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Abstract

Richards’ equation is a classical differential equation describing water transport in unsaturated
porous media, in which the moisture content and the soil matrix depend on the spatial derivative
of hydraulic conductivity and hydraulic potential. This paper proposes a nonlocal model and
the peridynamic formulation replace the temporal and spatial derivative terms. Peridynamic
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formulation utilizes a spatial integration to describe the path-dependency, so the fast diffusion
process of water transport in unsaturated porous media can be captured, while the Caputo
derivative accurately describes the sub-diffusion phenomenon caused by the fractal nature of
heterogeneous media. A one-dimensional water transport problem with a constant permeability
coefficient is first addressed. Convergence studies on the nonlocal parameters are carried out.
The excellent agreement between the numerical and analytical solutions validates the proposed
model for its accuracy and parameter stability. Subsequently, the wetting process in two porous
building materials is simulated. The comparison of the numerical results with experimental
observations further demonstrates the capability of the proposed model in describing water
transport phenomena in unsaturated porous media.

Keywords: Caputo Derivative; Peridynamics; Nonlocal Model; Fractal Porous Media; Anoma-

lous Diffusion.

1. INTRODUCTION

Soil water movement is an important component
of the natural water cycle and the central link
of precipitation, soil water and groundwater in
the terrestrial water cycle ™™ Naturally formed soil
exhibits high shrinkage or expansion potential due
to the variations in matric suction ™7 When the
soil becomes dry, the tensile stress exceeds the fail-
ure limit of the soil, which triggers the formation
and evolution of cracks®9 These cracks increase the
connectivity of soil pore, so that water can accel-
erate the wetting front along the preferential flow
paths, resulting in fast diffusion. Meanwhile, fast
diffusion leads to the rapid infiltration of nutrients
and pesticides from plants into deeper soil layers,
reducing the residence time of pollutants in unsatu-
rated areas and increasing the possibility of ground-
water or surface water pollution T%1 In addition,
when the soil becomes moist and expands, cracks
may close during the infiltration phase, resulting in
a highly nonlinear response ™ Therefore, accurate
prediction of the water transport process in unsat-
urated soil has a great relevance for Environmental
Protection.

The Richards’ equation is the fundamental equa-
tion describing the law of soil water transport18
It was established in 1931 by Richards, who used
Darcy’s law to study capillary conduction in porous
media ™ However, the classical Richards’ equa-
tion only applies to isotropic soil and incompress-
ible fluid and cannot accurately describe the water
transport process of anomalous diffusion in water
transport 18 The fractal models proposed by Xu,
Moore, and Gallant'? are useful to describe soil het-
erogeneity. Indicators of fractal-type soils include
power-law distributions of pore space, particle size,

and mass distribution. Tyler and Wheatcraft??
explained how fractal porous media can lead to
anomalous diffusion. Then, the nonlocal models are
effective tool for describing the anomalous process
caused by fractal porous media, the ones based
on a continuous time random walk?22 or frac-
tional derivativé® consider the temporal nonlocal-
ity, while the ones based on the fractional Laplace
operator?? or peridynamics?? consider spatial non-
locality. Considering the fractional derivative model
(FDM) with time memory, Pachepsky, Timlin, and
Rawld® proposed the fractional Richards’ equa-
tion, but this type of fractional equation is unsuit-
able for simulating fast diffusion cases because it is
limited to showing sub-diffusion characteristics 2027
Spatial nonlocality is caused by the spatial depen-
dence between points in anomalous diffusions, such
as the flux at point z, which depends not only
on the local state quantity of x but also on the
state quantity of points in the near-range horizon
of x. In addition to providing a method to simu-
late anomalous diffusion processes through nonlo-
cality, the Peridynamic model (PDM) forgoes the
dependence on the spatial derivatives to overcome
the discontinuity problem of cracks in the field vari-
ables. Recently, the PDM has been used to simu-
late fluid flow in porous media. Katiyar proposed a
method to construct a peridynamic formulation for
the convection—diffusion problems in heterogeneous
porous media¥ Jabakhanji?? established a bond-
based PDM for diffusion problems in unsaturated
porous media. As an alternative to the classical
Richards’ equation, the PDM results are consistent
with the classical model. It is worth noting that
peridynamics is mostly used to study fluid flow

2350080-2



Fractals Downloaded from www.worldscientific.com
by HOHAI UNIVERSITY on 08/31/23. Re-use and distribution is strictly not permitted, except for Open Access articles.

and soil deformation 331 rather than spatial non-
locality.

