. The numerical results also clearly
show that the FPD model reduced to the PD model when the index of FPD model was
equal to 1.

To investigate the effect of near-field range in the FPD model, different sizes of near-
field range were used to achieve numerical simulation results of the diffusion processes. It
is clear that the peak value of the FPD model decreased with the near-field range, when
observing Figure 2. Additionally, heavy-tailing phenomena are present in the numerical
results of the FPD model, due to the power-law distribution of jump size characterized
by using kernel function. Figure 2 also tells us that the near-field range of the FPD model
can determine the degree of spatial nonlocality. It is worth noting that the FPD model
is equivalent to the FDM when we use the whole domain as the near-field range in the
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FPD model. Hence, the index () together with the size of the near-field range played a
critical role in characterizing the nonlocality of the FPD model. Therefore, the nonlocality
of physical processes or systems can be more freely described by using the FPD model via
introducing index (), and the FDM can be recognized as a special case of the FPD model.

o
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——FPD(6=300,4=1.9)
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Figure 1. The concentration profiles using the peridynamic (PD) model and the fractional peridynamic (FPD) model with

near-field range 6 = m(Ax) = 300 at four different space fractional indexes: ¥ = 1.5, vy = 1.7, vy = 1.9, and y = 2. Other

model parameters were D, = 1.0, L = 3, and t = 0.45 s. The right plot is the semi—log form.

Concentration

s <103
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FPD(7=1.8,4=3)
——FPD(7=1.8,5=200)
——FPD(7=1.8,6=400)
——FPD(7=1.8,6=600)
© FDM(+=1.8)
t=0.45s
c
2
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c
o
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© FDM(>=1.8)
-4
o 1=0.455
1 15 2 2‘5 3 05 1 15 2 25
Distance(x) Distance(x)

Figure 2. The concentration profiles using the FDM with space fractional index y = 1.8 and the FPD model with space
index v = 2 at four near-fields ranges § = m(Ax): 6 = 3, = 200, § = 400, and é = 600. Other model parameters were
Dy =1.0,L =3,and t = 0.45 s. The right plot is the semi—log form.

In our numerical simulation, we examined the relationships among the PD model,
the FPD model, and the FDM. Two dominant characteristics, the near-source peak and
heavy trail phenomenon of spatial nonlocality, are presented in Figure 3. First, our results
show that the FPD model is equivalent to the PD model (6 = 300, v = 2) or FDM (5 = 600,
v = 1.8). Second, the FPD model involves spatial nonlocality between the PD model
and the FDM by adjusting the index (y) and near-field range when the other parameters
are same. Here we should note that the diffusion behavior of the FPD and PD models
approximates to normal diffusion when § = 300 and y = 2. When 6 = 300 and v = 1.8,
the FPD model exhibits two main characteristics of anomalous diffusion: (1) a rapidly
decreasing peak value for solute concentration; (2) a heavy-tail phenomenon. The FPD
model showed the global nonlocality as FDM when 6 = 600 and v = 1.8. Therefore, we
can conclude that the index () and the size of the near-field range are crucial factors in
characterizing the nonlocality of the FPD model. At last, Figure 4 tells us that the tailing
phenomenon in time also existed, which indicates that nonlocality in space leads to a
long-range correlation with anomalous diffusion.
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Figure 3. The concentration profiles of the PD model with near-field range 6 = m(Ax) = 300, the FDM with space fractional

index ¢ = 1.8, and the FPD model at different space indexes and near-field ranges: v = 1.8, § = 300; v = 1.8, 6 = 600;

¥ = 2,6 = 300. Other model parameters were D, = 1.0, L = 3, and ¢ = 0.45 s. The right plot is the semi—log form.

0°

O FDM(=1.8)

| O FDM(+=1.8)
09 ——FPD(+=1.8,§=600) - ——FPD(y=1.8,5=600)
\f ——FPD(1=1.8,6=300) ——FPD(7=1.8,0=300)
0.8 ||| ——FPD(~=1.9,6=300) = FPD(+=1.9,§=300)
A ——PD($=300) —— PD(§=300)

x=2m

x=2m

Normalized concentration
&
Normalized concentration

0 05 1 15 2 25 3 0 05 1 15 2 25 3

Time(t) Time(t)

Figure 4. The normalized concentration profiles of PD with near-fields range d = m(Ax) = 300, the
FDM with space fractional index ¢ = 1.8, and the FPD models with different indexes and near-field
ranges: v = 1.8, 6 = 300; v = 1.8, § = 600; v = 1.9, § = 300. Other model parameters were D, = 1.0,

L =2,and t = 3 s. The right plot is the semi—log form.

Based on the nonlocal theory, we can establish a connection among the PD model, the
FDM, and the FPD model (Figure 5). The FPD model and the PD model are equivalent
when = 2 for small support areas. Otherwise, the FPD model and FDM are global ones,
when 1 < ¢ < 2 for large areas. It is clear that the FPD model can reduce to the PD model
or FDM when choosing different indexes () and near-field ranges. Thus, FPD model is a
generalized nonlocal model.

Fractional

Peridynamic

derivative
model
model

Figure 5. The relationship among three models (PD model, FPD model, and FDM).

5. Conclusions

We developed a nonlocal FPD model together with a meshless FPDDO method to
solve the anomalous diffusion problem. Our analysis results indicate that the index (7y) of
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the power-law kernel function and the size of the near-field range () are critical parameters
for describing the different degrees of nonlocality. It is noteworthy that for the indexes
1 < 7 < 2 and the near-field range encompassing the whole domain, the FPD model is
equal to the FDM. The FPD model reduces to the PD model when the index v = 2 and
the near-field range is small. In short, the FPD model provides a more general strategy for
characterizing the nonlocality of physical systems. This model can be extended into 2D
and 3D cases to solve nonlocal diffusion problems in multidimensional fields.
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