In this paper, a hybrid fractional-derivative and
peridynamic model is proposed based on Richards’
equation for the water transport problems in unsat-
urated porous media. The proposed nonlocal model
extends Richards’ equation using a time-fractional
operator to describe anomalous diffusion 3234 The
spatial term of the Richards’ equation is replaced by
the peridynamic operator 2336 which can not only
solve discontinuous problems but also display non-
locality in space®7HY The new nonlocal Richards’
equation captures fast diffusion and sub-diffusion
processes, which makes it possible that this model
can describe the fluid-driven evolving nonlocality in
highly heterogeneous porous media with the exis-
tence of cracks.

The contents of the paper are organized as
follows. Section describes the derivations of
the hybrid fractional-derivative and peridynamic
model. In Sec. [ the discretization and numerical
implementation of the proposed model are intro-
duced in detail. Section M presents two numerical
examples, and the comparisons among the numeri-
cal solutions, analytical solutions, and experimental
results demonstrate the accuracy and capabilities of
the proposed model. Finally, Sec. [ concludes the

paper.

2. NONLOCAL MODEL FOR
UNSATURATED POROUS
MEDIA

The classical Richards’ equation is based on Darcy’s
law and is applicable for solving water transport
in unsaturated porous media. For one-dimensional
problems, the form of Richards’ equation can be
given as

0(x,t) 0 [D(G)(?G(:C,t)] 7 (1)

ot ox o

where 0(x,t) is the moisture content, and D(0) is
the hydraulic conductivity.

Due to the complexity of the structure, the
Richards’ equation cannot accurately describe
water transport process in various porous media.
For porous structures with highly connected
channels, cracks, or macropores, water transport
exhibits deviation from Boltzmann scaling. Thus,
the connectivity accelerates the movement of water
content along the predominant pathways resulting
in fast diffusion. In contrast, low permeability
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regions hinder water flow, leading to sub-diffusion.
Based on nonlocal models, Pachepsky et al8 pro-
posed the fractional Richards’ equation to describe
the power-law distribution for waiting periods,
which is given as

0%0(x,t) 0

D3O(x,t) = e = 3 [ a(@%}

(2)
where « represents the order for the FDM in
the range 0 < a < 1 and D,(f) is the frac-

tional hydraulic conductivity. D%6(z,t) represents
the Caputo derivative as

DO, 1) = ﬁ/ (t— )

X %9(1’,7’)617’, 0<a<l (3)

Note that if &« = 1, Eq. (2]) will be reduced to the
classical Richards’ equation.

On the other hand, the time-fractional derivative
model cannot accurately describe the spatial nonlo-
cality properties of the porous media with predom-
inant pathways. To overcome this, we introduce a
nonlocal integral term based on peridynamic the-
ory to replace the local continuum mechanics term
in the classical Richards’ equation. Therefore it is
the hydro-potential field that drives the flow, which
does not depend on any spatial derivative and it is
possible to capture the anomalous diffusion process
in unsaturated porous media.

A body € modeled by PD is assumed to be
composed by a series of material points. Supposing
that x is a point in €2, it will interact with all the
other points over a prescribed domain H, 23 which
is typically a sphere space in 3D or a circle sur-
face in 2D. The neighborhood can be described by
a radius of length § (the horizon) and mathemati-
cally defined as

H, = {2’ € Q0 < |z — 2’| < 5}, (4)

where 2’ represents the points located within the
neighborhood of point z. |2’ — x| is the relative posi-
tion vector, which can be also used to describe the
bond connecting points x and 2’. Here, the relative
position of point x and 2’ is |z — 2/| = |2/ — x|, so
in order to facilitate a unified notation, we adopt
|z — 2’| to provide the mathematical definition of
the domain H,.

When using PD to model the water transport in
unsaturated porous media, the water guided by the
height difference of the unit head in unit time can
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be expressed by the hydraulic conductivity density
C(z,2") defined as

k(x, )

|z —a'|’

C({L‘ ) xl) = (5)
and k(z,2’) is the micro-permeability coefficient in
the PD framework derived as

k(z,z') = D(0)w(z,x'), (6)

where D(f) represents hydraulic conductivity, and
w(z,2’) is influence function. Given the different
heights of water heads at points z and 2/, marked
as H(x) and H(z'), then the increment of moisture
content at the two points in the unit time via the
bond zz’ can be calculated by2?

A@ﬂqu:kmquu“iif;?x”&@dub
(7)
A%ﬂﬂﬂﬂ:k@ﬂxﬂﬂﬁzijjxﬂd%d%g

(8)
in which dV, and dV,, represent the infinitesi-
mal volumes occupied by z and z’, respectively.
Due to mass conservation, we have Af,,(z,2') =

—Ab0,,(2',z), and we can get the following restric-
tion k(-):

k(z,2') = k(2/, ). 9)

Finally, considering the external sources S(z),
the nonlocal Richards’ equation for the water flow
in porous media at point x can be given as

L) _ [ gy DT

ot |z — 2|
+ S(z,t). (10)

For the PDM, there are two parameters influenc-
ing the degree of nonlocality: the horizon 0¥ and
the influence function. Several influence functions
have been used in the FDM and PDM to describe
the degree of nonlocality®® The kernel function of
the FDM is a typical power-law function 3 while
the PDM usually takes a Gaussian function as the
influence function. Compared to the Gaussian func-
tion, the power-law function is more suitable for
describing the nonlocality of the model thus, the
kernel function of both models is defined as a power-
law kernel function:

w(z,2") = |z — x’]_ﬁ. (11)

Naturally formed soils are usually heterogeneous,
and its hydraulic conductivity differs in space.

Additionally, due to the dependence of hydraulic
conductivity on moisture content, even the soils
with uniform parameters will exhibit spatial vari-
ability when in the unsaturated state. Therefore,
to describe such a spatial variability of hydraulic
conductivity in heterogeneous unsaturated porous
media, an averaging operation is adopted to calcu-
late the bond-level permeability coefficient, taking
into account the hydraulic conductivity properties
at the two nodes connected by the bond, which is
given as
K(z) + K(2')
2 J
where K(x) and K (z') are the micro-permeability
coefficients at points z and 2/, respectively, whose
values vary with the saturation at the points.
Consequently, in the 1D case, the pairwise inter-

action of the bond zz’ exerted on point z can be
obtained ag2?

k(z,2') = (12)

(K(z) + K(2)) (H(2") — H(x))
92 |z — 2/

J(z,2") =
(13)

Then the nonlocal Richards’ equation of water
transport in unsaturated porous media at point x

can be rewritten as
P _ [ |y o)+ )
ot i 0%|x — 2|

— H(2))dVy + S(z, 1),
O<a<l 0<B<1.

(H(x")

(14)

The moisture content ¢, matrix potential H,
and hydraulic conductivity K of each point are
three independent functions that can be obtained
by matching the proposed soil moisture curve with
the experimental data. Here, the Van Genuchten
mode? is used to calculate the matrix potential
and hydraulic conductivity, and the relevant formu-
las are given as

0y — 0,
[+ (alH])")

=)

0(H) =0, + (15)
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in which 0, and 6, represent the saturation moisture
content and residual moisture content, respectively.
a is a parameter concerned with the inverse of the
air entry pressure, and n is a parameter of the soil
pore size. In fact, the matrix potential is a func-
tion of the moisture content, rewriting Eq. (IH), its
expression can be obtained as

H() = _% [(90_—09>—1 - 1] 711. (17)

Due to the existence of the terms related to
the spatial derivatives of hydraulic conductivity
and hydraulic potential, the solution of the clas-
sical Richard’s equation requires that the hydraulic
conductivity field must be differentiable, and the
hydraulic potential must be twice differentiable.
However, Eqs. (I0) and ([I4) do not rely on any
spatial derivatives, which means that the proposed
nonlocal Richard’s equation is valid anywhere in
the computational domain, even in the presence of
cracks.

3. NUMERICAL
IMPLEMENTATION

It is difficult to obtain analytical solutions concern-
ing nonlocal Richards’ equations with different ini-
tial and boundary conditions. In this section, the
numerical implementation of the proposed nonlocal
Richards’ equation will be presented in detail.

In the proposed nonlocal Richards’ equation,
there are three independent functions: 0(z,,) repre-
sents the moisture content, H(x,) and K(x,) are
the hydraulic potential and hydraulic conductiv-
ity at point z,, respectively. Then, a discretized
soil column with grid spacing of Az and a horizon
radius 6 = mAuwx, in which m is the horizon radius.
To solve the nonlocal equation, the Caputo deriva-
tive is adopted for the fractional derivative term.

Therefore, the discrete forms of the time-
fractional term in Eqs. (I0) and (I4)) can be
obtained as

890z, tos1)
ate

k
0atyn) =0t
T

J=0

/(j+1)T d¢
X 7%
i (tk41 =€)
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,7_1—04

zk: Oz, ty—j1) — O(z, t—y)

I'2-a) p

< [(G+ 1) =

(18)

For k = 0, Eq. (I8) is reduced to

6a9($n, tl) . T ¢

5o = T2 —a) [0(zn,t1) — 0(2n0,to)].

(19)

For k =1, Eq. (I8) is stated as

0%0(wp,ta) T
go T )@t

+0(zn, t1)(2' 7 = 2)
B t0) @~ 1] (20)
For k > 2, Eq. (I8) is described as
90 (n, thy1)
ot

= T (et +
T a—a) YT A )

X 0(xn, tp) (217 — 2)

k—1

* ey 2 o)
<(((+2)'7 =2+ 1)+ 579

~ o=y ) (k 1) — ko).
(21)

Additionally, for the right side of Eq. (I0), by
replacing the power-law function in Eq. (), a dis-
crete equation for the evolution of moisture content
in the 1D cases is obtained as follows:

62|z — 2|
X (H(x') — H(z))dV,
& 3(K (za) + K (2,))
SO Ry e
p#n
x (H(zp) — H(zy))Axz, (22)

where m is the horizon radius in multiples of grid
lengths, and p contains all the points belonging to
the neighborhood of point x,,.
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For Eq. ([Id), the first step is

O(xp,t1) = 0(xn, to) + w Z |z, — xprﬂ
Uprn
o S (2, to) + K(zp, t0))
82|z — xp)
X (H(xp,to) — H(zp,to))Ax. (23)

The second step is

Oz, ts) = —0(zp, 1) (217 — 2) + O(, to)

~ r2—a) X
1
2T -D+ >
p—n—m
pFEN
_g3(K(xp,tg) + K(xzp,t
X‘xn—$p|ﬂ( (7320) (p 0))
|z — @p|
X (H(xp,to) — H(xn,to))Ax. (24)
And the remaining steps are
k—1
Q(xn, tk+1) = —Q(xn, tk)(21_a — 2) — (9(.%‘n, tkfj)
j=1

< ((G+2)'7 =2+ 1) + 579
+ 02, to)((k + 1)1 — k179)

r2-—a) "X _
—i—g Z |y — 2| "

o
p—n—m

pF#N
B(K({L‘n, t()) + K(xpv tO))
82|y — xp|

X (H(zp, to) — H(zp, to))Ax. (25)

A flowchart of the solution algorithm for the dif-
fusion problems in the unsaturated porous media
is shown in Fig. [l Given the initial and boundary
conditions, the moisture content value will be calcu-
lated interactively according to Eqgs. (I0) and (I4)
through explicit time integration. At the end of each
time step, the moisture content, matrix potential,
and hydraulic conductivity of each point in the com-
putational domain are updated with the new mois-
ture content value.

X

4. NUMERICAL EXAMPLES

In this section, a 1D anomalous diffusion problem
with constant hydraulic conductivity is considered
first to validate the proposed model and to select

Initialize calculation parameters:
geometry, grid, boundary
conditions, total time integration
duration, time step size...

[]

Calculate the initial value of the
matrix potential H and
hydraulic conductivity K

¥

Apply the boundary. Update

| Update the parameter matrix |—>
A

integral counter conditions

No,

Apply moisture content to
matric potential H and
hydraulic conductivity K

L

Fig.1 Flowchart of the solution algorithm for porous media
problems.

Update moisture content

according to Eq. (15)

the most proper nonlocal parameters (the fractional
order o and PD horizon radius ¢). Subsequently,
the proposed hybrid fractional-derivative and peri-
dynamic formulation is used to simulate two sets
of 1D anomalous diffusion experiments to further
demonstrate its capabilities and accuracy.

4.1. A 1D Diffusion Problem with a
Constant Hydraulic
Conductivity

The hybrid fractional-derivative and peridynamic
governing equation for the anomalous diffusion
problem of solute transport in the 1D porous
domain with a constant permeability coefficient can
be given as

0%0(x,t) ~H (2 t) — H(x,t)]
W —/Tk(x,x) ‘x_x,‘ dVI/

+ S(x,t),
Here, we use the power-law function as influence
function, k(z,2’) = S| — 2/|”'. And the Dirichlet
boundary condition is adopted. The source term is
given as

0<a<l. (26)

1—a
I'2-a)

Therefore, the analytical solution for the
described problem can be obtained as

Ocxact (T, 1) = >+t (28)

The computational domain is = [0,1], and a
transient source releasing is set at its left boundary,
describing a typical pollution process. An explicit

S(z,t) = + 3dx?. (27)

2350080-6
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25 x10~
H 2 1
{ a=0.8
1
. H "
2 : g1sf .
15 5 o
o 4 o
= ! Z
= 1 = i
3 53 |- 4
£ | & 1
0.8 f 1 {
1
i H
06y 7 05} 1
04} J :
02 . . I . i . . . . 0 . . . . . . . . .
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time [s] Time [s]
(a) (b)

Fig. 2 The curves of relative errors between the nonlocal Richards’ equation and analytical solution with o = 0.5 (a) and

0.8 (b), respectively.

time integration scheme is adopted to obtain the
numerical solution. The simulation time duration is
10 s, and a fixed time step of At = 0.01 s is taken
for the time integration. In the proposed hybrid
fractional-derivative and peridynamic model, two
parameters describe the nonlocality, the fractional
order o and PD horizon radius d, which could sig-
nificantly affect the numerical solutions. To select
the most suitable model parameters promising the
best compromise between accuracy and computa-
tional cost*¥ several numerical cases are designed
in the following parts of this section.

For the later use and to measure the accuracy
of the numerical solutions, a global relative error is
defined as

Relative Error
N 9 1/2
[Zz [eexact (-’Eiy t) - Gnum (xiy t)] } (29)
- 1/2 :
[Zi\f [Hexact (xia t)]Q]

First, two cases with different fractional orders
a = 0.5 and a = 0.8 are considered to investi-
gate the influence of fractional parameters on the
accuracy and numerical stability of the proposed
model. In this part, a uniform grid with a spacing
of Ax = 1 mm is used for the spatial discretization,
and the m-ratio is taken as m = 3, resulting a hori-
zon radius of § = 3mm. Figure 2] shows the varia-
tions of the global relative error versus time, which
describes that the numerical solutions obtained by
the hybrid fractional-derivative and peridynamic
model agree very well with the analytical solutions.
In addition, the relative error values obtained with

different fractional parameters are small in magni-
tude, indicating that the proposed model is both
accurate and stable.

Then, the m-convergence is studied with a fixed
fractional order of @ = 0.8. The discretization
parameters used in the convergence studies are
taken as m = 2,4,6 and 8, § = 1,3 and 6 cm,
resulting in 12 different cases. The obtained global
relative error values at the final time step are shown
in Fig. B Comparing the results of the cases with
the same J, the relative error value decreases ver-
sus the m-ratio increases. In contrast, in the cases
with the same m-ratio, the relative error decreases
versus the § value increases. Based on the shown
results, 6 = 3mm and m = 3 can be economical
choices, ensuring an accurate solution of the pro-
posed model applied to the described problem.

1.765 210 ;
—8—(j=6cm
—e—(=3cm
1.76 + —e—/)=Ilcm
1.755 B
5
b
ERRWALS
g
5
4
1.745
1.74 B
1735 : ‘ : ‘ i ‘
1 2 3 4 5 6 7 8 9

m-ratio

Fig. 3 Convergence studies of the nonlocal model with
a=0.8.
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4.2. A 1D Anomalous Diffusion
Problem in Unsaturated Porous
Media

The hybrid fractional-derivative and peridynamic
equation for the 1D anomalous diffusion problem in
unsaturated media can be given as

0°0(x,,t) X _53(K (2,) + K ()
ot N Z o = ) 62|xy — xp|

p=n—m

p#n
x (H(x,) — H(x))Ax,

0<a<l, 0<pB<1,
(30)

where the boundary conditions and initial condi-
tions can be defined as

O(x,t) =05, x € left boundary, t € [0,T],
0(x,0) =6,, other.
(31)

Following El Abd and Milczarek* two sets of
anomalous diffusion experiments were carried out
with fired-clay and siliceous bricks. The diffusion
parameters for the two materials can be deter-
mined using the Van Genuchten model, as shown in
Table[dl In this subsection, we will use the proposed
model to simulate the two experiments to further
evaluate its performance and accuracy.

The length of the specimens used in the exper-
iments is 100 mm. In the simulations, the solution
domain will be discretized by a uniform grid with
the size of Ax = 0.05mm. The m-ratio is taken
as m = 3, and thus the horizon radius will be
0 = Az x m = 0.15mm. An explicit time inte-
gration scheme is adopted with a time-step of At =
0.00001s. A series of numerical experiments were
carried out to determine the most suitable param-
eters in Eq. (29), they are ay = 1 and 1 = 0.8
for the fired-clay brick, as = 0.86 and [ = 1
for the siliceous brick. Figure @b shows the com-
parison of the wetting front configurations in the
fired-clay brick at ¢ = 419, 2219, 14879, 26099,

Table 1 Diffusion Parameters of Fired-clay
and Siliceous Materials Determined by the Van
Genuchten Model.

Items Os 0r a n
Fired-clay brick 0.2782 0.1995 0.1637 4.5282
Siliceous brick 0.1907 0.0109 0.1589 15.0214

o
n

2
~
T

Reduced water content [0]

0 10 20 30 40 50 60 70 80 90
Distance x [mm]

()

T
r * + 4
+
l‘+ i
= .
= 1704305
g b
g + ,
<
z 79770s A
o i
o
E - +
E 03 24210s + 1
02l 5370s LR
01k FSOS L L %" i
L ]
0 e | 1 I Il L L + |+ L
0 10 20 30 40 50 60 70 80 90 100
Distance x [mm]
(b)

Fig. 4 Comparison of the numerical results and experimen-
tal data®@ The solid lines are the numerical results for (a)
fired-clay brick and (b) siliceous brick.

and 34559 s obtained from the experiment data
and the simulation results, while the numerically
and experimentally observed wetting front config-
urations in the siliceous brick at ¢ = 450, 5370,
24210, 79770, and 170430 s are plotted and com-
pared in Fig. @b. All the numerical solutions agree
well with the experimental results, further demon-
strating the high accuracy and remarkable ability
of the proposed model to describe the anomalous
diffusion phenomena in unsaturated porous media.

5. CONCLUSIONS

This paper proposes a generalized nonlocal
Rachards’ equation to characterize anomalous diffu-
sion in unsaturated porous media, which is based on
the Caputo derivative and the peridynamic model.
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Combined with the spatial correlation of PDM
and the time dependence of FDM, the nonlocal
Richards’ equation can capture both sub-diffusion
and fast diffusion phenomena in unsaturated porous
media. The numerical results depict that the nonlo-
cal Richards’ equation can describe the water trans-
port process in porous media. Two groups of exper-
imental data of wetting process kinetics in fired-
clay and siliceous brick were used to test its appli-
cability in characterizing the non-Boltzmann scal-
ing of water transport. All the results show that
the proposed nonlocal Richards’ equation can accu-
rately solve anomalous diffusion problems. Further-
more, compared to the classical Richards’ equa-
tion, the proposed nonlocal model exhibits advan-
tages in addressing unsaturated and fractal porous
problems.
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